OPTIMAL CONTROL METHODS IN SHAPE
OPTIMIZATION

Dan TIBA

INSTITUTE OF MATHEMATICS OF THE ROMANIAN ACADEMY
ACADEMY OF ROMANIAN SCIENTISTS

dan.tiba@imar.ro



CONTENTS

0 Introduction

e Parametrization in Arbitrary Dimension
e Examples in dimension three

0 Generalized solutions

e Examples critical case: dimension three
e Penalization

Q Plate with holes

e Applications



Introduction

Introduction

A typical example of shape optimization problems has the form:

QMeig//\j(x,yg(x),V)’Q(X))d)ﬂ

—Ayg=1Ff inQ,
Yo=0 onoQ

with other supplementary constraints (on y, Q, etc.), if
necessary. Here, Q C D is an (unknown) domain, D is some
given bounded Lipschitzian domain, f € L2(D), j(.,.,.) is a
Caratheodory mapping and A is either Q or some fixed
subdomain E C D .



Introduction

Introduction

Let me also mention that many geometric optimization
problems arising in mechanics (for plates, beams, arches,
curved rods or shells), are expressed, as well, as optimal
control problems by the coefficients, due to the special form of
their models. This point is not discussed here.

The presentation will discuss in detail two cases: optimization
of a plate with holes and a penalization approach to a general
shape optimization problem. Boundary observation problems
will also be presented if time allows.

An essential ingredient in these developments is the new
implicit parametrization method that allows an advantageous
description of implicitly defined manifolds via iterated
Hamiltonian systems. We start with a short description in this
respect.



Parametrization in Arbitrary Dimension

Arbitrary Dimension

We impose the classical independence assumption on some

family of C' mappings Fy, F», ..., F;, in some point

x% € Qc RY, 1< d-1. Tofix ideas, we assume Fj(x°) = 0 and
D(Fi,Fo,.... F) )

D Ko, 0) #0 inx®=(x2,x2,....x9).

This remain valid in a neighborhood V and we introduce the
undetermined linear algebraic system with unknowns
v(x) € RY, x e V:

V(x) -VFi(x) =0, j=1,1I



Parametrization in Arbitrary Dimension

Arbitrary Dimension

We denote by A(x) the corresponding / x / nonsingular matrix
and the vectors VFy(x), ..., VF(x) are independent, for x € V.
We shall use d — I solutions obtained by fixing the last d — /
components of the vector v(x) € R to be the rows of the
identity matrix in R9~/, multiplied by detA(x). Then, the first /
components are uniquely determined, by inverting A(x).

In this way, the obtained d — / solutions, denoted by v;(x),. ..,
v4_i(x) € RY are linear independent, for any x € V. Moreover,
these vector fields are continuous in V.



Parametrization in Arbitrary Dimension

Arbitrary Dimension

We introduce now d — I nonlinear systems of first order partial
differential equations associated to the vector fields
(vi(X)j—tgp x €V

We use here the order vy, vs, ..., v4_, to fix ideas. Moreover, we
denote the sequence of independent variables by t, f, ..., ty_;.

These systems have an iterated character in the sense that the
solution of one of them is used as initial condition in the next
one. Consequently, the independent variables in the "previous"
systems enter as parameters in the next system just via the
initial conditions.



Parametrization in Arbitrary Dimension

Arbitrary Dimension

oy (t) _ vilyi(t)), tieh CR,
oty
y1(0) = x°;
0
yzél;z’tz) = Vz(Yz(ZH, 1'2))7 b e /2([-1) C R,

yo(t,0) = y1(t);

OVd—i(t, b, ..., t4—y)
Oty

ta—1 € lg—i(tr, .- tg—i—1),

Ya—i(tr, ... tg—1-1,0) = Ya_1—1(t, b, . . ., tg—j—1)-

= Vo 1(Ya—i(t1, to, ..., ta—1)),




Parametrization in Arbitrary Dimension

Arbitrary Dimension

Here, the notations Iy, b(t),...., lg—i(t, ..., tg_1—1) ared — |/
real intervals, containing 0 in interior and depending, in
principle, on the "previous" parameters.

