Index theorems and bd localization

Lectures by Maxim Zabzine notes by Bruno Le Floch
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Nobody (even the typist) proof-read these notes, so there
may be obvious mistakes: tell BLF.

Abstract

Mathematical aspects (elliptic, transverse elliptic operators) and 5d
gauge theories. These are lecture notes for the 2018 IHES summer school
on Supersymmetric localization and exact results.

1 Lecture 1, July 23

See Pestun https://arxiv.org/abs/1608.02954.

1.1 Equivariant cohomology

Counsider a smooth manifold M with a u(1) action u x M — M. We want to
talk about the cohomology of M /u(1), but of course that space may be singular.

We construct a supermanifold T[1]M, modeled on TM but with the Grass-
mann degree of tangent vectors being shifted by 1 (this is the meaning of [1]).
The bosonic coordinates are z# (like those of M) and Grassmann odd coordinates
are ¥*, that transform like dz*, namely

o

Il/

PF = =¥ under I = fH(z). (1)
Exercise: the measure is invariant under coordinate changes, namely [ d"zd"¢(---) =

fd"fd”{/?( --). Remember that the ¢ anticommute.

(Hint: note that in Grassmann integrals [ diy = 0 and [ d¢) =1 so under a
change of variables ¢ = ay, the relation J dinp = [ dy forces dy) = Ldy, the
inverse transformation compared to bosonic variables.)

Note that smooth functions on T[1]M can be expanded as

04(9671?) :Z%alﬂ‘“ukwm CqpPE (2)
— k!

into forms so C*°(T[1]M) = Q*(M).


https://arxiv.org/abs/1608.02954

Using the u(1) action we can define
dat =g, ot =VH(z) (3)

where V' generates the action. This is a kind of supersymmetry. Acting on a
polyform (a function on T[1]M) we find

L 1
50‘(-%'7"/)) = Z (k!apam.,.ukwpwl‘l cqpPE 4 Ealll'”ﬂkvﬂl . .w,uk) (4)

k

so d acts on polyforms as dy = d + 4y. Last week we checked that d2 = Ly.

In Francesco Benini’s class we had the opposite sign in dy .

Since d and 7y change degrees in different ways, it is useful to introduce a
formal parameter ¢ of degree 2 and use d + &iy. This now acts with degree 1 on
Q¢ (M)[€] (polynomials in &) or Q*(M)[[¢]] (formal series in &).

The Cartan model of equivariant cohomology consists of the cohomology of
the restriction of dy to u(l)-invariant forms

Qe (M)[E] = {Lva(§) = 0} (5)

(We define in the obvious way equivariantly closed forms and equivariantly exact
forms.) Then H;(l)(M) = H*(M/u(1)) if the latter exists.

While £ is important to get the complete grading of the cohomology, we will
work as physicists and just set £ = 1.

1.2 Atiyah—Bott formula

Our goal is to compute

/ d"wd™pa(z, ) = Z[0] (6)
for an equivariantly closed polyform «. Then we note that for any W with
W =0,

Z[t] = / d"zd™p oz, )e W EY) (7)

is independent of . Then to compute the integral we shall send ¢ — oco.
Consider W = vtg,,". Exercise: 6°W =0 < Lyg = 0, namely V is a
Killing vector.
Let us now assume we have a metric g that is u(1)-invariant (if our u(1)
action is a U(1) action then averaging an arbitrary metric works). Then compute

6W == |V|2 + ¢”¢V8u(gupvp)- (8)

Then we want to compute

tlim d"zd"™y a(z, w)eft‘v‘zftwqbp(d“)*“’. (9)
—00



Any point with |[V'|2 > 0 is exponentially suppressed so only fixed points (|V|? =
0) contribute.

We look at a fixed point V(P) = 0 and choose coordinates with P at zero.
Expand

SW = H,,da"dz” + O(2®) + S, 0" Y + O(?z) + O(y*). (10)

Rescale T = v/tz and {Z; = /). This introduces no Jacobian factor (because the
measure on T'[1]M is invariant under coordinate changes, see an exercise above).
Then

T n=n ZRR —H, @2 =8, 9 —O(1/ /1)
Z[0] = lim [ d"zd wa<\/¥, \/E>e (11)
e e o P(S)

ap(0) [ d"zd™pe Hwve"e" =S ™" o0
of )/ v O e a

up to some factors of m, where the Pfaffian of an antisymmetric matrix S
is essentially Pf(S) = v/det S. The last expression is only defined if H,,, is
non-singular (no quartic point, no manifold of fixed points).

