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Introduction

When sp ≥ N maps in W s,p(SN ,SN) have a well-defined
degree.

If sp > N then W s,p(SN ,SN) ⊂ C (SN ,SN).

If sp = N then W s,p(SN , SN) 6⊂ C (SN ,SN)

(except for the case WN,1(SN ,SN)).

But one can use instead the VMO-degree (Brezis-Nirenberg).

Hence W s,p(SN ,SN) =
⋃
d∈Z
Ed ,

where Ed = {u ∈W s,p(SN ,SN) : deg(u) = d}.

We will consider two types of distances between Ed1 and Ed2 .

The first is

distW s,p(Ed1 , Ed2) = inf
u∈Ed1

inf
v∈Ed2

‖u − v‖W s,p(SN ,SN),

where ‖ · ‖W s,p is a semi-norm.
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Maps in W 1,p(S1, S1), p ≥ 1

W 1,p(S1,S1) = {u : S1 → S1;
∫
S1 |u′|p <∞} ⊂ C (S1,S1).

Then,

W 1,p(S1,S1) =
⋃
d∈Z
Ed =

⋃
d∈Z
{u ; deg(u) = d}.

Define

distW 1,p(Ed1 , Ed2) = inf
u1∈Ed1

inf
u2∈Ed2

( ∫
S1

|(u1 − u2)′|p
)1/p

.

Let ΣW 1,p(d) := minu∈Ed
(∫

S1 |u′|p
)1/p

= (2π)1/p|d |.

Theorem (Rubinstein-Sh 07)

distW 1,p(Ed1 , Ed2) =
(

2
π

)
ΣW 1,p(d1 − d2) = 21+1/p

π1−1/p |d2 − d1|.
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Example: distW 1,1(E1, E0) = 4

Lower bound: For any u ∈ E1 and v ∈ E0 let w(x) := u(x)− v(x).

|w | should do: 0 −→ 2 −→ 0.

Hence,
∫
S1 |(u − v)′| ≥

∫
S1

∣∣|w |′∣∣ ≥ 4.

Upper bound: Take the following u = e iφ ∈ E1 and v = e iψ ∈ E0:

ψ

| |
π π

π

π2

2

φ

Here u(x)− v(x) = (0, f (x)) and so∫
S1

|(u − v)′| =

∫
S1

|f ′| =

∫
S1

∣∣|f |′∣∣ = 4.

4/16



Example: distW 1,1(E1, E0) = 4

Lower bound: For any u ∈ E1 and v ∈ E0 let w(x) := u(x)− v(x).

|w | should do: 0 −→ 2 −→ 0.

Hence,
∫
S1 |(u − v)′| ≥

∫
S1

∣∣|w |′∣∣ ≥ 4.

Upper bound: Take the following u = e iφ ∈ E1 and v = e iψ ∈ E0:

ψ

| |
π π

π

π2

2

φ

Here u(x)− v(x) = (0, f (x)) and so∫
S1

|(u − v)′| =

∫
S1

|f ′| =

∫
S1

∣∣|f |′∣∣ = 4.

4/16



Example: distW 1,1(E1, E0) = 4

Lower bound: For any u ∈ E1 and v ∈ E0 let w(x) := u(x)− v(x).

|w | should do: 0 −→ 2 −→ 0.

Hence,
∫
S1 |(u − v)′| ≥

∫
S1

∣∣|w |′∣∣ ≥ 4.

Upper bound: Take the following u = e iφ ∈ E1 and v = e iψ ∈ E0:

ψ

| |
π π

π

π2

2

φ

Here u(x)− v(x) = (0, f (x)) and so∫
S1

|(u − v)′| =

∫
S1

|f ′| =

∫
S1

∣∣|f |′∣∣ = 4.

4/16



Example: distW 1,1(E1, E0) = 4

Lower bound: For any u ∈ E1 and v ∈ E0 let w(x) := u(x)− v(x).

|w | should do: 0 −→ 2 −→ 0.

Hence,
∫
S1 |(u − v)′| ≥

∫
S1

∣∣|w |′∣∣ ≥ 4.

