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Perron-Frobenius operators

Physical system evolving by a discrete Markov process:

pi(t +1) ZGZ]]J] with Y Gy=1 ., G;>0.

Transition probabllltles G;j = Perron-Frobenius matrix.
Conservation of probability: Y . p;(t+1) = > . pi(t) = 1.

In general G! # G and complex eigenvalues )\ with |\| < 1.
el = (1, ..., 1)is left eigenvector with \; = 1 =  existence of (at
least) one right eigenvector P for A\; = 1 also called PageRank in the

context of Google matrices: | GP=1P

For non-degenerate A\, and finite gap [\o| < 1: | lim p(t) = P

t—00

= Power method to compute P with rate of convergence ~ |\y|".
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Google matrix

Construct an Adjacency matrix A for a directed network with NV
nodes and /Ny links by :

Aj, = lifthereis alink & — j and A;; = 0 otherwise.
Sum-normalization of each non-zero columnof A = S,.
Replacing each zero column (dangling nodes) withe/N = S.

Eventually apply the damping factor oo < 1 (typically o = 0.85):

1
Google matrix: Gla)=aS+(1—a) N eel

= )1 is non-degenerate and |\s| < a.

Same procedure for inverted network: A* = A’ where S* and G* are obtained in
the same way from A*. Note: in general: S* # ST. Leading (right) eigenvector of S*
or G* is called CheiRank.

(Brin and Page, Comp. Networks ISDN Syst. 30, 107 (1 998).)
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PageRank
(KF, Georgeot and Shepelyansky, J. Phys. A 44 465101 (2011 ).)

Example for university networks of Cambridge 2006 and Oxford 2006 (N ~ 2 x 10°
and Ny ~ 2 x 109).

PageRank Oxford
=0.85

PageRank Cambridge
/ 0=0.85

a1 0'4 CheiRank

"a, 107 CheiRank

ay Qg
107 107°
108 108
10% 10" 102 10° 10* 10° 10° 10" 102 10® 10* 10°
KK KK
P(i) = E Gi; P(j)

P (i) represents the “importance” of “node/page 7" obtained as sum of all other pages
J pointing to ¢ with weight P(j). Sorting of P(z) = index K (i) for order of
appearance of search results in search engines such as Google.
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Numerical methods

e Power method to obtain P or P*: rate of convergence for G(a) ~ a'.

e 2d Rank: representation of nodes (node-density) in K — K*—plane
where K (K*) is sorting index of PageRank P (CheiRank P*).

e Complex eigenvalues: Full “exact” diagonalization for N < 10* or Arnoldi
method to determine largest n4 ~ 10° — 10* eigenvalues.

e Invariant subspaces in realistic WWW networks = large degeneracies of \;:

_ Sss Ssc
= S= ( 0 S.
where S, is block diagonal according to the subspaces and can be diagonalized
separately. S.. corresponds to the core space with |Ap.«| < 1.

e Strange numerical problems to determine accurately “small” eigenvalues, in
particular for (nearly) triangular network structure due to large Jordan-blocks
(e.g. citation network of Physical Review and recently Bitcoin network).
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Applications

e University WWW-networks (N ~ 2 x 10°, Ny ~ 2 x 10°).

e Linux Kernel network (N ~ 3 x 10°)
(Nodes = kernel functions)

(Ermann, Chepelianskii and Shepelyansky, EPJB 79, 115 (2011 ))
e Wikipedia, different language editions (N ~ 4 x 10°, N, ~ 10%)

e World trade network (N ~ 10* but more complicated structure).
(Ermann and Shepelyansky, Acta Physica Polonica A 120(6A), A158 (2011 ))

e Twitter 2009 (N ~ 4 x 107, Ny ~ 1.5 x 107).

e Physical Review citation network (N ~ 5 x 10°, Ny ~ 5 x 109).

(Review: Ermann, KF, and Shepelyansky, Rev. Mod. Phys. 87, 1261 (2015). )
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Example: Wikipedia 2009

(Ermann, KF, and Shepelyansky, EPJB 86, 193 (2013))

N = 3282257 nodes, N, = 71012307 network links.