Recall the supersymmetry dz# = ¢* and dy* = V#(x). We can linearize it
to 0;xH = J“ and 61[“ = 0,V#(0)z". Then

(12)

— HW 75 — S i’ = —(6W)2 (13)
where the subscript means we only keep quadratic terms. Then
(5[((5W)2 =0 (14)
implies H,, = 9,V *(0)S,,. We deduce the simplification
P£(S) 1
ao(0 = 00(0) —= 15
O erm 0 e 3,V?(0) (15)

Theorem 1 (Atiyah-Bott formula). Given a U(1) action with no isolated fized
points, for any equivariantly closed form «,

/d"xd”wa(z ») = Z w. (16)
, fized points x det(aﬂvp(x))

Always two sets of calculations: either take quadratic piece and compute
Gaussian integrals, or your term has more symmetries and we have use the
simplifications giving just the determinant in the denominator.

There is a more general version of Atiyah—Bott when the fixed points are not

isolated: |
(07)s
o= _ (17)
/M ‘/A{u(l) e(NMu(l))

Exercise (hard): understand this very carefully (e.g., using Riemann normal
coordinates). You have to split coordinates along the fixed locus and transverse
to the locus, take curvature into account etc.



1.3 Bundles

Consider now a vector bundle E on M. Define E[1] to be the supermanifold
whose coordinates x® along the fiber (expressed in a basis of sections of E) are
Grassmann odd, and whose coordinates z* along M are even.

Then we consider the vector bundle T[1]E[1] over the manifold E[1]. It has
coordinates (x#, ¥, x*, H*), where * transforms as dz* and H® transforms as
dx?, where d is the exterior derivative on the supermanifold E[1]. Here z* and
H® are even and ¢* and x* are even.

A vector bundle over a vector bundle is not a vector bundle!

Consider a change of coordinates Y* = g%, (x)x® on the fibers of E[1]. Then

H* = dY* = g"p(2)dX" + 9,(g")dz’x" = gy () H® + 9,(g")da’x".  (18)

There is an extra term compared to how a section (such as x*) would transform.
For instance H%h,, H? is BAD.

Now consider a u(1)-equivariant bundle on M, namely we have an action of
u(1) on E that acts compatibly with the action u(1) x M — M. Then

ot =g, Gt =M (z), Oox* =H" OH"=Lyx" (19)

following the previous definitions. It is sometimes convenient to change H (in a
non-canonical way) to get a covariantized version

Syx® = H®* = A%, ", Sy H®* = Ly x* + extra terms. (20)

This is useful because H can be made to transform as a section.

We can do all of Atiyah—Bott.

The relevant thing here is the Mathai-Quillen formalism. There are different
ways of expressing it: a non-equivariant version, an equivariant version, and a
version with P x V/G that should be used to deal with gauge theories properly
(see Atiyah—Jeffrey).

1.4 Atiyah—Bott with bundles

Let us see some aspects of Atiyah—Bott.
We consider W such that

SW = 6(X“hap(H® — S°(2))) + 6(¥* g, V"). (21)

Here hqy, is a metric on E, g,,,, is a metric on M, s is a section on F, and 6*W =0
and Ly g =0 and s is a u(1)-equivariant section. For later purposes we call D
the matrix with components 8p5b at the fixed point.

Linearize this near a fixed point. First we linearize the supersymmetry
transformations tdl

6X =+, 0 =ReX, o6x=H, O0H=Ry (22)

Tt may be more covariant to redefine H such that dx = H —iDX and 6 H = Ryx + iDw?



where Ry and R; are linear operators. Then we write W itself:
W =, RoX) + (x, H— iDX). (23)
Exercise: check that §2WW = 0 using the nice property that R;D = DR,.