Upper bound: Take the following u = e iφ ∈ E1 and v = e iψ ∈ E0:

ψ

| |
π π

π

π2

2

φ

Here u(x)− v(x) = (0, f (x)) and so∫
S1

|(u − v)′| =

∫
S1

|f ′| =

∫
S1

∣∣|f |′∣∣ = 4.

4/16



Example: distW 1,1(E1, E0) = 4

Lower bound: For any u ∈ E1 and v ∈ E0 let w(x) := u(x)− v(x).

|w | should do: 0 −→ 2 −→ 0.

Hence,
∫
S1 |(u − v)′| ≥

∫
S1

∣∣|w |′∣∣ ≥ 4.

Upper bound: Take the following u = e iφ ∈ E1 and v = e iψ ∈ E0:

ψ

| |
π π

π

π2

2

φ

Here u(x)− v(x) = (0, f (x)) and so∫
S1

|(u − v)′| =

∫
S1

|f ′| =

∫
S1

∣∣|f |′∣∣ = 4.

4/16



Example: distW 1,1(E1, E0) = 4

Lower bound: For any u ∈ E1 and v ∈ E0 let w(x) := u(x)− v(x).

|w | should do: 0 −→ 2 −→ 0.

Hence,
∫
S1 |(u − v)′| ≥

∫
S1

∣∣|w |′∣∣ ≥ 4.

Upper bound: Take the following u = e iφ ∈ E1 and v = e iψ ∈ E0:

ψ

| |
π π

π

π2

2

φ

Here u(x)− v(x) = (0, f (x)) and so

∫
S1

|(u − v)′| =

∫
S1

|f ′| =

∫
S1

∣∣|f |′∣∣ = 4.

4/16



Example: distW 1,1(E1, E0) = 4

Lower bound: For any u ∈ E1 and v ∈ E0 let w(x) := u(x)− v(x).

|w | should do: 0 −→ 2 −→ 0.

Hence,
∫
S1 |(u − v)′| ≥

∫
S1

∣∣|w |′∣∣ ≥ 4.

Upper bound: Take the following u = e iφ ∈ E1 and v = e iψ ∈ E0:

ψ

| |
π π

π

π2

2

φ

Here u(x)− v(x) = (0, f (x)) and so∫
S1

|(u − v)′| =

∫
S1

|f ′| =

∫
S1

∣∣|f |′∣∣ = 4.

4/16



Example: distW 1,1(E1, E0) = 4

Lower bound: For any u ∈ E1 and v ∈ E0 let w(x) := u(x)− v(x).

|w | should do: 0 −→ 2 −→ 0.

Hence,
∫
S1 |(u − v)′| ≥

∫
S1

∣∣|w |′∣∣ ≥ 4.

Upper bound: Take the following u = e iφ ∈ E1 and v = e iψ ∈ E0:

ψ

| |
π π

π

π2

2

φ

Here u(x)− v(x) = (0, f (x)) and so∫
S1

|(u − v)′| =

∫
S1

|f ′| =

∫
S1

∣∣|f |′∣∣ = 4.

4/16



distW 1/p,p(Ed1
, Ed2

) for p > 1

Lemma (Brezis-Mironescu-Sh 16).

∀ε > 0,∃uε, vε ∈ C∞(S1,S1) s.t. deg(uε) = 1, deg(vε) = 0, and:

(i) uε = vε = N, ∀s ∈ Bε/4(S),

(ii) uε(s) = S, ∀s ∈ S1 \ Bε1/2(S),

(iii) vε(s) = N, ∀s ∈ S1 \ Bε1/2(S),

(iv) limε→0 |uε − vε|W 1/p,p = 0.

Based on Brezis-Nirenberg 1995 (p = 2) - a capacity argument.

The construction is such that

(uε − vε)(x) = (0, fε(x)) with ‖fε‖W 1/p,p → 0.

Corollary

distW 1/p,p(Ed1 , Ed2) = 0, ∀d1, d2.

