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What is a vortex ring ?

© Tom Pfeitfer / www . volcanodiscovery.com

“Smoke” ring over Mount Etna in November 2013
photographed by volcanologist Tom Pfeiffer



Introduction : vortex rings and filaments

A vortex ring is a three-dimensional flow in which the vorticity is essentially
concentrated in a solid torus, so that the fluid particles spin around an imaginary
line that forms a closed loop.
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Axisymmetric flows without swirl

We use cylindrical coordinates (r, 0, z) in R3.

e Unit vectors:

cos 0 —sind 0
e, = | sinf | |, cg = cos 6 : e, =10
0 0 1
“radial” “toroidal” “vertical”
e Velocity field: u = u(r, z,t)e, +u,(r,z,t)e, .

e Vorticity distribution: w = wy(r,z,t)eg, wy = 0 ur — Opu,.
e Incompressibility condition: divu = d,u, + u, + d,u, = 0.

Please note : we always assume that the “swirl” u - ey vanishes identically.



Vortex rings in ideal fluids

A) Historical example : Hill's spherical vortex (Hill, 1894)

Vortices bifurcating from that particular solution were studied by Norbury
(1974), Amick & Fraenkel (1986, 1988), Amick & Turner (1988).

B) Existence of stationary solutions by variational or fixed point methods:
e Fraenkel (1970, 1972), Fraenkel & Berger (1974)
e Benjamin (1976)
e Ni (1980)
e Friedman & Turkington (1981)
e Ambrosetti & Mancini (1981), Ambrosetti & Struwe (1989)

C) General solutions with concentrated vorticity :
e Benedetto, Caglioti & Marchioro (2000)
e Slightly viscous case : Marchioro (2007), Brunelli & Marchioro (2011)



Overview

We consider the axisymmetric Navier-Stokes equations without swirl, assuming
that the initial vorticity is either an integrable function or a finite measure. In
the latter case, we concentrate on circular vortex filaments.

Part | e The axisymmetric (viscous) vorticity equation
e Global well-posedness for integrable data
e Comparison with previous results
e A priori estimates

Part Il e Vorticities represented by finite measures
e Global well-posedness for small data
e Existence of solutions originating from large vortex filaments
e Uniqueness of arbitrarily large viscous vortex rings



Part | : The axisymmetric vorticity equation

The axisymmetric vorticity wy(r, z,t) satisfies the evolution equation:

r 1 1
8tw9+u-Vw9—u—w9 = V<33+8§+—8r——2)w9 : (1)
T r T
where v > 0 is the kinematic viscosity.
The velocity field v = (u,,u.) is determined by solving the elliptic system

Oy Uy + %ur + 0,u, = 0, O, Uy — Opth, = Wy .

The boundary conditions on the symmetry axis r = 0 are

wp(0,2) = u-(0,2) = Oru,(0,2) = 0, zeR.
. 1 -
Important remark : the related quantity n(r, z,t) = —wy(r, 2, t) satisfies
r
2 5 5 1
8tn+u-Vn:V(An+;8m>, A:8T+8Z+;8r. (2)
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Scale invariant function spaces

Equations (1) and (2) are invariant under the rescaling

u(r, z,t) — Au(dr, Az, A\°t) |
wo(r,z,t) = N wy(Ar, Az, A\°t) |
77(73'2775) = >\3 77(>\T, >\Z,)\2t> .

Natural scale invariant function spaces:
e ne L'R?), |nllpws = / in(r, 2z)|rdrdz (3D measure)
Q
o wye L), |wollria) = / lwg (7, 2)| dr dz (2D measure)
Q

Here ) denotes the half-space Q2 = {(r,2)|r >0, z € R} C R?.



Global well-posedness for integrable data

Our first result (ThG & V. Sverak, Confluentes Mathematici, 2015) shows that
the axisymmetric vorticity equation (1) is globally well-posed in L'(Q).