X —iD X

0 Ey E_ 0
Ro[ [31
0 [P I 0
P H (24)

We can work out that Ry and R; are antiHermitian like Ly .
Then compute (recall that Grassmann-odd quantities, including ¢, pick up
signs when we exchange them; this shows up in the Leibniz rule)

and integrate H to get

1 . .
5W|H integrated = <X» (_R(2) + ZDTD)X> —<¢7R0¢>—<X7 R1X>_<Xa %DW‘FW» %DTX>

analogue of H,vaz"x"

(26)
The last four terms are the analogue of S, ¥*¢". We get
ot Fo 301
5D R
Zl-loop ~ (27)

det'/?(—R2 + 1D1D)

Note that the formula only makes sense if the denominator has no kernel (or if
the numerator has corresponding zero modes), so —R3 + iDTD needs to be a
second order elliptic operator. For the numerator we compute

< Ry ;’DT> < Ry ;’DT>T _ ( ~R24+iDID  i(R,D' —D*Rl))_

—+D Ry )J\-iD R, L(DRy— RiD) —R?+ +DD'
(28)
The off-diagonal blocks vanish and we get partial cancellation:
det"/*(—R? + 1DD1
1-loop ™~ ( L 4 ) (29)

det'/*(—R3 + 1DiD)
This is the analogue of vdet S/+v/det H.

Outside the kernels of DD' and DD there are huge cancellations. The
kernel contributes

detgéf(—R%) det'? Ry

detng(—Rg) det'/? R,

(we ignore phases). This final formula is an analogue of 1/4/det dv(0).
Next time we will see elliptic and transversely elliptic operators.

Zl—loop ~ (30)



2 Lecture 2, July 24

In infinite-dimensional settings, Ry, R1, D are differential operators.

2.1 Elliptic operators
The symbol o(D) of an operator D with

Du = Z ao(z)0%u = Z Ao ()07 - O (31)

la|<m la|<m

is defined in terms of the highest-order part (|a] = m) as

o(D)= Y aa(x)® = Y aa(@)t--&om € CO(M) &, ... 6] (32)

|a]=m |a]=m

The operator is called elliptic if the symbol is non-degenerate away from & = 0.

Example: the symbol of the Laplacian is 0(A) = vazl £? so this operator is
elliptic.

Example: the operator A, = dd' + d'd on p-forms is elliptic.

Exercise: the Dirac operator is I elliptic.

Definition: D is a Fredholm operator if both ker D and coker D are finite-
dimensional.

Theorem: on a compact manifold M, any elliptic operator D is Fredholm.

Consider now the action for a scalar field

S= [ dpnxds=(6,A0). (33)
M

Then the Gaussian integral gives us 1/v/det A, so this operator has better have
no kernel or cokernel, or at least a finite-dimensional one. This is guaranteed by
ellipticity.

For the gauge field,

/ F A«F = / dAAxdA = (A,dTdA) (34)

is not elliptic. This is not surprising because of gauge-invariance. After gauge-
fixing though the operator is elliptic.

/F/\*F—i—d‘LA/\*dTA = /dA/\*dA = (A,dTdA) (35)

2.2 Transversally elliptic operators

Example: Consider the elliptic operator 0 on S2.



Lift the problem to S* x S? with coordinates (, z, z). (The Laplace operator is
A = —0?+0.0;.) A horizontal form is a form that has no component in the ¢ di-
rection. We denote these by Q¢ where p, g are the holomorphic/antiholomorphic
grading. Then the holomorphic exterior derivativ maps O : Q51 — Q’;;'l’q.
This has no way of being elliptic because the ¢-dependence is not controlled
at all. On the other hand we can expand in Fourier modes L;w, = inw,. Then
0: (Q(I);O)n — (Q;}O)n and we get an elliptic operator for each n. The original
operator Oy is then called transversally elliptic.
Example: S3 embedded as |z1|? + |22/? = 1 in C2. The Hopf fibration is an
S' fibration of S® with base S2. This defines v and x with 7,5 = 1 and i,dx = 0.
Then forms can be decomposed into vertical and horizontal forms:
{Q =Qy & Qy (36)

w = (KA W, w — KA yw).

Now on to the general definition. Consider a manifold with an action of G,
then

TeM = {5 € T*"M, (£, v) = 0Vv associated to the action of G}. (37)

Then a differential operator D is transversally elliptic if for each £ € TEM, o(D)
is invertible.

Typically, when writing A = —R2 + DD with A a second-order elliptic oper-
ator and Ry roughly a Lie derivative, the residual operator DD' is transversely
elliptic.

