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Introduction/Motivation 2

Objective: Numerical study of highly anisotropic, multi-scale problems
e Many pb. in nature exhibit multi-scale behaviours, which can be

rather different in character

e Typical: occurence of one or several small/large parameters
(Reynolds, Peclet, Mach nbr. etc) PP
e General, unified treatment is impossible 1l
|
l
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Multi-scale plasma dynamics

Plasma dynamics is characterized by multi-scale phenomena

= Strong magn. fields create anisotropies
— Particles gyrate around the field lines

Hybrid models

Kinetic models /

Drift Molion

"pi Tci Ta

Tcs Teq

Tpe,p4: INV. electr./ion plasma freq.
Tce,ci: Electr/ion cyclotron period

A D : Debye length
Pe s Electr/ion Larmor radius
Se.i = C¢/Wpe,pi: Electr./ion skin depth

Tq - Alfen wave period
Tes: lon sound period

T e - Electr-ion collision time

Wpe,pi: Electr/ion plasma frequency
c: sound speed
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Multi-scale problems 4

A small-scale numerical sitmulation 1s out of reach

»  requires mesh-sizes dependent on small scale param. € < 1

W excessive computational time and memory space are needed to
capture small scales

It 1s not always of interest to resolve the details at the small
scale. Multi-scale strategies are much more adequate!

" homogeneisation, domain decomposition, multi-grids, multi-scale
methods based on wavelets or finite elements, multi-scale
variational methods

Essential feature of these methods

- capture efficiently the large scale behavior of the solution, without
resolving the small scale features
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Asymptotic Preserving schemes 5

Difficulty: Resolution of multiscale pb. can be very difficult, if
the pb. becomes singular, as one of the parameters € — 0

w(P¢) sing. perturbed pb. with sol. f;

- the seq. f- converges towards fp, sol. of a limit pb. (PO);
w the limit pb. (P) is different in type from the initial (P°);
m standard schemes would require At, Ax ~ ¢ for stability.

Definition: A scheme P" is AP iff it is convergent for A — 0
uniformely 1n ¢, i.e.

Ps,h ~ P€
M ™M
l l
- -
Pé,h };O
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Asymptotic Preserving schemes 6

AP-procedure:

m requires that the limit problem (PV) is identified and
well-posed;

% consists 1n trying to mimic at discrete level the asymptotic
behaviour of the sing. perturbed pb. sol. f;;

s requires a sufficient degree of implicitness (not obvious).
Advantages:

s orves accurate and stable results, with no restrictions on
the computational mesh;

m enables to capture automatically the Limit model PY_if
e — 0 (micro-macro transition);

m no more coupling needed, if €(x) is variable.
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Kinetic models and specific limit regimes 7

Fundamental kinetic model: Vlasov/Boltzmann equation

Ouf +v-Vof + —(E+vx B)-Vof = Q(f)
Several small scales/parameters occur, leading to diff. regimes:

e Hydrodynamic scaling [FilbevJin; Dimarco/Pareschi]

0f - Vaf = Q)

m () < e < 1: mean free path (Knudsen nbr.)

m in the limit € — 0, one gets the compressible Euler eq.

- AP-scheme: Decomposition of the source term in stift-

and non-stiff part Q) _ Q) — P(f) N P(f)
3 = -
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Kinetic models and specific limit regimes 8

J D]Tift-DifquiOIl scaling [Klar; Lemou/Mieussens]

O+ 20 ol + B-V0f) = 50U

m () < e < 1: mean free path; long-time asymp.
m in the limit ¢ — 0, one gets the Drift-Diffusion model

m AP-scheme: Micro-Macro decomp. [ = pM + g
D ngh-ﬁ@ld limit, StI‘OIlg magn. ﬁelds [Bostan, Frenod, Golse, Saint-Raymond]
1
thJrv-foJrE-VUerg(vxB)-VUf:O

m () < ¢ < 1: cyclotronic period; strong B-field;

m in the limit ¢ — 0, one gets the gyro-kinetic model.
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Kinetic models and specific limit regimes 9

» Adiabatic scaling [Negulescu,...]

0uf + 0+ Vaf = ~(E+~vx B)-Vof = Q)
E E E E

m () < e < 1: small electron/ion mass ratio, collisionality,
strong B-fields

m in the limit ¢ — 0, one gets the electr. Boltzmann rel.