5/16
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distW s,p(Ed1
, Ed2

) for sp > 1

Theorem (BMS 16)

Let s > 0 and p ∈ [1,∞) be such that sp > 1. Then

C ′s,p|d1 − d2|s ≤ distW s,p(Ed1 , Ed2) ≤ Cs,p|d1 − d2|s ,

for some constants C ′s,p,Cs,p > 0.

Proof uses again the fact that |(u − v)(x)| does

0 −→ 2 −→ 0

|d2 − d1| times.
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Distance between classes of W 1,p(SN , SN) when N ≥ 2

Theorem (Levi-Sh 14)

(i) For p = N: distW 1,N (Ed1 , Ed2) = 0, ∀d1, d2.
(ii) For p > N: distW 1,p(Ed1 , Ed2) = cp,N for all d1 6= d2,
where cp,N > 0 is a universal (explicit) constant.

(i) Follows similarly to the case W 1/p/p(S1,S1).
(ii) The lower bound:

Take u ∈ Ed1 and v ∈ Ed2 and assume d2 6= 0.
∃s ∈ SN s.t. v(s) = −u(s) = N (W.l.o.g.)
Since d2 6= 0, ∃t ∈ SN s.t. v(t) = S.
Define f : SN → R by f (x) =

{
(v − u)(x)

}
N

.
f (s) = 2, f (t) ≤ 0, hence
‖∇(u − v)‖Lp(SN) ≥ ‖∇f ‖Lp(SN) ≥ max f−min f

Ap,N
≥ 2

Ap,N
, where

Ap,N is the sharp constant in the Sobolev-type inequality:

max
SN

g −min
SN

g ≤ Ap,N‖∇g‖Lp(SN) (Talenti, Cianchi).
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(ii) Continue: the upper bound

Consider N = 2 and distW 1,2(0, d).
Take maps u1 ∈ E0 and u2 ∈ Ed of the form

ui (ϕ, θ) = (sin Φi (ϕ) sin(dθ), sin Φi (ϕ) cos(dθ), cos Φi (ϕ)).

Degree-difference is due to rotations around the z-axis

2

u (x)

u (x)

1

2

. x

 u = u
1 2

. 

. 

R

1
R u =   u
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An application to W 1,2(Ω, S2) in dimension 3

Let Ω = BR(0) ⊂ R3.
For a = (a1, . . . , ak) ∈ Ωk and d = (d1, . . . , dk) ∈ Zk set

Ea,d = {u ∈ C∞(Ω \
k⋃

i=1

{ai}; S2);∇u ∈ L2(Ω), deg(u, ai ) = di ,∀i}.

Question 1: What is the least energy within the class, i.e.,
infu∈Ea,d

∫
Ω |∇u|

2?

Answer(Brezis-Coron-Lieb 1986):

infu∈Ea,d
∫

Ω |∇u|
2 = 8πL(a,d),

where L(a,d) is the minimal connection between the singularities.

Question 2: What is the (metric) distance between two classes:

dist2
W 1,2(Ea,d, Eb,e) := inf

u∈Ea,d
inf

v∈Eb,e

∫
Ω
|∇(u − v)|2?

Answer(BMS 19?): 0, follows from distW 1,2(S2,S2)(Ed1 , Ed2) = 0.
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Ea,d = {u ∈ C∞(Ω \
k⋃

i=1

{ai}; S2);∇u ∈ L2(Ω), deg(u, ai ) = di ,∀i}.

Question 1: What is the least energy within the class, i.e.,
infu∈Ea,d

∫
Ω |∇u|

2?

Answer(Brezis-Coron-Lieb 1986):

infu∈Ea,d
∫

Ω |∇u|
2 = 8πL(a,d),

where L(a,d) is the minimal connection between the singularities.

Question 2: What is the (metric) distance between two classes:

dist2
W 1,2(Ea,d, Eb,e) := inf

u∈Ea,d
inf

v∈Eb,e

∫
Ω
|∇(u − v)|2?
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The general case: distW s,p in W s,p(SN , SN), N ≥ 2

Theorem (BMS16)

(i) If N ≥ 1 and 1 < p <∞ then

distWN/p,p(Ed1 , Ed2) = 0, ∀d1, d2.