Wikipedia Wikipedia i ;
1 — 1 R 107 NS 107 NS
s . Wikipedia Wikipedia
/ ; 10° 10°
0.5 a1 0.5
~ 10° 10%
0 0 = 107 S 107
. 100 = 400
o5F \ -l / 0.5 " »
\ : / 10 10
1 \_,/ 7\, B -13 10713
10° 10" 102 10° 10* 10° 10° 10° 10" 10% 10° 10% 10° 10°
4 05 0 05 1 KF, KK
B -1
Cambridge 2011 Cambridge 2011 10 Cambridge 2011 10 Cambridge 2011
1 . 1 /—\ 10° g 10% 4
0.5 0.5 / 100 _10°
A 5 107 F 107
0 0 = - al % -
10° & 100
05 0.5 107" 10
13 10—13
1 P 10° 10" 102 10° 10t 10° 10° 10" 10 10° 10* 10°
K K; KK
4 05 0 05 1 4 05 0 05 1

left (right): PageRank (CheiRank)

black: PageRank (CheiRank) at « = 0.85
grey: PageRank (CheiRank) atav = 1 — 107°
red and green: first two core space eigenvectors

blue and pink: two eigenvectors with large imaginary part in the eigenvalue
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“Themes” of certain Wikipedia eigenvectors:
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. muscle-artery -
New Zeland \ ‘ DNA
~Austria: ’ ......... ]
e >> [} Blble
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. g3
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Q: How to analyze network structure for such and also more general

sub-groups ? (= reduced Google matrix, see below)
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Anderson Localization

(Anderson, Phys. Rev. 109, 1492 (1958); Nobel Prize 1977).

Exponential localizationind = 1,2 (for W > 0) and d = 3 (for W > W,. = 16.5t).

For typical PageRank vectors of WWW or Wikipedia there is typically a power law
localization : P(j) ~ K (j)~" with 3 ~ 0.9.

However, some special cases for leading core space eigenvector :

1 e ‘Cambridge 2002 —4a—
: Cambridge 2003

107 Cambrides 2008 —— 1 1— Aﬁ“”’e’
ERpT| s ———— Cambridge 2002 | 3.996 - 10~!7
= Cambridge 2003 | 4.01-10~17
107° 1 i Cambridge 2004 | 2.91- 107"
1020 e Cambridge 2005 | 4.01-10~'7
0w am w0 | eeds 2006 3126-10° 7

(KF, Georgeot and Shepelyansky, J. Phys. A 44, 465101 (2011 ).)
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Fractal Weyl law

(KF, Eom, Shepelyansky. PRE 89, 052814 (2014).)
Number of states N, with |A| > A\.: Ny ~ (N;)? with N; = network size of
Physical Review citation network at time ¢:

10° 10°
a=032 a=0.24
b =0.51 .- b = 0.47
102 Ao =0.50 EEQEE 102 Ao =0.65 EEEEEEHE ]
= @0 = GG
| &
10 @ b 10 & )
@ N, =a (Ny) N, =a (Ny)
na=4000  + ME  na=4000  +
" mr(ni)m nA=2000 @ 0 mr(ng)m nA=2000 [
10° 10 N, 10° 108 10° 10, 10° 10°
6
10
08 to = 1791 4
=114 AT
5 r
0.7 10 o
o + — N +
Pz 4+
0o * % % % 10* +F
* - N
s t +
0.5 k .
(b) T *Jf%% ) g
0.2 0.4 06 0.8 1 1920 1940 1960 1980 2000
Ae t

Linux kernel function network: Ny ~ N¥, v = 0.65 (A\. = 0.1 or 0.25).
(Ermann, Chepelianskii and Shepelyansky, EPJB 79, 115 (2011))
(see also talk of S. Nonnenmacher.)
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Random Perron-Frobenius matrices

(KF, Eom, Shepelyansky. PRE 89, 052814 (2014).)

Random matrix ensembles for hermitian/hamiltonian matrices well known since
1955 (Wigner, Annals of Mathematics. 62, 548 (1955); Nobel Prize 1963).