Diff. regimes, Diff. kind of asymptotic behaviour as € — 0:

m diffusive behaviour (HD,DD)
w highly oscillating behaviour (BE)

= different kinds of num. schemes required !
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Evolution pb. with stiff transport terms 10

» Aim: Efficient num. resolution of multi-scale pb. of the type:

b
Of*+ V[ +LfF=0

e Motivating physical models:
% Anisotropic Fokker-Planck eq. in the gyro-kinetic scaling:

1
Orfi +v-Vafy + E-Vuofi + —(vXB) -Vufy =nVv-[vfi +Vfi].
€
®  Vlasov-Poisson eq. in the long-time asymptotics:

1 1
[ Oife 4+ “vBpfe — —~E(t,x)0ufe =0, VteRT, ¥(z,v)€QC R
g g

—Ozzo =1 —ne, ne(t,m):/fe(t,a:,v)dv, E=—-0zp.
R

\

% Euler 2D eq. / Vorticity eq. in the long-time asymptotics:

1
Orw® + —u® - Vw® =0, —AV® = W, u® =t voe.
£
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L. Viasov eq. in the gyro-kinetic
regine

Work based on:

[1] B. Fedele, C. Negulescu, Numerical study of an anisotropic Viasov equation arising in plasma

physics, to appear in KRM (Kinetic and Related Models), 2018.
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Introduction/Motivation 192

Starting model: Anisotropic Vlasov eq. (gyro-kinetic regime)

1
5’tf€+v-vxf€+E-va€+g(vXB)-VUfgzo

Aim: design efficient numerical scheme
w accuracy and stability independent on € (AP property);
" rapid, not time and memory consuming simulations;
=  simple implementation, practical scheme.
Important questions:
% what is the asymptotic behaviour of the solution f© as ¢ — 07?

= what does one want to see in the asymptotic limit? All

microscopic information or only the macroscopic information?

C. Negulescu, 22/05/2018



Asymptotic behaviour as ¢ — 0 13

e Magnetic field B: direction b(x) := %; magnitude NMP(x) := |B(x)[; V-B = 0.

T :=(vxB)-Vy

e Dominant operator:

T:D(T)— L*(QxR%), DT)={feLl*QxR? / TfeL*(QxR}.

e Characteristics: Cx v := {(X(s;x,Vv), V(s;%x,Vv)), s € R}

r d_X _ O,
< ds
\ ‘;_Z = TID(X(5)) V(s) x b(X(s)),

X(s;x,v)=x, V(s;x,v)=cos(MP(x)s)v, +sin(M(x)s) v+ v, VseR

% periodic trajectories with period T¢(x) := TTI%ZTX) ;

% invariants: X, v | and \IE
> ker 7 :={f € L?2(QxR3) / Fg: AxR xRt = Rst f(x,v)=g(x,vp,|vi])}
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Asymptotic behaviour as ¢ — 0 14

e Cylindrical coordinates with respect to b: Sp ={weR?/|w|=1,w-b=0}
v=v|+vVvy=vpbtrw, r:=|v.|, w:= V—’ €Sy -
i

e Gyro-average operator: J : L?(Q2 x R3) — ker(T) (orthog. proj. on ker (7))

1

Te(x)
TNV = s [ X (s, Vs v)) ds

1
— —/ f(x,vp b+ |v||w)dw.
27 S%)

e Decomposition : L?2(Q2 x R3) = ker(T) &+ ker(J) f=J30)+/f

T :D(T)Nker(J) — ker(J), bi. map
e Limit model for ¢ — 0:
O cker(T) ie. (uxB)-VuofY=0
{ Of’ + T (- Vauf’)+T(E-Vuf’)=0.
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Simple toy model 15

e Simplified toy model:

b
O fE +adufS + - 0yfS =0, V(t,z,y) € [0,T] X [0, L] x [0,L,],
(V)e .

fe0,x2,y) = fin(z,y) = sin(a:)(cos(2y) + 1) :
e Exact solution:

Y

fgx(tﬁmay) - fin(fC —at,y — gt) = sin (:c — at) [cos (2(y — gt)) +1

Tex(TXY)

fzx(t’XNx—1 ’yNy—1 )

|
o
2
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Simple toy model 16

e [.imit model:
atf0+aawf0 :07 \V/(t,CB) S [OaT] X [OaLw]a

fO(O,a:) = fin(z), Vx €]0,L,],

Average or Projection:  f¢(t,x) := / fe(t,z,y)d

e Exact limit solution:

Ot, ) = fin(x — at) = sin (z — at).
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Numerical schemes

% Field aligned or NOT-field aligned configuration
% Micro-Macro scheme (Fourier schemes)

> TMEX or Implicit schemes

T agrange-Multiplier scheme (NEW SCHEME!)