Due to their simple structure, we stress that each equation may
be interpreted as an ordinary differential system with
parameters, although partial differential notations are used.

The existence of the solutions yy, yo, .. ., yq_; follows by the
Peano theorem due to the continuity of the vector fields
(V/)]:m on V.



Parametrization in Arbitrary Dimension

Arbitrary Dimension

Foreveryk =1,1,j=1,d — I, we have

Fk(_}/j(t1,t2,...,i_'/'))20, V(t1,t2,...,tj)€l1 ></2><...><Ij.

Theorem

Under the above assumptions, then the differential system
consists of d — | subsystems of dimension d with the
uniqueness property in V.

Importance of Hamiltonian type structure and references.



Parametrization in Arbitrary Dimension

Arbitrary Dimension

Theorem
a) There are closed intervals I; C R, 0 € intl;, independent of
the parameters, such that |; C li(ty, to, ..., ti_1), j=1,d —I.

b) The unique solutions of the differential systems are of class
C' in any existence point and we have:

T (t1, - ta—r) = k(Va—i(t, .- ta—r)), k=1,d—1.
e

Theorem

If F, € C'(Q), k = 1,1, with the independence property, and the
l; are sufficiently small, j = 1,d — I, then the mapping

yd—l:/1 XIQX...X/d_/—>Rd

is reqular and one-to-one on its image.



Parametrization in Arbitrary Dimension

Arbitrary Dimension

The local solution of the initial system is a d — / dimensional
manifold around x° and yy_/(t, b, ..., ty_)) is a local
parametrization of this manifold on /; x b x ... x Iy_;.

Geometric interpretation: basis in tangent space and
integration.

Choose the last d — / components of the solutions v;(x) € RY
as the rows of the identity matrix in R9~/. We obtain :

Proposition
The last d — | components of y,_; have the form
(t+ XD o+ XPor o +xﬁrj,x&j+1, .. ta_r+ x39), that is the

first | components of yy_; give the unique solution of the implicit
systemon xX° + (Iy x b x ... x lg_;) .




Parametrization in Arbitrary Dimension

Arbitrary Dimension

Notice that the propositions are valid just for C' and
independence assumptions. We also get an evaluation of the
existence neighborhood in the implicit function theorem, from
Peano’s theorem.

By the relation

yd—/(tht27"'7t:/'707"'70):.yj(t17t27"'7tj)

we see that yq, ¥, ..., ¥4—; have continuous partial derivatives
with respect to their arguments.

IMPORTANT: the above parametrizations may be more
advantageous in applications since we may use maximal
solutions, as it will be shown in dimension three. They are not
constrained by the function condition...



Examples in dimension three

EXAMPLES IN DIMENSION THREE : SURFACES

e The hypothesis V{(xg, ¥o, Z0) # 0 is specified in the form
fX(X07y07 ZO) 7é 0.

e We associate to the equation f(x, y,z) = 0, f(xo, Y0, 20) = 0,
two iterated Hamiltonian systems:

X' = —f,(x,y,2), tekh,
y = f(x,y,2), tekh,
7 =0, teh,

x(0) = X, ¥(0) = yo, 2(0) = 2;



Examples in dimension three

EXAMPLES IN DIMENSION THREE : SURFACES

e The second system is:

Y = —fz(@>1/17§)a SIS /2(t)7

Y = 0, s € h(t),

§ = fx((/?,lb,f), S € I2(t)7
p(0) = x(1), ¥(0) = y(1), £&0) = 2()

Comments: dimension two - geometrical interpretation,
numerical solution with MatLab.



Examples in dimension three

EXAMPLES IN DIMENSION THREE : SURFACES

e The next two examples are solved with MatLab.