Theorem 1 For any initial data wq € L' (), the vorticity equation

1
Orwg + Or(Urwy) + 0, (uwy) = V(A — —)wg (1)

72

has a unique global solution wy € C°([0, 00), L' (22)) N C°((0, ), L>=(9)).

Moreover ||wg(t)|| () < [|wollz1 () forall ¢ >0, and

° %E}I(l) t ||w9(t)HLp(Q) 0, l<p< oo,
o tli)rgotl_l/p |wo ()| Lr) =0, l<p<oo.



Comparison with (some) previous results |

A) Local well-posedness results for general initial data :

o If wg € L'(Q), then w = wy ey belongs to the Morrey space M?3/2(R?) :

1
Sup sup — lw(x)|dzr < oo
zeR? R>0 £ JB(z. R)

= Local well-posedness was established by Giga & Miyakawa (1989).

o If wy € LY(9), the velocity field u belongs to BMO™'(R?) :

1 i
sup sup —3/ / e ul? dtdz < oo .
zeR? R>0 B° Jp@,r) Jo
= Local well-posedness was established by Koch & Tataru (2001).

o If wy € L1(R), the velocity field u belongs to B, o ™/P(R3) iff p = ¢ = .
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Comparison with (some) previous results |l

B) Global well-posedness results for axisymmetric initial data:

e Ladyzhenskaya (1968), Ukhovskii & Yudovich (1968) :
uw € H*(R?), wsp € L¥R?), n e L'R*)NLZR?).

e Leonardi, Malek, Necas, & Pokorny (1999): v € H?(R?) .
e Abidi (2008), Abidi, Hmidi, & Keraani (2010): v € H'/2(R?) .
All these global well-posedness results consider finite energy solutions.

C) Local well-posedness for axisymmetric data with swirl satisfying

2
/ uz)| der = 27r/ lu(r, 2)|*drdz < oo.
R3 Q

r

Gallagher, Ibrahim, & Majdoub (2001, 2002).
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A priori estimates |

A) Estimates for the auxiliary quantity n = wy/r :

Applying Nash’s method to the advection-diffusion equation

2
Oty +u -V = A+ 0, (2)
with initial data 7y = wg/r, we obtain for ¢t > 0 :
C
7] e (rs) < 30-1) 1m0l 21 (m3) I<p<oo.

Moreover ¢ — ||9(t)||zr(r3) IS non-increasing for 1 < p < co.

This provides estimates in weighted norms for the axisymmetric vorticity :
C

43(1-3)

1_
7P 1w9(t)HLP(Q) < HWOHLl(Q) ; t>0.

The particular case p = oo Is especially useful.
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A priori estimates Il

B) Estimates for the axisymmetric vorticity wy :

Proposition 1 Any solution of the axisymmetric vorticity equation (1) with
initial data wy, € L'(Q) satisfies, for 1 < p < oo :

Cllwollzr (o))

1 9
o

|wo ()| Lr0) < t>0,

where C(s) = O(s) as s — 0. Moreover the map t — ||ws(t)||11(q) is strictly
decreasing if wy # 0.

Proof: We know that ¢ — |lwe (%) | 11 () = ||7(t)[| 1 (rs) IS non-increasing.
For nontrivial positive solutions, we compute

d
—/wg('r,z,t)drdz — —2/8Tw9(0,z,t)dz <0,
dt Jq R

hence t — [|wg(t)| L1 (q) is strictly decreasing.
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A priori estimates Il

When p = 2, we have

d Uy 1
a/gwgd’rdz = —2/Q|Vw9\2drdz+/9(7—T—2>w§d?“dz.