Typically dim(ker D) = oo but the space ker D decomposes into representa-
tions of the symmetry G and the pieces are finite-dimensional. (Sometimes this
is also useful in non-compact spaces because elliptic does not imply Fredholm.)

Example: on C, 9 is elliptic but not Fredholm since {ker &} = Span{1, z,22,... }.
However, using the rotation action of U(1) on C we find that the index

oo
_ 1
k=0

2.3 Serious examples
2.3.1 Two dimensions version 1

We consider maps S? — C™ (chiral fields).
Then

SXH =t St =0,  Sxi=H.-0X',  H.=idy". (39)

7
z

Now Ry = 0 and Ry = 0. Here, x% € Q1) (52, X*(T*°C")) to be pedantic.

2The exterior derivative splits as d = dy +d g, then dg = g+ as in any almost-complex
manifold.



In our earlier formalism M = Maps(S? — C") and we are working with
T[1)M.
We have holomorphic map that is isolated. 0 is elliptic.

SW = 8(xLg;(HI — 0X7)) = 9X'g50X7 + xLgz0.07. (40)

Fixed points 0X* = 0 We find determinants det'/2(99)/ det'/2(88) = 1. Study-
ing these maps gives rise to Gromov—Witten invariants.

2.3.2 Two dimensions version 2 (equivariant)

Using D = 0 and Ry = £, on Q% and Ry = £, on Q019 (or Q). (Impor-
tantly D and R commute.) Then

SXF =t St =L, XM, OxE=H.-0X',  H.=L,x.+ 0"

(41)
Then 6% = £,. We compute
OW = 8(4" g Lo X + Xog,5(HI — 0X7)) (42)
Now we are working with —£2 + 99. The determinant is non-trivial
dCtQu,o)(T(o,m)(ﬁu) ' (43)

det;z/z,o) (L)

Now this is a non-trivial calculation.

2.3.3 Three-dimensions

We take the U(1) translation along the Hopf fiber of S, and we decompose into

vertical and horizontal forms and introduce Q%7 and 9y as before.

SXH = o, St = L, X", SxLt=H.—0uX", SHL = L, XL+ 0y’

Now &, Hi € Q%' (X*(T1OM)). We write .
SW = 5(4# g £, X" + X5 (HI — 0X7). (45)

Then we see in the first term the operator —L2 4+ 00y appear. The operator
Oy Op is transversely elliptic. The determinant is

detQ(l,O)(T(U»l)) (L)
detg.0) (Ly)

(46)

In all three situations we just saw, the operator —R3 + DD has to be elliptic.



2.4 Index theorems

(Index theorems and some examples on CP? and CP?.)
Take a compact M and elliptic differential operator D (D is Fredholm). Then
we define the analytical indexﬂ

ind D = dim ker D — dim coker D € Z. (47)

Computing it analytically is tough, but there are ways to compute it using
topology. A slight generalization of this index is when we have a complex instead
of just a single operator:

o or G ortt 4 geit 4 (48)
with d? = 0 then we define the index as an alternating sum. For instance for
the Dolbeault operator 0 twisted by a vector bundle F (we mean that we add a
connection term),

ind(9, E) = Y _(~1)* dim H*(M, E). (49)
k

3 Lecture 3, July 25

Theorem 2 (Atiyah-Singer index theorem). The index can be computed as an
integral of characteristic classes:

nd(d, E) = ﬁ /N AT (). (50)

There are many variants of this index theorem.

Note that the characteristic classes can be written as invariant polynomials
in field strengths, but the full integral is an integer independent of the choice
of connection on the bundle. In fact, it is a priori surprising that the integral
gives an integer. In a sense, the Atiyah—Singer theorem is a generalization of the
Gauss—Bonnet theorem.

Consider an element p € R[g]® namely a G-invariant polynomial. Then
choose a connection and let F' be its field strength. Then p(F) € H*(M,R) is
independent of the choice of connection.

Elliptic complex We have seen the notion of elliptic operator D: E — F
mapping sections to sections. Now we can define an elliptic complex as

0o B 2y py P2 Py p g (51)

such that at the level of the symbols the complex is exact, namely o(D;11)o(D;) =
0 for all . The usual case is retrieved by looking at the complex

0—-FE—F—=0. (52)

3Note that dim coker D = dim ker DT.