3) f(x,y,2) = (xX* + y? + 2% + R? — r?)? — 4R?(x* + y?)
R=2,r=1,(x,Y,2)=(1,0,0)
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Examples in

EXAMPLES IN DIMENSION THREE : SURFACES

= (P4 Y2+ 22+ R? — r?)? —4R?(x® + y?)

4) f(x,y,2)

T



Generalized solutions

Generalized Solutions in Arbitrary Dimension

We discuss now the nonlinear implicit system in the absence of
the nondegeneracy hypothesis, i. e. for detA(x%) = 0 (in fact all
the maximal order determinants are null). We consider instead
that there is {x"} C Q, such that:

x" = x%  rankd(x") =1, ne N,
where J(x") denotes the Jacobian matrix of
F17F27---,FI€ C1(Q),inX”.

Notice that in case this is not fulfilled, it means that rank

J(x) < Iin x € W, where W is a neighbourhood of x°. Then
Fi, Fo, ..., F;are not functionally independent in W and the
problem (1.1) can be reformulated by using less functionals.
That is the above property is in fact always valid, except for not
well formulated implicit systems.



Generalized solutions

Generalized Solutions in Arbitrary Dimension

In each x”, one can solve the system

Fi(x) = Fi(x™), j = 1,1, x € Q4, where Q4 is open and bounded
such that x% € Q4 cc Q and one can find the solution via the
differential system.

We denote by T, C R“ the above solution and it may be
assumed a compact in RY (it is clearly closed due to the
continuity of F;,j = 1,/). We may also assume that {7} are
uniformly bounded since Q4 is bounded and, on a subsequence
a, we have T, — T,, n — oo, in the Hausdorff-Pompeiu metric,
where T, is some compact subset in RY.

Definition
T =J T, is the local generalized solution of the nonlinear

(6
system in x°, in the critical case rank J(x°) < I. The union is

taken for all the sequences and subsequences satisfying the
abnve ~onditinne



Generalized solutions

Generalized Solutions in Arbitrary Dimension

The above definitions cover all the possible critical or non
critical cases. For instance, if we have just one equation and x°
is an extremum for the respective function, then the generalized
solution is just x°. If the respective function is identically zero in
O c Q and x9 is on the boundary of O, then the generalized
solution is the boundary of O - see the Example below. A
complete description of the level sets (even of positive
measure) around x° may be obtained via the generalized
solution. Generally speaking, the generalized solution is not a
manifold and may be not a compact subset. The computed
approximation may be not connected.



Generalized solutions

Generalized Solutions in Arbitrary Dimension

Proposition

We have x° € T, € T C OMj,, Y, where OM, is the connected

component of 9M containing xq and M is the solution. In

particular .
Fi(x)=0,j=1,1,¥vxeT.

If x° is a regular point, then we denote by S the (local) solution
obtained via the implicit function theorem around x°. In the
Definition, we choose x” — x°, x" € S and the uniqueness
property from the implicit functions theorem gives that 7, = S,
locally for n big enough. This choice of x" satisfies the
conditions since J(x") — J(x°).

We see that in the classical case, one obtains T = S (locally),
that is the Definition gives indeed a generalization of the
classical local solution of the implicit functions theorem.



Generalized solutions

Generalized Solutions in Arbitrary Dimension

In R?, take d =2,/ =1 and
XE(x5 —x2)2 if x4 <0, |xe| < |xi
otherwise.

Clearly fis in C'(R?) and Vf(xy, X2) = 0, on the second line.
Take x° = (0,0) and x" — x%, x™ = (x", xJ), xI' < 0, |xJ| < |x]1|.
In such points x", one can use previous theorems and the
differential system may be chosen of Hamiltonian type:

x| (t) = —4x2x2(x5 — x2),
X(0) = 2,2 — )0 — 3x0),

(x1(0), x2(0)) = x".