Denoting M = ||wo||r1(q), We use Nash’s inequality :
lwo (D172 < Cllws(®)llr ) I Vws ()l L2y < CM[[Vws(t)lL2(o) -
and the following estimate on the velocity field
lur(8) /7l o) < Cllwa(®)lIFAtqy llwa(8) /|72 o) < CM/t .
If f(t) = ng(t)H%Z(Q) , we thus obtain the differential inequality

, K4 5 KoM
f(t)S—W (t)” + ;

which gives the bound f(t) = ng(t)H%Q(Q) < K1+ KoM)M?/t for t > 0.

f(t)7 K17K2>O7
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A priori estimates IV

Since, for p > 1, an upper bound on |(wo||zr(q) gives a lower bound on the
local existence time 7', we deduce:

Corollary All solutions of the vorticity equation (1) in L'(Q) are global for
positive times.

C) Estimate for the velocity field w :

1/2 1/2 C(llwollzr ()
lu®)ll 2=y < Cllwa®}i50) lwo @172 o) < 22 3)
Vit
D) Estimates for the vorticity gradient Vwy
Cp(llwollzr ()
Vo (®) ooy < =570, 1<p<oo, (4)

This follows from Proposition 1, estimate (3), and standard smoothing proper-
ties of the Navier-Stokes equations.
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Part Il : The space of finite measures

As in the 2D case, we can take the initial vorticity in the space M(2) of all
finite, real-valued measures on (2. Given = wy € M(€2), we decompose

1 = Hac T Hsc T Hpp where

e /i, IS absolutely continuous with respect to Lebesgue’s measure,
e /i, IS & countable collection of point masses;
e /i,. has no atoms, yet is supported on a set of zero Lebesgue measure.

The Banach space M ((2) is equipped with the total variation norm:

el = sup{/gsadu ‘ P € Co(2), @l < 1} .
For any p € M(2) one has pge L pse L ppp, hence

HNHtV — HNCLCHtv + HﬂscHtv + H,Upthv :
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Well-posedness for measure-valued initial data

Theorem 2 There exists positive constants £ and C' such that, for any initial
data p € M(2) satisfying ||, |ltv < v, the axisymmetric vorticity equation

1
Orwg + O (Urwy) + 0. (uwp) = V(A — T—2)w9 (1)

has a unique global (mild) solution

wy € C((0,00), L' () N L*(Q))

such that
lim [jwg(t)||L1(0) < o0, lim sup (ut)1/4Hw9(t)HL4/3(Q> < Cev,
t—0 t—0

and wy(t)drdz — p as t — 0. Moreover,

lim ¢'— /P ng(t)HLp(Q) = 0, 1<p< .

t— o0
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Large vortex rings | : existence

The following existence result was obtained by Feng & Sverak (ARMA, 2015) .

Theorem 3 Fix I' >0, 7 > 0, z € R, and v > 0. Then the axisymmetric
vorticity equation

1
Orwg + Or(urwg) + 0, (uwy) = V(A — —)wg : (1)

r2

has a non-negative global solution such that wy(t)drdz —TI'd(7 5 as t — 0.
Moreover, this solution satisfies, for all ¢ > 0,

/wg(r,z,t) drdz < T', /r2w9(r,z,t) drdz = T'#2 .
Q Q

The proof is based on an approximation procedure, which is reminiscent
of the works of Cottet (1986) and Giga, Miyakawa, & Osada (1988) in the
two-dimensional case.
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Large vortex rings |l : uniqueness

Our final result is (ThG & V. Sverak, to appear in Annales de 'ENS):

Theorem 4 Fix I' >0, ¥ >0, z € R, v > 0. Then the axisymmetric vorticity
ed.

1
Orwg + Or(Urwy) + 0, (uwy) = V(A — T—2>w9 (1)

has a unique global solution wy such that:

1) sup |lwe(t)||z1(0) < oo, and
t>0

II) wg(t) drdz — Fd(f,g) as t — 0+.

Moreover the solution wy IS non-negative and satisfies

F r—7T 2 z—z 2 \/ t r
/ ‘wg(r,z,t) - e~ w0 drda < CT fy logi : (5)
O dmvi r Vit

as long as /vt < /2, where C > 0 depends only on I'/v.
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Comments on the uniqueness result

Assumptions i), ii) on the axisymmetric vorticity equation are arguably the
weakest ones under which estimate (5) is expected to hold.

