
A Random Matrix Approach to Bigdata Machine Learning
(Statistics/Learning at Paris-Saclay (3rd Edition))

Romain COUILLET

LSS, CentraleSupélec
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Introduction to random matrices/ 4/28

Random Matrices in Statistics

Motivation: y1, . . . , yn ∈ Rp i.i.d. with yi ∼ N (0, Cp):

I Maximum likelihood estimator for Cp:

Ĉp =
1

n

n∑
i=1

yiy
T
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n
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T
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with Yp = [y1, . . . , yn] ∈ Rp×n

I If n→∞, then, by strong law of large numbers

Ĉp
a.s.−→ Cp.

Random Matrix Regime

I Becomes wrong when p, n→∞ with p/n→ c ∈ (0,∞),∥∥∥Ĉp − Cp∥∥∥ 6→ 0.

If p ' n, severe consequences for estimators/algorithms based on Ĉp.
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Introduction to random matrices/ 5/28

Global behavior: the Marc̆enko–Pastur law (1967)

I Assume first Cp = Ip.

For n, p→∞ with p/n→ c, “weak” convergence of eigenvalue distribution

0 1 2 3
0

0.2

0.4

0.6

0.8
Eigenvalues of Ĉp

Figure: Histogram of eigenvalues of Ĉp for p = 500, n = 2000, Cp = Ip.
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Introduction to random matrices/ 6/28

Local behavior: Bai–Silverstein theorem (1998)

(additional assumption: E[|[Xp]ij |4] <∞)

For Cp = Ip, eigenvalues remain concentrated
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0.8 λi = λi(Ĉp)
µ

Figure: Eigenvalues of Ĉp for Cp = Ip, p = 500, n = 1500.
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Spiked models

Assume Cp = Ip +
∑k
i=1 ωiuiu

T
i with k small, and Ĉp =

∑p
i=1 λiûiû

T
i
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√
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µ

Figure: Eigenvalues of 1
nYpY

∗
p , Cp = Ip + 2︸︷︷︸

ω1

e1e
T
1 + 1︸︷︷︸

ω2

e2e
T
2 +

1

2︸︷︷︸
ω3

e3e
T
3 , p/n = 1

3 .

7 / 28



Introduction to random matrices/ 7/28

Spiked models

Assume Cp = Ip +
∑k
i=1 ωiuiu

T
i with k small, and Ĉp =
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Spiked models and eigenvectors

Assume Cp = Ip +
∑k
i=1 ωiuiu

T
i with k small, and Ĉp =
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i=1 λiûiû

T
i

For Cp = Ip + P , phase transition ωi >
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Figure: Alignment |ûT
1u1|2 for Cp = Ip + ω1u1u
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1 , p/n→ c = 1/3.
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|û
T 1
u
1
|2

p = 100

p = 200

p = 400

1−cω−2
1

1+cω−1
1

Figure: Alignment |ûT
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Introduction to random matrices/ 9/28

Spiked models

Available for many models (with P of small rank):

I Ĉp = 1
n

(Ip + P )
1
2XpXT

p (Ip + P )
1
2

I Ĉp = 1
n
XpXT

p + P

I Ĉp = 1
n
XT
p (I + P )Xp

I Ĉp = 1
n

(Xp + P )T(Xp + P )

I etc.

Applications:

I Evaluation of algorithm performances in large dimensions (detection, estimation,
subspace methods, etc.)

I Improved algorithms

I Applications in statistics, biostats, finance, signal processing, etc.
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Random Matrices and Machine Learning/ 11/28

Models in Machine Learning

“Standard” results valid for random matrix models with:

I independent or linearly dependent entries

I “Gaussian-like” data.

In machine learning:

I kernel methods, neural networks, all non linear

I models with outliers, structured data, multi-modal, heterogeneous, etc.

Question. What happens to classical machine learning methods when n, p→∞?

Objective: Understand and improve statistical learning methods in large dimensions.

−→ so to better understand the core algorithms (huge need for industries)
−→ so to improve advanced practical methods
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Random Matrices and Machine Learning/Kernel Methods 13/28

Kernel Methods: the results

Context: Clustering (i.e., unsupervised classification) of large data x1, . . . , xn ∈ Rp.

