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(except for the case WN1(SN SNY)).
But one can use instead the VMO-degree (Brezis-Nirenberg).

o Hence WsP(SN SN) = J &,
deZ

where Eg = {u € WP(SN SN) : deg(u) = d}.

@ We will consider two types of distances between £y, and Ey,.

The first is
diStWS’p(gdU Sd2) - uienfffl vienfl HU - VHWS’P(SN,SN)’
where || - || s is @ semi-norm.
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Maps in W'P(S1 SY), p>1

WP(St, ST ={u: St — St [o |u'|P < o0} C C(ST, Sh).
Then,

WhP(St, ST = | €9 = | J{u: deg(u) = d}.

dez dez

Define

distwl,p(gdl,gdz): inf inf (/ |(U1 — Uz)"p)l/P.
s1

€l €,

Let ZWI,p(d) = mlnuegd (fsl |u/’p)1/p (27-[-)1/P|d|

Theorem (Rubinstein-Sh 07)

21+1/p

diStW1,p(5dl,5d2) = (%) Zwl,p(dl — d2) = 1/p‘d2 ’
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Lemma (Brezis-Mironescu-Sh 16).

Ve > 0,3u., v. € C°(St, S1) s.t. deg(u:) = 1, deg(v.) = 0, and:
(i) ue = ve =N, Vs € B.4(S),

(ii) ug(s) S, Vs € ST\ B.12(S),

(i) ve(s) =N, Vs € S\ B.1,2(S),

('V) lime_o |UE - VE‘Wl/PvF' =0.

Based on Brezis-Nirenberg 1995 (p = 2) - a capacity argument.

The construction is such that

(ue = ve)(x) = (0, £(x)) with [[£[ly/p.p = O.

diStW1/p,p(8d1,5d2) =0, Vdy, d>.
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Theorem (BMS 16)

Let s > 0 and p € [1,00) be such that sp > 1. Then
C5/7p|d1 — dgfs < diSth,p(gdl,gdz) < C57p|d1 — dgfs,

/
for some constants C; ,, Cs p > 0.

Proof uses again the fact that |(v — v)(x)| does

0—2—70

|d> — dy| times.
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o dsc SVst v(s)=—u(s)=N (W.lo.g.)

@ Since d» #0, 3t € SN sit. v(t) =S.

o Define f: SN — R by f(x) = {(v — u)(x)}N.
e f(s)=2, f(t) <0, hence

IV (= V)llp(smy 2 IV Fllpgsny = mof=minf > 22 where

Ap,n is the sharp constant in the Sobolev-type inequality:

maxg — n;;vng < AvaHVgHLp(SN) (Talenti, Cianchi).
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(ii) Continue: the upper bound

Consider N = 2 and disty1.2(0, d).
Take maps 11 € & and wp € £y of the form

ui(p, 8) = (sin ®;(¢) sin(d0), sin ®;() cos(dh), cos P;(v)).

Degree-difference is due to rotations around the z-axis
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infuee, 4 fQ [Vul??

Answer(Brezis-Coron-Lieb 1986):
infuce, 4 Jo |Vul? = 8rlL(a,d),

where L(a, d) is the minimal connection between the singularities.

Question 2: What is the (metric) distance between two classes:

dist?12(Ead, Ebe) = inf inf /V(u—v)Q?
JQ

uE&y 4 V€€b7e

Answer(BMS 197): 0, follows from distyy12(s2 52)(Eay, Eay) = 0.
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The general case: distyys» in WSP(SN SV) N > 2

Theorem (BMS16)
(i) If N>1 and 1 < p < oo then

disth/p,p(gdl,€d2) — 07 lev d2'

(i) If [l < p<ooands>N/p|or[p=1ands> N then
c’ < diSth,p(gdl,gdZ) <C,

For C,C’ > 0 depending on s,p and N (N > 2 is essential!).
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e

Dist(A.B)! dist(A.B)
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The proof of (i) uses a sequence {u,} satisfying deg(u,) = d; and
u,(B) = SN for each geodesic ball B SV of radius 1/n.

Then, lim,_ oo infveng llup — v|wse = 0.
Open Problem: s it true that in (ii) also
DiStWN/p,p(5d1,5d2) > C;;,N’dl — d2|1/p?

The answer is known only for N = 1, see below.
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P al(d) = inf [l = i |u() — u(y)l?
Zhynn(d) = inf Gy, = i [[ I

Since ¥ y1/50(d) > C,|d|'/P (Bourgain-Brezis-Mironescu), we get:
Cplda — ci[/P < Distyy1/pp(si s1)(Edys Eay) < Cplda — | M/P.
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The case W'/22(S1 S1)

Since it is known that

y?2 = inf 2l dxdy = 472|d
a2l u'élsd//slxsl oy =4l

we get

DiStW1/2,2(51751)(5d17gdz) = 27r‘d2 - d1|1/2'
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Proposition (BMS 18)

Vdy # do, Yu € &g, let u, = Tpou € Ey,. Then

limn oo infueg, [ [(un — v)'| = 2m|d2 — dh|
(:> DiStW1,1 (5d1,5d2) > 271"6/2 = d1|)
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Thank you for your attention!
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