Generalized solutions

Generalized Solutions in Arbitrary Dimension

We represent the solution T, obtained with Matlab, for
1
n_—(__— =
x"=( n,O),n 2,5




Generalized solutions

Generalized Solutions in Arbitrary Dimension

This generalized solution contains the essential information
about the solution set of (1.1), since it gives its boundary (and
in the proposition, the inclusion becomes equality). If we define

f1(X1,X2):X12(X12+X22—1)2,

and x° = (0, 1), then OM is connected and the corresponding
generalized solution is 9M without the lower half of the unit
circle. The inclusion is strict in this case. This is also related to
the local character of our construction.

Proposition

Let x° be the unique critical point of (1.1) in the closed ball
B(x%). Then, T = M in B(x°).




Generalized solutions

Generalized Solutions in Arbitrary Dimension

Proposition

Let Fj e C'(Q),j=1,1and x" — x° x", x° € Q. Denote by
Th, To the generalized solutions of (1.1) contained in the
bounded domain 2, corresponding to the initial conditions x",
respectively x°. Then

lim sup TnC 7’0.

n—oo

There are examples with the above inclusion strict.



Examples critical case:

DIMENSION THREE : EXAMPLES CRITICAL CASE

f(XayaZ) = X2 +y2 - 221 (X07y0720) = (0,0,0),
Vi(xo0, ¥0,20) = (0,0,0)

-0.05 /0 N\
005

/

y

-0.05 -005 x

The generalized solution around (xo, ¥o, Zp) and its section
through a vertical plane. Here, we have T = M.



Penalization

We introduce now the basic assumptions on the family F of all
admissible shape functions g € C'(D) that will be used in the
next pages, in the study of shape optimization problems, in R?.

g(x,y)>0 on 9D,

IVa(x,y)| >0 on G={(x,y) € D; g(x,y) =0}.
Notice that the admissible family O of open sets is defined by

Qg ={(x,y) € D; g(x,y) <0}



Penalization

The family O of admissible open sets is rich and, for cost
functionals defined on some given subset E c D, the natural
constraint

EcCcQ VvVQeF,
can be expressed as
g<0inE, VgeF.



Penalization

Proposition

Under above hypotheses, G is a finite union of disjoint closed
curves of class C', without self intersections and not
intersecting 0D, parametrized by the solution of

x'(t) = —%(X(f),Y(T)% tel,
Y'(t) = Z(x(8), y(1)), tel,

aix@), yt) =0, vtel.
when some initial point (x°, y°) is chosen on each component.




Penalization

The mappings g € F will be interpreted as a control parameter
and we introduce a supplementary control unknown u € L?(D)
and consider the perturbed state system defined in D:

-Ay =f+H(g)u inD,

y=0 on 9D,

where H : R — R is the Heaviside function. Then, H(g) is the
characteristic function of D\ Qg.



Penalization

We introduce the following state constrained optimal control
problem, defined in the fixed domain D:

hé{{}lgﬁ — H(g))i(x, y(x), Vy(x))adx

| y(o)]2do =0,
Qg

forany g € F and u € L2(D).

Proposition

Forany g € F, there is ug € L?(D) (not unique) such that the
solution of above state system coincides with the solution of

original state system in Qg and satisfies the state constraint.

The two costs coincide.




Penalization

The shape optimization problem is equivalent with the
constrained optimal control problem, defined in D.

The state constraint has an implicit character and the unknown
geometry 0Qq is still fully present in it, that shows the difficulty
of the problem.

We denote by zy4(t) = (z3(t), Z5(t)), t € Iy, the unique solution
of the Hamiltonian system, where Iy = [0, T¢] is the
corresponding period and some initial condition has to be fixed
on 99Qg. The penalized optimal control problem is:



Penalization

Min[f (1= H(@))i(x, y(x), Vy(x))cix +
Iy (@(O)lz(0)]et)

subject to the same state system and to g € F,
u € L2(D) and for ¢ > 0 given.

In case 02, has several connected
components, then the last integral has to be
replaced by a finite sum of integrals.



