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Random Matrices in Statistics

Motivation: y1,...,yn € RP i.id. with y; ~ N (0,Cp):

» Maximum likelihood estimator for Cj:

. Ilew 1+ 1 + 1.1 T
Cp = EZyiyi = VY = G Xp X, Cf
=1

n
with Y, = [y1,...,yn] € RPX™ and [X,];; ~ N(0,1) i.id.
> If n — oo, then, by strong law of large numbers

Cp 25 Cp.

Random Matrix Regime

> Becomes wrong when p,n — oo with p/n — ¢ € (0, 00),

Cyp —C,,H 0.

If p >~ n, severe consequences for estimators/algorithms based on C),.
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Local behavior: Bai-Silverstein theorem (1998)

(additional assumption: E[|[Xpli;|*] < o)
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Local behavior: Bai-Silverstein theorem (1998)

(additional assumption: E[|[Xpli;|*] < o)

’ For Cp = I, eigenvalues remain concentrated ‘
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Figure: Eigenvalues of C'p for Cp, = I,, p = 500, n = 1500.

6

28



Spiked models

Assume Cp = I, + Zfil w;u;u] with k small, and Cp = P Ntgal
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Spiked models and eigenvectors

Assume Cp = I, + Zle w;u;u] with k small, and C, = P Ntgal

For Cp, = I, + P, phase transition w; > /c on alignment of u; and 4;

|ﬂ1u1\2

Valeur de wq

Figure: Alignment 4] uy|? for Cp = I, + wiuiu), p/n — ¢ = 1/3
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» Cp=1XT(I+P)X,

» Cp= %(XP‘FP)T(Xp""P)

> etc.

Applications:

» Evaluation of algorithm performances in large dimensions (detection, estimation,
subspace methods, etc.)

> Improved algorithms

> Applications in statistics, biostats, finance, signal processing, etc.
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“Standard” results valid for random matrix models with:
> independent or linearly dependent entries

> “Gaussian-like” data.
In machine learning:
» kernel methods, neural networks, all non linear

> models with outliers, structured data, multi-modal, heterogeneous, etc.

Question. What happens to classical machine learning methods when n,p — co?

Objective: Understand and improve statistical learning methods in large dimensions. ‘

—  so to better understand the core algorithms (huge need for industries)
—  so to improve advanced practical methods
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The results:
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> It can be shown that

== 0, with K linear spiked model.

|- =]

(key result: Vi, j, ||z; —z;||* 2% 7, independently of classes).

> Roughly speaking, .
K=—-2Z"+JBJ" +x
n

with J = []177]16}'.72— = (07"'7071"1'70?"'70)

and B function of f(7), f/(7), f"/(7) and the mixture model means/covariances.

» Surprising coincidence with real data.
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Theory versus MNIST dataset

1 1 _
Figure: Dominant eigenvector of D~ 2 KD~ 2, MNIST (red) and theory based on K (blue),
kernel f (|l — yl|?) = exp(— 3|z — y[|?), n = 192 = 3 X 64, p = 784 (28 X 28).
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Figure: Dominant eigenvector of D~ 3 KD

1
2, MNIST (red) and theory based on K (blue),

kernel £([|z — y[|?) = exp(— L[|z — yl|*), n = 192 = 3 x 64, p = 784 (28 x 28).



Theory and MNIST dataset
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Practical consequences: the surprising f/(7) = 0 scenario

For data with close means, f/(7) = 0 is optimal

(ICa

0.5

— Oyl = O(p~2) achievable!)

0.4
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0.2

Classification error

0.1

Figure: f(1) =4, f"(1) =2,

z; ~ N(0,Cq), with Cy = I, [C2]; ; =
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Community Detection: improved approach

Generalized Laplacian: Lo = D™"“AD™¢
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Détection de communauté:

Taux de classification

0.8

notre méthode
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— () — &opt
—a&— Bethe Hess.

60

“Distance” entre les communautés
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Random feature maps and extreme learning machines
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Random feature maps and extreme learning machines

n neurons

'7yT]
=0 )~Y ?

0000000

O'(W.’L't)

Results:

> Limiting spectral analysis (n,p, T — o) of %EET, i = o(w] z;).

’ Concentration of measure phenomenon to break non-linearity in 3. ‘

> Limiting error (MSE) in training (Erain) and testing (Etest)-
(here 8 = %E(%ZTE +~I7)~1Y for learning based on X,Y’)

22/28



Simulations for MNIST with different o(-)
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Figure: MSE performance, as a function of ~, two-class MNIST (7,9), n = 512, T' = T = 1024,
p = 784.
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