(ii) If [1 < p <∞ and s > N/p] or [p = 1 and s ≥ N] then

C ′ ≤ distW s,p(Ed1 , Ed2) ≤ C ,

For C ,C ′ > 0 depending on s, p and N (N ≥ 2 is essential!).
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A second type of distance: DistW s,p

In W s,p(SN ,SN) (sp ≥ N) define:

DistW s,p(Ed1 , Ed2) = sup
u∈Ed1

inf
v∈Ed2

‖u − v‖W s,p(SN ,SN) = sup
u∈Ed1

dW s,p(u, Ed2)

(Recall: distW s,p(Ed1 , Ed2) = inf
u∈Ed1

inf
v∈Ed2

‖u − v‖W s,p(SN ,SN))

B

dist(A,B)Dist(A,B)

A
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General results on DistW s,p in W s,p(SN , SN)

Theorem (BMS16)

(i) If sp > N then

DistW s,p(Ed1 , Ed2) =∞, ∀d1 6= d2.

(ii) For every p ≥ 1 we have

DistWN/p,p(Ed1 , Ed2) ≤ Cp,N |d1 − d2|1/p .

The proof of (i) uses a sequence {un} satisfying deg(un) = d1 and
un(B) = SN for each geodesic ball B ⊂ SN of radius 1/n.

Then, limn→∞ infv∈Ed2
‖un − v‖W s,p =∞.

Open Problem: Is it true that in (ii) also
DistWN/p,p(Ed1 , Ed2) ≥ C ′p,N |d1 − d2|1/p?

The answer is known only for N = 1, see below.
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DistW 1,1(S1,S1) and DistW 1/p,p(S1,S1)

Theorem (BMS16)

DistW 1,1(S1,S1)(Ed1 , Ed2) = 2π|d1 − d2| (= ΣW 1,1(d2 − d1))

(recall distW 1,1(S1,S1)(Ed1 , Ed2) = 4|d1 − d2|)

Theorem (Sh18)

For p > 1, DistW 1/p,p(S1,S1)(Ed1 , Ed2) = ΣW 1/p,p(d2 − d1)

(recall distW 1/p,p(S1,S1)(Ed1 , Ed2) = 0)

Here,

Σp

W 1/p,p(d) = inf
u∈Ed
‖u‖p

W 1/p,p = inf
u∈Ed

∫∫
S1×S1

|u(x)− u(y)|p

|x − y |2
dxdy .

Since ΣW 1/p,p(d) ≥ Cp|d |1/p (Bourgain-Brezis-Mironescu), we get:

Cp|d2 − d1|1/p ≤ DistW 1/p,p(S1,S1)(Ed1 , Ed2) ≤ C ′p|d2 − d1|1/p.
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The case W 1/2,2(S1, S1)

Since it is known that

Σ2
W 1/2,2(d) = inf

u∈Ed

∫∫
S1×S1

|u(x)− u(y)|2

|x − y |2
dxdy = 4π2|d |,

we get

Corollary

DistW 1/2,2(S1,S1)(Ed1 , Ed2) = 2π|d2 − d1|1/2.
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The lower bound for DistW 1,1: preventing large bubbles

Define Tn ∈ Lip(S1, S1) with deg(Tn) = 1 by Tn(e iθ) = e iτn(θ),
τn : [0, 2π]→ [0, 2π] a “zig zag function” satisfying:

(i) τn(0) = 0, τn(2π) = 2π.
(ii) τ ′n oscillates between n and 2− n on intervals of length π/n2.

2π

τ
n

θ

(θ)

f( )=θ θ

2π

Proposition (BMS 18)

∀d1 6= d2, ∀u ∈ Ed1 let un = Tn ◦ u ∈ Ed1 . Then

limn→∞ infv∈Ed2

∫
S1 |(un − v)′| = 2π|d2 − d1|

(=⇒ DistW 1,1(Ed1 , Ed2) ≥ 2π|d2 − d1|)
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Thank you for your attention!
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