Construct random matrix ensembles G;; for PF-matrices such that:

Gi; > 0, Gy; (approximately) non-correlated, distributed with same distribution
P(G;;) (of finite variance ¢%),

ZGijzl = <GZJ>:1/N

= average of (G has one eigenvalue \; = 1 (= “flat” PageRank) and other
eigenvalues \; = 0 (for 7 # 1).

degenerate perturbation theory for the fluctuations = circular eigenvalue density
with R = v/ No and one unit eigenvalue.

full = R=1/V3N
sparse with () non-zero elements per column = R~ 1/y/Q

power law with P(G) ~ G for2 <b <3 = R~ N'7V/?2
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Numerical verification:

"Bl A L e triangular
uniform full: off: : »{ « random and
N = 400 oee | ® e average

-0.02 0 0.02 1 -1 05 0 05 }\’1

uniform sparse: ) I | constant sparse:
N = 400, N = 400,
Q =20 b Al e A Q =20
power law: B KTt o n-oone= | POWET law case:
b=25 o @ ; N Ry ~ N702

0? Mo EEE

N
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Reduced Google matrix

(KF, Shepelyansky arXiv:1602.02394; KF, Jaffres-Runser, Shepelyansky, EPJB 89, 269 (201 6).)

Consider a sub-network with NV, << N nodes providing a
decomposition in reduced and scattering nodes:

G?“?“ Grs . P,
GI(GW G33> ’ P‘(PS)

GP=P = GRPT = PT
with the effective reduced Google matrix:
GR — Gw’ + Grs(]- — Gss>_1Gsr

containing direct link contributions from (G, and
scattering contributions from G,,(1 — G,)"1G,,.
G i has the same symmetries as G: (Gg);; > 0and ) .(Gp);; = 1.

. . . — 1 — 9T/t 1
Analogy with quantum chaotic scattering: S = 1 — 20W 7 +z‘WWTW'

(Mahaux and Weidenmiiller, Phys. Rev. 170, 847 (1968).)
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Problem: practical evaluation of (1 — G',) ™! is very difficult for large
network sizes and the expansion

(1 - GSS>_1 — Z Gsls
[=0

typically converges very slowly since the leading eigenvalue \. of G
is very close to unity: 1 — A\, < 1.
More efficient expression:

1 —
(1-Gu) ' =P+ Q) G
‘ 1=0

with Gy = Q.G 9., the projectors P. = gt , Q. =1 — P, and
Vg 1, are right/left eigenvectors of G, for . such that 11 1z = 1.
The leading eigenvalue of G, is close to o = 0.85

= rapid convergence of the matrix series.
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= three components of GR:

Gr =G, + Gpr + qu

(GG, = rr sub-block of G = direct links

VR G —

Gpr:Grsl_)\c 1_—)\67

with . )
¢R — Grsz ) @Dg — ngsr

0. @)
Gy =Grs | QY GL| Gy = indirect links
[=0

Typically: G, is numerically dominant but
G+ has a more interesting structure allowing to identify friends/followers.
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http://www.quantware.ups—tlse.fr/QWLIB/wikipolitnet/
Application : Main network = Wikipedia 2013, different language editions.
Groups = leading 20/40 politicians of certain countries or G20 state leaders.

Node density in  In K — In K*—plane:

20 US, Enwiki 40 DE, Dewiki
20 UK, Enwiki 40 FR, Frwiki
G20, Enwiki 20 RU, Ruwiki

17


http://www.quantware.ups-tlse.fr/QWLIB/wikipolitnet/
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Enwiki G20 state leader
1 — X\ =2.465 x 107*

GR . . ;
: - . qu



Obama
Putin
Cameron
Harper
Merkel
Singh
Jintao
Hollande
Gillard
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Zuma
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Kirchner
Erdogan
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Rousseff
Myung—bak
Noda

G,, Enwiki G20 EN

CUQIZILEITQWNZIAROQP»PLKAZZ
TEE RGOS E0EREoRARTEOS0
eEE3gdomESESsREs0oagascs
SPoa oo E0P RO ESTAB®
fab) = = 2 S 0@ S o =2 =20 gog
Q o~ O OB O =
= o = b:r‘g»—hc.
> &