C. Negulescu, 22/05/2018



Aligned versus Not-Aligned configuration 18

1
Model 8tf—|—v-Va;f—|—[E—|——(v><B)}'va:O, B=e,.
£

V|| = (0,0,v2)t, v = (va,vy,0)t, tvi=(vy,—vs,0)f =vxB
Ve := 1 Ccos(f 0 € |0,27
v:(vwavyavZ)@(’mgavz)a ’ ( ) ) [ )

vy = rsin(0) r>0

1
r
1
+7r (cos 00, F 4+ sin00y F) — —0gF = 0.
3
» First toy model - Polar, field-aligned configuration: (£ =o,...)
1
OtF +1r cosO@0,F — —0gF =0.
g

» Second toy model - Cartesian, not field-aligned configuration: (E =o,...)

Ouf + Loy f — L0y, f=0.
g €
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Scheme based on mathematical arguments 19

First toy model:
" { Ouf +adaf+ 2 0yf =0, V(tw,y) € [0,T] x [0, La] x [0, Ly
fe(oaxay) — f’Ln(xay) ’

Micro-Macro decomposition:

1 [l .
He(t,xz) := L_/o fe(t,x,y)dy, h(t,z,y):= f(t,x,y)— H(t,z), hc=0.
Y

([ OH® 4 ad,H® =0, V(t,z) € [0,T] x [0, L]

(MM)e

N\

b
Oth® 4+ a0z h® + -0yhc =0, V(t,xz,y) € [0,T] x Q2
€
| he =0, V(t,z) € [0,T] x [0, L] .

Advantages/Disadvantages:
> AP-scheme; well-posed in the limit & — 0;

% the average procedure can be cumbersome in general configurations.
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IMEX-schemes 20

» First toy model :

en+1 _ ren
f f

IMEX
( )e s

b
+ a0 fO" + -0y fo" T =0, V¥n>0.
g

» Second toy model :

en+1 _ ren
f f

IMP
( )e At

+ y axf67n+1 _ E ayf&,’n+1 = O, Vn > 0.
I g

» General gyro-kinetic model :

fs,n—i—l o fe,n

IMEX
( )e o~

1
_|_ V- foe,n _|_ E : vafe,n _|_ - (V X B) ‘ vas,n+1 — O.
S

Advantages/Disadvantages:
% very simple scheme;

% stil] ill-posed in the limit e — 0, not AP, will not capture the adequate limit, breaks-down
fore < 1;

% big difference between field-aligned and NOT field-aligned configuration.
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Lagrange-Multiplier scheme 21

IDEA: f¢ = p® + e¢® such that 7 p* =0
» First toy model :

)

Otf¢4+adzf+b0yq" =0, V(t,z,y) €[0,T] x Q

(La)e 4 ayfg =€ 8yq€7 V(t,xz,y) € [0,T] x Q

\ q]srm =0, (inflow constraint to fix ¢%)
» Second toy model :

Ot f¢ +y 0z9° —x 0yq® =0,
(La)e
Yor f¢ —x Oy f€ = s(y 0zq° — x 8yq5) — (AzAy)7 ¢, (regularization to fix ¢%)

» General gyro-kinetic model :

Ot fS+v -Vef¢+E-Vyuf*+Tq" =0,
(La)e

T f€ =¢eT q° — (AxAy)” ¢°.
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Lagrange-Multiplier scheme 292

» First toy model :

f fs,n+1_f€,n
At

F a0 fT +b9yge L =0

(La)g 4 ayfs,n—l—l _ 86yq€’n+1

e,n+1
\ q|Fin B O

» Second toy model :

fs,n—l—l . fs,n

(La)e At
Y aajfs,n—l—l — T ayfs,n—l—l — a(y axqs,n—l—l — ayqs,n—l—l) o (A:UAyW qs,n—l—l .