Indeed, such a complex is exact if and only if the map in the middle is invertible.
Example: we saw the elliptic PDE F* =0 and dTA = 0. A similar problem
is to show that the following complex is elliptic

0 QO(My) S Q'(My) 95 Q2 (My) = 0 (53)

where d* = 1(1 4 %)d.

3.1 Equivariant version of index theorem
Consider a G-equivariant bundle on a manifold M with G action. Consider a
G-equivariant connection D4, ¢ = D4 + €%iye and

Fag =D} g — €Ly (54)

This is a O-form plus a 2—formE| Then for p any invariant polynomial, p(Fa.¢) €
HZ (M) is an equivariantly closed form. Then the integral can be computed
using the Atiyah—Bott localization theorem

/MP(FA,G): > p()i}}il’.(;)- (55)

fixed points

The big difference compared to the non-equivariant setting is that now we know
how to compute the integral coming out of the Atiyah—Singer theorem.

1
(2mi)k

detT;,o (1-g71H

ind(3, £)(e#T") = / tde (Tar) ches (E) (56)

fixed points =

where E, and T}'0 are fibers at . The end slogan is: when we want to compute
the index of some G-equivariant differential operator, we only need to find fixed
points of the G action and do a linear algebra problem near that point.

Example: CP' = 52 Define CP' = {(21,22) ~ (Az1,Az2) | A € C* = C\ {0} }.
Cover it by

o U; = {z; # 0} with coordinate £ = z5/21;

o Uy = {29 # 0} with coordinate A = z1 /2.

Of course ¢ = 1/ on the overlap. The U(1) action on CP' is given by & — t£
and A\ >t A fort e U(1) = {|t| =1|t e C}.

4Side-note: in localization in any dimension we find a BPS locus with 0 = i, F + d 4,
namely F' + ¢ is equivariantly-closed.

10



Now consider E = Q*9(CP') and F = Q%' (CP') and §: E — F. Let us try
to see slowly how to apply the index theorem. First check

&=t dé — t1dE, dé — td¢, (58)
A=t dX — td)\, dX — ¢t~ td). (59)

The index theorem states

1nd8 = by v T ly 7 (60)
ﬁxed%nts x detT-’” (1 - p(t))
1—¢! 1—t

1-t1—-t1) (A-t)1 -t

Here E, and F, are fibers of the bundles defined above, while T}, is the tangent
space of M at x, while p(¢) is the representation in which ¢ acts on the bundle.

Each of the two terms comes from one fixed point. Each of these is equal
to the index we saw on C yesterday, namely 1 +¢+--- = 1/(1 — t), and the
analogue with t — ¢t~ 1.

Example: O(n) bundle on CP' The total space of the line bundle is defined
by identifying points of (C%\ {(0,0)}) x C as (21,22,23) ~ (Az1,Az2, A"23).
Again we have to open sets U; and Us with coordinate £; and A; on the base of
the line bundle, and with coordinates

Z3 Z3

§o= — and Ay = — (62)
21 )
on the fibers, respectively. On the overlap,
1 A2
= — d = —. 63
& YR an & N (63)

Counsider the U(1) action defined by & — t& and & — &, which implies
AL — t_l)\l and Ao — 7" \g.
Then consider E = Q%Y ® O(n) and F = Q%! @ O(n) and

0: E— F. (64)
Then the equivariant index theorem implies

R 1—¢1 =l
mda:(1—t)(1—t*1)+(1—t)(17t*1):1_n' (65)

Example: S Consider [21]* + [22/*> = 1 in C*. Consider the T? action
21 — €'®z; and 2o — €Pzy. Consider the diagonal U(1) action U(1) x S — §3.
Orbits define the Hopf fibration U(1) — S% — S2.

11



There are nice coordinates
o0 o0
= 75 (66)

— z =
Vit€ o Vi+&

mapping to C x S*. Exercise: find another C x S! coordinate patch with A = 1/¢

zZ1 =

and some § = (7).

Given a horizontal form on S x M we can do a Fourier expansion: Q4 (S! x
5?) = ©, QY ,,(S?). Similarly, when you have a horizontal form in QF, (S%) you
can Fourier expand it in one of the C x S' coordinate patches and (exercise)
doing carefully the change of patch we get

08 (S%) = B,9%(52,0(n)). (67)

Then we will use the index result above to compute one-loop determinants
on S3.