Existence of a viscous vortex ring with initial data I' 07 > Is already estab-
lished in Theorem 3. Unigqueness is the main new assertion in Theorem 4,
together with the short time asymptotic expansion (5).

The short time estimate (5) is sharp in the sense that the logarithmic
correction in the right-hand side cannot be dispensed with, except if the
position of the viscous vortex evolves in time according to

An important open problem is to control the viscous vortex ring over a finite
time interval t € [0, T] in the vanishing viscosity limit v — 0.

Uniqueness is only asserted within the class of axisymmetric solutions
without swirl !
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Sketch of the unigueness proof

Assume that wy € C°((0,00), L*(Q) N L>°(Q)) is a mild solution of the axisym-
metric vorticity equation (1) satisfying

) sup ||we(t)| 1) < oo, and
t>0

II) wg(t) drdz — Fé(f,g) as t — 0+.

Step 1: Localization. For any n > 0 there exists C' > 0 such that

CT (r=r)°+(z~2)"
wo(r, 2,t)| < i exp(— (4+ n)vt ) ’

(r,z) e, t>0. (6)

Moreover / we(r,z,t)drdz — " as t — 0.
Q

This is proved using a Gaussian upper bound on the fundamental solution of
the vorticity equation (1), where the velocity field « is considered as given.
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The proof of the Gaussian bound (6) relies on the study of the adjoint equation

2
(9t90—|—u-V90—|—V(Agp—;go):O, (7)
which defined so that
d
— | (r,z,t)wy(r,z,t)drdz = 0,
dt Jq

whenever wy solves (1). Eq. (7) can be solved backwards in time with “terminal
condition” at time 7" > 0. Boundary conditions are ¢ = 9.0 = 0 on 9f2.

Proposition Assume that « is the velocity field associated with a mild solution
wy of (1) satisfying i), ii). Given T' > 0 and ¢; € Cy(£2), the unigue solution
¢ of the adjoint equation (7) with terminal condition ¢(-,-,7) = ¢; can be
extended to a continuous function on €2 x [0, T satisfying (0, z,0) = 0 for all
z € R. Moreover one has ¢(-,-,t) € Cy(Q2) forall t € [0, 7], and

sup |o(r, z,t) — p(r, z,0)| — 0, as t—0.
(r,z)e
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The proposition itself relies on the regularity theory for drift-diffusion equations
of the form

Oh + b(x,t) - Vh = vAh, reR", t>0,
where
o be L¥(L>), ! (Osada, 1987), or
e b c L¥(BMO), ! (Koch, Nadirashvili, Seregin, Sverak, 2009).

In the present case, we have the estimate
[ull(oey-1m3) < CllwollLi(e)
which can be checked directly using the axisymmetric Biot-Savart law.

Consequences : Under the assumptions of Theorem 4,
e wy(r,z,t) >0 forall t > 0;

° ng(t)HLl(Q) —1"as t — 0;
o the sequence (wq(t) drdz).c(o 1) is tight.

23



Evolution equation for the vector-valued vorticity w(x,t) = wy(r, z,t)eq :
Ow~+ (U-Vw—Vw = vAw, r € R, t>0, (%)
where

- t\1/2
o U =u,e. +u.e, satisfies Ky := sup(—) [U (-, 1) || oo r3y < 00,
t>0 \V

o IV =u,/r satisfies Ky := / |V (-,t)|| Lo (m3) dt < oo (not obvious'!)
0

Proposition (Aronson’s estimate)
The fundamental solution of (x) satisfies

C lz — y|? [z — v
0 < Bz, tiy.s) < (— K K )
(@.6y,5) < gy P\ o T Ji—s)

for z,y € R* and t > s > 0, where C > 0 is a universal constant.