+y 0eg™ " — 2 9yt =0,

Advantages/Disadvantages:
% the scheme is Asymptotic-Preserving, choice of the grid indep. on €;
"% Two unknowns ( f€, ¢°) instead of only one in standard schemes;

% regularization procedure to fix ¢ on the field lines, is delicate.

C. Negulescu, 22/05/2018



23

Numerical results

% TMEX versus Lagrange-Multiplier scheme
% Field aligned and NOT field-aligned configuration

% Error analysis (truncation and round-off errors)

C. Negulescu, 22/05/2018



IMEX versus Lagrange-Multiplier: First toy model 24

b
6th€ %—(léamtfs —+ ;;€9y°f€ =0

— =1 (exact)
e=1
----- £=0.5
== =g=0.1

S
z
>
=
=
(;l_ll)
!
oLl L 0
0 1 0 1 2 3 4 5 6 7 8 9 10
t
Evolution of the errors as a function of € » Condition number of three different schemes as a function of € (log-log scale)
T T T T T 10 T T T T T
—— Euler IMEX
1L 3 = =+ Micro-Macro
Lagrange Scheme
10
L
+ R
0.8F e 4
wm T -
-, [
-, e
':067 -7 = + = Fourier - n i §
‘Sﬁ : \‘ . 4 Fourier -y g
= N —+— IMEX, MM & Lagrange - n S
= +\ ’ =+=IMEX, MM & Lagrange -y 'g
R 4 Q
0.4 SN ©
+ A
AN
N ’
+ , > ~
DOF ~ '
0.2t + 7 ~o
o4 ~
+ el
-m¢|+"{ ________
s T . J
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1
€ €
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Error analysis

25

» Global errors: | Fex — Frum|| < || Fex — Fl| + [|F — Fruml|

A Fex =B+eT, AF =8, (A+90A) Frum = B+ 6B

» Truncation errors IMEX/La:

Tr)r = =V - (Dr,.V %) + O(At?) + O(Az?) + O(Ay?)

alAzx
N 9 (1—-a) 0 alt 3 bAt
= o= —, = —.
! 0 bA_y(l + é) 7 Az Ay
2e €
alAzx
N 9 (1—-a) 0 alt 3 bAt
= o= — = —
2e €
» Round of errors :
7 = Fnuml|| _ cond(.A) (HMH n H5BH)
Il 1= (AT IsA]l \ (Al 18]
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IMEX versus Lagrange-Multiplier: Second toy model 26

IMEX Lagrange-Multiplier

£(T.x,y) £(T.x,y)

T 1 T T
- =g=1 - —c=1
—=0.1 —=0.001
—c=001 || osr e=0 ]
£=0.0001 exact
Exact H 0.8 7
7 0.7 4
| 0.6 ]
=
o
B e 0.5 4
7 0.4 4
i 03 i
i 0.2 i
B 0.1 B
SS— o
2 3 -3 3
y y
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IMEX versus Lagrange-Multiplier: Second toy model 27

DAMM scheme Exact Solution

DAMM scheme Exact Solution

C. Negulescu, 22/05/2018



Error analysis 28

» Truncation errors IMEX/La:

yj Ax - Q; —x;y; At \
1 2 £ 2e Yy At x; At
DI = — s Qj = J s i = .
€ —ZCZ'yjAt CCZAy 14 & Ax Ay
2e 2 € /
\Y 0 0 D Vfe
Trn ) t A O(AL2, Az2, Ay?)
TLQ 0 V- DL2 —€DL2 ng
y; Az j —x;y; At A
D 2 <1 ’ ?> 2 D R
L= x;y; At x; Ay B; , e ziAy
J 1 4+ =2 2
2e 2 €

C. Negulescu, 22/05/2018



29

I1. Viasov-Poisson syst. in the
long-time asymptotics

y

1 1
atfe _|_ —v agjfe - _E(t,x) afvfe — 0
S S

—Ozzo =1 —ne, ne(t,x):/fe(t,x,v)dv, E=—-0.p.
R

\

Work based on:

[2] B. Fedele, C. Negulescu, S. Possanner, Asymptotic-Preserving scheme for the resolution of evolution

equations with stiff transport terms, submitted.
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Problem and Lag. Multip. Scheme 30

» Starting linear, stiff transport model:

{ Btfs—l—E'Vf‘g:O, b:= (v,—E(t,x))
(V)¢ c
fE(O,X) — f’L’n(X) .

e Stabilized AP-reformulation: f¢ = p* +e¢°* withb -V =¢eb V¢
ath,O' _|_ b . VqE,O' — O
(MM)Z
b-Vf®? =eb-Vq¢*7 —oq¢g™° (Stabilization)

) ¢ — (0 Limit-model:

0. f9° +b-Vg®° =0,
(MM)g

b-VfY% +5¢%7 =0.
e Equivalent to degenerate diffusion equation:

O 07 — év. (beb) Vo] =0

C. Negulescu, 22/05/2018



Landau damping test case (¢ = 1) 31

0.5

fin (@, v) = \/% (1 4 ycos(kx)) e~V /2

In(E(t.01,) for k

10 '8
>
------ 0]
_____ c
_________ @
Q
4 =
1074 o 0.5¢ + Spectral, P(t)-P(0)
5 * Spectral , E(t)-E(0)
s 0 — (DAMM), P(1)-P(0)
- l g :
- Ty2=221 . @ i - - (DAMM), E(t)-E(0)
+ Spectral scheme g_—O.S !
—(DAMM)—scheme 5 1}t
- - - Analytic rate T % o
-8 >
L L L q) —- L L L
10 0 5 10 15 20 o 1'50 5 10 15 20
Time Time
(DAMM)-scheme (DAMM)-scheme
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Two-stream instability (¢ = 0) 32

1 2
2 —wve/2
fin(z,v) = —— v2e V" /2(1 4+~ cos(k z))
V2T
Initial condition (DAMM)-scheme, n=50
4 | | | | ] 4 | | | | |
4 4
o 2 4 6 8 10 12 o 2 4 6 8 10 12
X X
- (DAMM)—scheme | - (DAMM)—scheme
0.3+ —Fitting | 0.3 —Fitting |
0.25 1 0.25/
2 02 ] & 02
S g
< 0.15+ 1 Q- 0.15¢
01" ] 01"
0.05/ 1 0.05/
% 0 5 10 15 % 0 5 10 15
$(0,0) Weo, 1y
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III. Euler 2D/ Vorticity eq. in the
long-time asymptotics

&
u

Orw® + — - Vw® = v Aw®,
€

— AV = w°, u® =t vuoe .

Work based on:

[3] B. Fedele, C. Negulescu, M. Ottaviani Long-time asymptotics of the vorticity equation and its

numerical study, in preparation.
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Problem and Lag. Multip. Scheme 34

» Starting linear, stiff transport model:

Orw® + a. Vw® = v Aw®
(V)a g
w®(0,X) = win(x) .

e Stabilized AP-reformulation: w® = y* + 6 withu - Vw® = cu- VH°

Orw®? +u-VO05° = v Aw®
(MM)Z

g
u-Vw®? =cu-VOe*? — g 0%° (Stabilization)

e Validation of the scheme for ¢ € [0, 1]:
> Kelvin-Helmholtz instability, for v =0

m Two-stream shear-flow, for v > 0

s Poiseuille flow, for v > 0

C. Negulescu, 22/05/2018



Some nice pictures (Taylor-Green instab.) 35

(DAMM)-scheme, n=580 (DAMM)-scheme, n=630

6 "
5 -
|

4 6

4

=3
d
.
% 0

X X

(DAMM)-scheme, n=670 (DAMM)-scheme, n=880
6 !
2 4 6
X

5
4
=3
2
1
0

0

X
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Some more nice pictures 36

(DAMM)-scheme, n=45 (DAMM)-scheme, n=145

»  Kelvin-Helmholtz instability

" Two-stream 1nstability, ...

X
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Conclusions 37

For the resolution of the anisotropic Vlasov eq. in the gyro-kinetic

regime, two strategies can be adopted:

e Field aligned configuration:
m IMEX-scheme is the most appropriate scheme;
» Change of coordinate system can be cumbersome.
e Cartesian, NOT-aligned configuration:
w  [agrange-Multiplier scheme is the most appropriate scheme;
mw IMEX-scheme leads rapidly to erroneous results;

= More time-consuming for the same grid; However AP-scheme =

e-independent grid.

Thank's

C. Negulescu, 22/05/2018
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