Question from the audience: will we compute the index on S, what will this
be used for?

Answer: remember we had detye, p R1/ detyer pi Ro, so we will work out how
the Lie derivative gets expanded into modes through , then find that the
ratio of determinants includes an exponent equal to the index 1 — n computed
above.

3.2 Chern—Simons, unlike Witten did

The goal is to compute the S? partition function. All fields are Lie-algebra
valued, we’ll ignore this in the notations.
Consider a gauge bundle P — S3; the Chern-Simons action can be written

Scs(A) = ﬁ /Tr (AdA + §A3> (68)

for A in the space A of connections on the gauge bundle. We have a U(1)
symmetry on S2. Then in analogy to dz# = p*, JyH = ¢k (x), 6¢* = 0, we
have

0A =1, oV =L,A+dad, 0d =0 (69)

where v is a Grassmann-odd one-form. A variant, using the field strength F' is
0A =Y, oV =i, F +idao, 100 = i, V. (70)

The map back is ® = ic — i, A, and o € QV is a (Lie algebra valued) zero-form.
Note that (A4, ¥) lives in T[1].A, on which there is a canonically defined

measure (important for supersymmetric localization, as stressed earlier).
Supersymmetric Chern—Simons is

SSCS:SCs(A—iI%U)—%/K/\w/\’(/J (71)

12



and is invariant under 6. Exercise: show this using that x = g(v, ) € Q(S?)
obeys i,x = 1 and i,dx = 0.

We need more fields to ensure that the operators are transversally elliptic
where appropriate. Then we add an odd zero-form y and an even zero-form H
and write

SA=", 00 =i,F+idao, bo=—ii,¥, Sx=H, O6H=L}x—i[o,x]
(72)
with
LY = dpiy 4 iyda = Ly + [i,A, ]. (73)

Incidentally this is a 3d A/ = 2 vector multiplet; counting odd components
we see enough to build a 4d A/ = 1 Dirac spinor, consistent with 3d N' = 2
supersymmetry.

We compute

6W:5(\1/A*W+XA*(H—FH)) — FAF +dao Axdgo +---  (74)

Recall i,k = 1 and the vertical/horizontal forms Q°® = Q3, & Q}, where the
first factor is obtained by k Ad,. In particular, Q2. and Q% have ranks 2 and 1
respectively.

Exercise: write the fixed-point equations and find F = 0 and o constant.
Then using our supersymmetric localization machinery, get an incomplete result

/dae_#Tr(Uz) \/detQO(SS)(CU + ady) . (75)
\/deth(SS) (Cv + ado-)

We forgot to gauge fix! We need to add ¢, ¢, b. This gives an extra determinant

/do-e—# Tr(o?) \/detQO(S'?’)(L‘U + adg) detQO(S?,)(EU + ada) .

76
\/det521(53)(£1, + ad,) ( )

Since we know a lot about the harmonics we can compute these determinants
very explicitly. But instead we can use the identity we saw in the first lecture,

vdet S 1

= ) 7
Vdet H  +/detdv (77)

We can decompose one-forms to
Q183 = b + Qi + Q% (78)

Then Qy is basically zero-forms, and Q}J’O and Qg}l are the same up to the phase.

Ignoring the phase we find a cancellation:

_ 2y detgo(L, + ad,)
# Tr(o?) Q v o
/dae detQ}{,o (L, +ady)’ (79)

13



Next we shall use that Jy is transversally elliptic, and decompose into modes
then uses L,wy, = 2minw, with w, € Q%(5?,O(n)). Then we need to compute
the mismatch between kernel and cokernel and the one-loop determinant is

H(Qm'n +ad,)" ! (80)

where the n — 1 comes from the index theorem we worked with earlier.

4 Lecture 4: Chern—Simons theory

The reference is Kéllén in 2012.

The problem with [c], [4], [x] is a transversally elliptic problem.
0— FEy— FE1 — Ey— 0

71 =&

0— Fy—F —F—0

_—

D (82)

Of course all of this is made less clear by the supersymmetric formulation.