Conclusion of step 1: “integrating over 6 yields the Gaussian upper bound.
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Step 2: Self-similar variables. We make the change of variables

( ( £ = F (r—r z—T )
wel\T, 2,
Vvt T Vot
) ( £ = F Ue(r—r z—Z )
ug\r, <, T
\ Vot N\t ot
We also introduce the dimensionless quantities
R:fr—f’ Z:z—57 62@, WZE.
Vvt Vit T ,

The evolution equation for the new function f(R, Z,t) reads

t&tf+7(5‘R(U}3f) +5’Z(U§f)) = £f+€83(1 +feR> !

where R P
L = 8§+8§+§6R+58Z+1.
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Remarks:
e EqQ. (8) is now defined in the time-dependent domain
Q. = {(R,Z) eR*|14+eR > 0}.
Note that 2. - R? as e —0and Q. — Q as ¢ — .

e The velocity U*¢ is reconstructed from the vorticity f by solving the linear

Z r R z ) R r 1 R Z Z Y

which interpolates between the Biot-Savart law in R? and in ().

e Ast — 0, l.e. ¢ = 0, equation (8) reduces to the two-dimensional vorticity
equation in R?, expressed in self-similar variables.

e The Gaussian bound in step 1 implies, for any n > 0, the a priori estimate
R2 1 Z2)
(4+n) /

26

(R, Z)eQ., t>0.

0 < f(R,Z,t) < C, exp(—



Step 3: Compactness. The solution f(¢) of (8) is uniformly bounded for
t € (0,1] and relatively compact in the space X; defined by the norm

% = f(R,Z,t 26(132 22)/4deZ.
1 ( )HXt
Q.

This follows from the Gaussian bound above, thanks to parabolic regularity.

Step 4: Alpha-limit set. As ¢t — 0 we have

1 _1ip2,
lim |f(t) —G|lx, =0, where G(R,Z) = —e 1(E+Z7)
t—0 4

Intuitively, any f, in the «o-limit set of the trajectory (f(t))ic(0,1) In X; is the
value at 7 = 0 of an ancient solution to the rescaled vorticity equation in R? :

o-f+~U-NVf = Lf, U= Kgg*f. (9)
Moreover |fy(R, Z)| < Ce~B+29/5 and [, fo(R,Z)dRAZ = 1.
Liouville theorem (ThG & C.E. Wayne, 2005): fy, = G.
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Step 5: Proof of estimate (5). We decompose

f(R,Z,t) = G(R,Z) + f(R, Z,1),
US(R,Z,t) = U5(R, Z,t) + US(R, Z, 1),

and we define

/f’(R,Z,t)QG_l(R,Z)deZ,
Q

g

O — DN~

/ (|vf|2 +(1+R*+ Z2)f2)G—1 dRdZ > E(t).
Qe

Proposition There exist 6 > 0 and ~ > 0 such that, if € > 0 is small enough,

tE'(t) < —20E(t) + ke|loge| E(t)Y? + E(t)Y/2E(t) + O(e_l/<3652)) .

The proof relies on the stability of the Oseen vortex vG as an equilibrium of
the rescaled vorticity equation (9), for arbitrary values of the circulation ~.

28



Step 6: Uniqueness. If fi(¢), f2(t) are two solutions of (8) which converge to
G as t — 0, we define f = f; — f» and denote as above

E(t) = %/Q f(R,Z,t)°G (R, Z)dRdZ,

E(t) = %/Q (|Vf|2+(1+R2+Z2)f2)G_1deZ > E(t).

Proposition There exist 9, x, K > 0 such that, if ¢ > 0 is small enough,

LE'(t) < —26E(t) + k(EL()Y? + By (t)Y?) E(t) + O(e™ 1/ (307
tE'(t) < —0E(t) + KE(t) + s(EL(t)Y? + By (1)) E(2).

The first inequality shows that E(t) = O(e~1/36)) as t — 0.
The second inequality implies E(t) < (t/ty)® E(ty) for 0 < ty < t, hence
E(t) = 0 for sufficiently small ¢ > 0.
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Mercl de votre attention!
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