Penalization

Lemma

Letj(x,y) be a Caratheodory function on D x R, bounded from
below by a constant. Denote by |y:, g5, u;] @ minimizing
sequence in the penalized problem. Then, on a subsequence
denoted by m(n), the pairs [gfn( ) Ym( n)] give a minimizing cost
in the shape optimization problem, an(n) satisfies state equation
inQg: - and the boundary condition is fulfilled with a

perturbation of order ez .




Penalization

Let ex — 0 be some sequence of positive
quantities. Taking into account the Lemma , with
e = ek, we denote shortly y* = Yo

9" = Gme = Qg . Then, Q¥ is a bounded

sequence of open sets and we have Qf — Q* in
the Hausdorff - Pompeiu complementary sense,
on a subsequence denoted again by . We
assume that Qx — Q* in the Hausdorff -
Pompeiu metric too.



Penalization

Proposition
Assume that j(x, -) is coercive in D x R:

j(x,y) >alyl? -8, a>0; B€R. (1)

Then, there is an extension Jx of yX|qx, bounded in L?(D). If y*

is its weak limit on a subsequence, in L2(D), then y*|q« satisfies
the state equation in the distributions sense. If Q* is of class C

and y* € H'(D), the boundary condition is also satisfied.

Keldys-Hedberg stability



Penalization

In the next result, we bring more clarifications, when j depends
on Vy as well.

Corollary

Under the above conditions, assume that j satisfies the
stronger coercivity assumption on D x R x R?:

j(X,y,V)ZO&1|V|2+51|_}/|2—’Y, Oé1>0, 51>077€Ra (2)

and j(x,y,-) is convex. Then, [y*,Q*] is an optimal pair for the
shape optimization problem (P).




Let Q c R? be a bounded, smooth (multiply) connected open
subset representing the shape of a plate of constant thickness
(normalized to one). We consider the fourth order partial
differential equation

AAy =finQ,
y =0, Ay=00n099Q,

where f € [2(Q) is the load and y € H*(Q) N H{(Q) is the
vertical deflection of the plate. The existence, the regularity and
the uniqueness of the strong solution of is well known, under
¢! conditions for 9Q, Grisvard 1985.

The difficulty in the numerical solution of is that the shape of Q
may be very complicated, if multiply connected. Moreover, in
the corresponding shape optimization problems, the geometry
may change in each iteration in a complex way.



We consider now another simply connected smooth bounded
domain D c R? such that Q ¢ D and define the following
approximation for weak solutions, in a sense to be made
precise below.

-Aye + 1(1 — Ho)ye = z. in D,

Ye=00n 09D,
-Az.+ (1 - Hg)z. = fin D,
z.=00n09D,

where Hq is the characteristic function of Q in D, y., z. € H}(D).

Proposition

IfQ2 is of class C, then y.|q — y weakly in H(1) (Q) and strongly in
L2(Q), where y € H?(Q) N H}(Q) satisfies the plate equation as
a weak solution.




We associate the following minimization problem

Mingeo [ J (X, y(x)) ax,

where O is the class of admissible domains to be defined
below, y € H}(Q) is the weak solution of the original equation,
A may be Q or 9Q2 or some part of Q or 9Q and J is the
performance index of Carathéodory type (measurable in x and
continuous in y).

Any Q € O is an open set of class C, contained in some given
bounded domain D ¢ R2. We may add the constraint

EcQ VvVQeO
where E cc D is some given not empty subset of R?.



Let X(D) denote a subset of C(D). We associate with any
g € X(D), the open set

Qg =int{x € D; g(x) > 0}.

In the absence of regularity assumptions and due to the
possible presence of critical points of g, it is possible that g has
level set {x € D; g(x) = k} of positive measure. For the
constraint E, then X (D) should include the condition:

g(x)>0in E.

Notice that 4 is a Carathéodory open set, i.e. cracks or cuts
are not allowed. However, high oscillations of the boundary are
possible (and the segment property may not be always valid
and has to be imposed separately).