The correct way to deal with all of this is to consider the space A of connections
on some bundle, etc, and to take into account constant gauge transformations.
The BPS equations are F' = 0 and ¢ constant. The end result is

Zgs = /dae #Tro? sdetgo. 0.0(gs, ) (L,4ad,) /doe_#Tr H sin(i(3, 0)).
root B#£0
(83)
In even dimensions the problem is elliptic and lifting it one dimension up
gives a transversally elliptic problem.

2d 3d 4d 5 6d 7d
N=2 N=2 N=2 N=1
F=0 Fy=0 FT=0 Fi=0

4.1 Contact geometry

Original idea from 1997 (B., Losev, Nekrasov). The toy model for our situation
is as follows. Given a M, with the equation F* = 0 on it, we can consider
St x My with v = 9, and the equations i0;F = 0 and F} = 0.

14



Crash course on contact geometry A 2n — 1 dimensional manifold M is
a contact manifold if there exists a one-form & such that x A (dx)"~! is nonzero.
Then there exists a unique Reeb vector field v (also denoted R) such that i,k = 1
and i,dx = 0. There also exists some metric g such that g(v, ) = k. [Then on
the contact plane (orthogonal to v) such that dx is a symplectic form? and there
exists an almost complex structure on that plane?]

Every orientable 3d manifold is a contact manifold. In 5d most examples are
contact manifolds.

Given a contact structure we can split forms into vertical and horizontal,
with Qf, obtained by projecting using x A i, and QY using 1 — & A iy.

Exercise: the two spaces are orthogonal. (Hint: i,% ~ x(kA ).)

In 5d we can split

OX(Ms) = Q% + 0% = 02 + Q% + 02 (84)

Exercise: show that these spaces are orthogonal (the projectors are (1 + iy x)
and (1 —iy*)). The problem we are interested in is not at all elliptic because
there are not the right number of equations (but it can be embedded in an
elliptic problem):

F=0 and Fy=0 <= xF=-rxAF (contact instanton). (85)

The choice of sign in this last equation is important; supersymmetry chooses
that sign; with that sign the Yang—Mills equation is automatically satisfied.

Symplectization The cone Ms,_1 x Ry where we denote the coordinate on
R, as r is the symplectization. The symplectic form used is w = d(r?k); the
metric is geone = dr? + ’1"2g]V[2n71.

e If the cone is Kéhler then Ms, _; is Sasaki.
e If the cone is Calabi—Yau then M, is Sasaki—Einstein.

Of course these also have intrinsic definitions. Killing spinors on the base of the
cone is equivalent to covariantly constant spinors on the cone. On Calabi—Yau
manifolds there are such covariantly constant spinors, so all SYM is defined on
all Sasaki-Einstein manifolds. Thus we have millions of (toric) examples.

Example: the cone over S° is C3; there are many covariantly constant spinors.

Example: the conifold C*//(1,1,—1,—1) is a cone with base called T,
topologically S2 x S3.

Example: YP4 (again topologically S? x S?) is the base of C*//(p — q,p +
q, —p, —p) for coprime p,q > 0.

Round sphere Consider S°: {|z1|? + |22]* + |23/ = 1} and the T? action
z; — €% z;. Denote e; the action on z;.

e v =-¢e1 + ey + e3 gives the Hopf fibration. Exercise: write k.
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e For generic w; € Ry choose v = wje; + wees + wses. Exercise: compute «.
We can picture S° as follows:

23:0

#1=0 (86)

where each corner is an S', each point on the sides is T2 and each point
in the bulk is 73.

Conjecture: xF' = —kF has no smooth solution and only has singular
solutions on the closed orbits of v, which are three S* at the three corners
of the triangle.

Weinstein conjecture: prove that every contact manifold has at least one
closed orbit.

4.2 Super Yang—Mills on Sasaki—Einstein manifolds
On a Sasaki-FEinstein manifold consider
0A =T, 0V =i, F +idao, do = —ii,V,

B = M, O = L il ) 0
where A is a connection, ¥ is an odd 1-form, ¢ an even O-form, XE an odd
horizontal self-dual 2-form, HE an even horizontal self-dual 2-form, all in the
adjoint representation of the gauge group. This is in fact a N = 1 vector
multiplet expressed in a cohomological field theory form.