N
o



Obama
Putin
Cameron
Harper
Merkel
Singh
Jintao
Hollande
Gillard
Barroso
Zuma
Monti
Kirchner
Erdogan
Calderén
Abdullah
Yudhoyono
Rousseff
Myung—bak
Noda
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G20 EN Enwiki
Name Friends | Followers
Obama | Putin Noda
Merkel Abdullah
Calderon | Myung-bak
Putin Merkel Noda
Obama | Myung-bak
Barroso | Merkel
Cameron | Putin Gillard
Obama | Barroso
Merkel Hollande
Harper | Obama | Merkel
Cameron | Gillard
Putin Myung-bak
Merkel Barroso | Hollande
Putin Monti
Obama | Kirchner




qu Frwiki Politicians FR

Sarkozy
Hollande
Jean—Marie Le Pen
Royal
Raffarin
Villepin
Fillon
Bayrou
Fabius
Strauss—Kahn
Lang
Juppé
Borloo
Delanog
Mélenchon
Marine Le Pen
Lagarde
Aubry
Cohn-Bendit
Pécresse
Copé
Kosciusko—Morizet
Montebourg
Bartolone
Dati
Besancenot
Dupont—Aignan
Joly
Taubira
Guigou
Hortefeux
Yade
Moscovici
Valls
Guéant
Morin
Duflot
Sapin
Guaino
Philippot

| Politicians | FR | Frwiki |
| Name Friends | Followers |
Sarkozy Fillon Hortefeux
J.-M. Le Pen | Pécresse
Hollande Yade
Hollande Sarkozy Royal
Royal Aubry
Fabius Fabius
J.-M. Le Pen | Sarkozy Philippot
M. Le Pen M. Le Pen
Bayrou Taubira
Royal Hollande Moscovici
Sarkozy Philippot
Fabius Hollande
Raffarin Sarkozy Copé
Juppé Pécresse
Fillon Hortefeux
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Gy Frwiki Friends

qu Frwiki Friends
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(Other applications of G

%

talk of K. Jaffres-Runser.)
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Ising-PageRank
Ising model: H = —J Z SiSj — ZS- .5, = =£1.

<i,j>
(Ising, Z. Phys., 31, 253 (1925))

Ising model of Google matrix:
(work in progress)

Double network size (of a given network such as Wikipedia etc.) into red and blue
nodes and attribute to each node 7 a preference with probability w, (or w, = 1 — w,)
to link to other red (blue) nodes:

j
@
®

/
\
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Preferential vector for dangling nodes or damping factor :

w,

(! L2 o
N\ N

1 w,

Wy

PageRank P, (i) (or P,(7)) for red (blue) nodes.
Vote: V,, = #{nodes i | P.(i) > Py(i)}/N (for english Wikipedia 2017):
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Effect of Elite Nodes

Different probabilities of red preference w, qite for N, elite nodes and w, for other
nodes. Elite nodes are selected as /Ng; top nodes according to /& -Rank (or
K*-Rank or 2D-Rank).

Vote modification: AV, =V, g1 — V,

(for english Wikipedia 2017 with Ng; = 1000):

Wr.elite = U Elite = top 1000- K'-Rank nodes
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Conclusions

e Google matrix constructed from directed networks (WWW, Wikipedia, Twitter,
Linux kernel, PR citation network etc.) with efficient computation of PageRank,
leading complex eigenvalues (also exploiting the structure of invariant
subspaces) and some eigenvectors.

e Typical power law localization of PageRank but also examples of quasi
exponential localization.

e Weyl fractal scaling for certain networks (Linux kernel, PR citation network,
certain Ulam networks).

e Different simple models of random PF matrices do not describe the spectra of
realistic Google matrices.

e Approach of reduced Google matrix GG for sub-networks of Wikipedia etc.
Decomposition of G in three contributions; construction of friend/follower
network using Gr or G; different language editions of Wikipedia allow to take
into account multi-cultural aspects.

e |sing-PageRank for networks with a doubled number of (red and blue) nodes.
Effect of selected elite nodes on the vote.
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