If H: R — R denotes the maximal monotone extension of the
Heaviside function then H(g) is the characteristic function of
Qg. An example of a regularization of the characteristic function
is obtained with H¢

1-lec r>0
HEr: r2 ) - Y
(r) {;ee, r<o0

but other choices are possible. The cost is approximated by
JeJ (X, ye(x))dx, ifA=E,
JpH(g (x,ye(x)) ax, ifA=Q.

Together with the approximating state system we get the
approximation of the shape optimization problem as a control
problem.



Proposition

The mappings g — y. = ¥.(9), 9 — z. = z.(g) defined by the
approximating state system with Hq replaced by H*(g) are
Gateaux differentiable between C(D) and H}(2) and

w = Vy.(9)v, u=Vz(g)v for any v in C(D) satisfy the
following system in variations:

AUt L1 - H(@u = L(HY(g)av.

€

AWt L(1 - H(@)w = ut (HY (@)

with u, w € H}(9Q).




We introduce now the adjoint system. To do this, we shall
consider the two cases of cost functionals. First a special form
of the cost on E :

12 oy, — yo)20lx

-Ap+ (1 — H(g))p = xe(Ve — ¥a) in D,

-Aq+ 1(1 - H(g))g=pin D,

p=0, q=0 on dD,

where g is the characteristic function of E in D.

For the second cost, the adjoint equation for p becomes

-Ap + (1 = H(g))p = H(g)Jy(x, ye)v in D,
under differentiability assumptions.



Proposition
The directional derivative of the cost functional is given by

! / (HY (@)WV(yep + 2.G)0x,
D

€

for p, q satisfying the adjoint system and for any v € C(D).

Corollary

The directional derivative of the second cost functional has the
form:

[ (@) x50 + L (500030 + 2000 v ox.




Corollary

Let gF € X(D) denote an approximating optimal solution. The
optimality conditions for g* are given by the state system, the
corresponding adjoint system and the maximum principle:
Jo(HY (@) (yip: + zigi)vdx <0, Vv,

respectively

Jo(HY(g2) [J0% y2(x)) + L (v (02 (%) + 22 (x) gt ()] () dx
<0, Vv,

where y*,z" € H&(D) denote the approximating optimal states,
p:,q; denote the corresponding adjoint states and v € C(D) is
any admissible variation such that g* + \v € X(D) for A > 0,
small.




Algorithm

Step 1 Start with n = 0, ¢ > 0 given “small” and select some
initial gp.

Step 2 Compute y!, z” the solution of the state system with
Haq, replaced by H¢(g).

Step 3 Compute p”, q" the solution of the adjoint sytem.

Step 4 Compute the gradient of the considered cost functional.
Step 5 Denote by wj, the chosen descent direction and define
Jn = gn + A\nWp, Where \, > 0 is obtained via some line search.
Step 6 Compute gn1 = Projx(p)(gn), if the constraint on g is
imposed.

Step 7 If |gn — gn+1| @and/or |Vj(gn)| are below some prescribed
tolerance parameter, then Stop. If not, update n:= n+ 1 and
go to Step 2.

We underline the combination of both topological and boundary
variations.



Ex.1

We have D =] — 1,1[x] — 1, 1], 53360 triangles and 26981
vertices on it, the load f = 3, the cost function

j(9) = 3 Jo(¥e — Ya)2dx, where

Ya(X1,x2) = —(x1 — 0.5)% — (X, — 0.5)2 + {&. The initial
geometric parametrization function is

1 1
— (1 —052+x2— ;1 x% —x22>

—mi 2,2
9o(X1, X2) = min <x1 + X5 16 64

which corresponds to a domain with two holes.
The penalization parameter is e = 107°.



We use in the iterations the descent direction

~

1 1
Wn=— 5(}’:’ — Ya)? + E(Y?Pn‘f‘zenqn) . 3

The cost function decreases rapidly at the first iterations
j(90) = 2.29164, j(g;) = 0.00083009, j(g-) = 0.000510025,
j(g3) = 0.000379625, but for n > 4, Q, is similar to Q3 and cost

function decreases slowly j(gs) = 0.0001714486,
j(g11) = 0.00012326, j(g14) = 0.000100719. The initial domain

and some computed domains are presented in the Figures.