There are exactly the right number of fields, for instance counting odd fields
we find ¥ has 5 components and XE being self-dual has 3 components, and
5+ 3 = 8 is the number of odd components in a 5d N = 1 vector multiplet.
Supersymmetry is more clever than us: if we had tried to put more fields by
hand we would get badly behaved problems.

Of course we are missing the ghosts (¢, ¢, b) namely a ghost, anti-ghost, and
Lagrangian multiplier. Then

0O ot 0% Qo

P e ey

[0] = [¥] ——— [H] ©[t]

(88)
Then we find A = 0 and the determinant we want is
det;{f+ (L, + ad,) detqo (L, + ady)
= (89)

det? (L, + ad,)
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4.2.1 Localization

Write

W =6(WAx0V + xf; A*(Hfy — Fff)) = Fy A*Fy + Fjy AxFj +dao Axdao.

(90)
Note that Fyy A xFy + Fjt AxFif = F AxF 4+ kA F A F. The equations are
written either as

Fy =0, Fp =0, dac =0 (91)

or equivalently as
*F=—kAF, dao =0. (92)

The solutions are F' = 0 (hence A = 0 up to gauge transformation) and o
constant, except for singular solutions of xF' = —k A F.
We decompose using the Kéhler form w and using v:
2,0 0,2
Q=03 + 95 + Qw (93)
1,0 0,1
Q' =05 +QF +Q% (94)
Split determinants according to this decomposition, and ignore phases (somehow

in 5d they don’t matter) so that on and Q%’[Q contribute the same. The
determinant is then

detﬂ?f (EU + adg) detQO (ﬁu + adg)

= sdeto,e (L, + ady). 95
detg(gl (L, +ad,) sdetgo. (Ly +ady) (95)
We have the complex B B
Q00 21, 001 9m, 02 (96)
Just like in 3d,
Q%2(8%) = @,0907(CP?, O(n)) (97)

and we can derive that ind (5, (’)(n)) =1+ %n—l— %nQ. Thus the super determinant
reduces to s 1
[] (2min +ad,) 22" (98)
n#0

for the round sphere. This is a triple-sine function at special values.

4.2.2 Final result

Consider the squashed sphere, obtained using generic v = wje; + waes + wses.
Then

Zggrlt:bf:ive = /do e # (") H Ss(i(o, B) ’ w1, w2, w3) (99)
T t B0

for some coefficient # (see the original references).
There is a nice pattern:
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e S! gives sin functions, which is periodic;
e 53 gives double-sine function So(z|ws,ws), which is periodic up to sines;

e S5 gives triple-sine functions S3(x|w;,ws,ws), which is periodic up to
double-sines.

Explicitly,
S3(z|d) = H (x+7-d) H (—x+7-J) regularized (100)
ni,nz,n3>0 ni,n2,nz>1
— e (eQTriJ;/wl e?ﬂzwz/wl eszwg/UJ])
<e27r7,'z/o.J2 e27riw3/w2’ e?ﬂiwl/wQ) <e27riz/w3 e27riw1/w3’ eZTrin/w3>
(101)
where
(2191, G2) 00 = H (1—z2¢0g5") (102)

n,m>0

for |¢g1] < 1 and |g2| < 1 and otherwise the function is defined by analytic
continuation.

Each of the three factors in is the perturbative part of the 5d R* x S!
Nekrasov partition function. In the first factor for instance, the S' has radius
1/wy and epsilon parameters are wo/w; and ws/wy. This leads to a conjecture:

perturbative __ 7 Nekrasov wy wg 1
Z /dO’@ R4 xS1 ( T

W1 w2,w3 w1 w1 w1

ZNekrasov w3 Wi 1 ZNekraaov wp wp 1
R4 xSt T | PRix St PRI I
w2 WQ w2 w3 w3 W3

(103)

This is a conjecture, but it has passed many tests.

Actually the problem is also there in Pestun’s S* result: what does it even
mean to say that we get localization to singular solution? This is very different
from the non-compact setting (Omega background) where the moduli space of
instantons is under control, and the non-commutative deformation is well-defined.

Question: why do we stop at 7d? The main problem is that we cannot put
SYM on S® while preserving supersymmetry and isometry. Indeed, the bosonic
group would have s0(9) isometry, and that is the same as asking for a 7d SCFT.
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