Figure: First iteration Ex 1
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Figure: Second iteration Ex 1
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Ex. 2

We have again D =] — 1,1[x] — 1,1[. We use for D a mesh of
53360 triangles and 26981 vertices and for the approximation
of g, y, z we use piecewise linear finite element, globally
continuous. The load is f = 1, the cost function is

J(9) = Jo(Ve — ya)dXx where yq is given by

1, ifl <x2+x2<]
= ’ 9 - 1 2 N
Ya(X1, x2) { —1, otherwise.

The penalization parameter is e = 10~2 and
J (X, (X)) = ¥e — ¥q (not positive).
We get the following descent direction
1
Wn = — [(yf —Ya) + (P +279")| - (4)



The sequence (j(gn)) <y is decreasing. For the stopping test,
we use: if j(gny1) > j(gn) — tol then STOP, where tol = 1075.
For the initial parametrization function

9o(X1,x2) = —x2 — x2 + 3, that corresponds to a simply
connected domain, the stopping test is obtained for n = 3, the
values of the cost function are: j(go) = 1.51761,

j(g1) = —0.417807, j(g2) = —0.421269, j(g3) = —0.423723.
Some computed domains are presented in the following
Figures.
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Applications

One motivating application for the above discussion is in shape
optimization problems. A typical example has the form:

Min /Aj(x, ya(x))dx,

Qeo
—Ayg=1Ff inQ,
Yo=0 onoQ

with other supplementary constraints, if necessary. Other
differential operators or other boundary conditions may be
studied as well.



Applications

Here, O is a family of admissible domains in A2, satisfying
certain regularity hypotheses and conditions like

EcQcD vVvQeO

where E, D are given (bounded) domains, E may be even void,
etc.

Function f € L?(D) and A may be either E (if nonvoid) or Q or
09, etc. The integrand j(-,-) : D x R — R is of Carathéodory
type.

The problem has a similar structure with an optimal control
problem, the main difference and difficulty being that the
minimization parameter is the domain €2 itself.



Applications

The idea is to represent the unknown domains as level sets
F(x1, X2, X3) < 0in D. We assume as usual F1(x%) # 0.

Now, to compute the gradient of such a cost functional, we can
use functional variations that are perturbations of the form

F(x1, X2, X3) + Ah(xy, X2, X3) = 0,

Such perturbations of the geometry may be very complex,
including topological and boundary perturbations
simultaneously. This is important in applications to shape
optimization .



Applications

We approximate the equation in D

L4~ H(g))y. = f inD,

9

_Ays +

Y-=0 onadD.

Proposition /fQ = Qg is of class C, then y.|q, — y (the

solution of the original state system) weakly in H'(Qg) and
strongly in L2(Qg).



Applications

An example in dimension two is the following
2
Min/ <ayﬂ> do,
Qeo on
A

—Ayq = f inQ,
Yo =0 on 09,

EcQcD vQeO.

We assume that the admissible domains in © are defined as
level sets of functions g € Gag.



Applications

Proposition /f f € LP(D), p > 2, the directional derivative of the
cost is given by

L= [[A+B+(],
where

A= 2% (1) Y05 [91- O 1), Yo (1D, WD) [9-L0). ol
g9

[V g(Xe(1), Yo()-(2(1), W(t)]}/ (1)) + (g (1))2,



Applications

B=2

o (1) DDAV 3= T/ Vg (1) ol 0) - 5

Vg.Vh/|Vg?]

(xg() Ya(1)) 1/ Gig(1))2 + (D)2,

c— 2{[8’/5

Va1 ™21(xg(1), ya(£))} (X (1), Yo(1))-(2(2), w(1)).

where (z, w) solve the system in variations associated with the
Hamiltonian system describing the geometry and | is its
existence interval.



THANK YOU!
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