Kernel spectral classification methods: Information in dominant eigenvectors of

K =
{
f
(
‖xi − xj‖2

)}n
i,j=1

The results:

I k-class non-trivial Gaussian mixture for xi (‖µa − µb‖ = Op(1),
‖Ca − Cb‖ = Op(1)); class sizes n1 + . . .+ nk = n.

I large p, n, ni, small k.

I It can be shown that∥∥∥K − K̃∥∥∥ a.s.−→ 0, with K̃ linear spiked model.

(key result: ∀i, j, ‖xi − xj‖2
a.s.−→ τ , independently of classes).

I Roughly speaking,

K̃ =
1

n
ZZT + JBJT + ∗

with J = [j1, . . . , jk], jT
i = (0, . . . , 0, 1ni , 0, . . . , 0)

and B function of f(τ), f ′(τ), f ′′(τ) and the mixture model means/covariances.

I Surprising coincidence with real data.
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Theory versus MNIST dataset

64× 64× 64×

Figure: Dominant eigenvector ofD−
1
2KD−

1
2 , MNIST (red) and theory based on K̃ (blue),

kernel f(‖x− y‖2) = exp(− 1
2‖x− y‖

2), n = 192 = 3× 64, p = 784 (28× 28).
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Theory and MNIST dataset

−.09 −.08 −.07 −.06

−0.1

0

0.1

Vecteur propre 2/Vecteur propre 1

−0.1 0 0.1

−0.1

0

0.1

0.2

Vecteur propre 3/Vecteur propre 2

15 / 28



Random Matrices and Machine Learning/Kernel Methods 15/28

Theory and MNIST dataset

−.09 −.08 −.07 −.06

−0.1

0

0.1

Vecteur propre 2/Vecteur propre 1

−0.1 0 0.1

−0.1

0

0.1

0.2

Vecteur propre 3/Vecteur propre 2

15 / 28



Random Matrices and Machine Learning/Kernel Methods 16/28

Practical consequences: the surprising f ′(τ) = 0 scenario

For data with close means, f ′(τ) = 0 is optimal

(‖Ca − Cb‖ = O(p−
1
2 ) achievable!)
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Figure: f(τ) = 4, f ′′(τ) = 2, xi ∼ N (0, Ca), with C1 = Ip, [C2]i,j = .4|i−j|, c0 = 1
4 .
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Community detection: the “DC-SBM” model

Stochastic Block Model (SBM): Adjacency Aij ∼ Bernoulli(Cgigj )
(gi =“community of i”).
Degree Corrected-SBM (DC-SBM): Adjacency Aij ∼ Bernoulli(qiqjCgigj ).

−0.4 −0.2 0 0.2 0.4 0.6 0.8

λ1

Eigenvalues of A

Figure: PolBlogs graph (n ∼ 1200, two classes).
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Community Detection: improved approach

Generalized Laplacian: Lα = D−αAD−α

Theoretical Results:
I Support of the eigenvalues of Lα and phase transition for each α
I “optimal” α depends on distribution of qi but can be estimated
I eigenvectors of Lα must be normalized by Dα−1.

Performance in a synthetic scenario:

(Modularity A) (Bethe Hessian D − rA)

(Algo with α = 1) (Algo with α̂opt)

Figure: Two dominant eigenvectors (x-y axes) for n = 2000, K = 3, µ = 3
4 δq(1)

+ 1
4 δq(2)

,

q(1) = 0.1, q(2) = 0.5, c1 = c2 = 1
4 , c3 = 1

2 , M = 100I3.
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Détection de communauté: notre méthode
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Random feature maps and extreme learning machines

Results:

I Limiting spectral analysis (n, p, T →∞) of 1
T

ΣΣT, Σij = σ(wT
i xj).

Concentration of measure phenomenon to break non-linearity in Σ.

I Limiting error (MSE) in training (Etrain) and testing (Etest).

(here β = 1
T

Σ( 1
T

ΣTΣ + γIT )−1Y for learning based on X,Y )

22 / 28



Random Matrices and Machine Learning/Random Neural Nets and Random Feature Maps 22/28

Random feature maps and extreme learning machines

Results:

I Limiting spectral analysis (n, p, T →∞) of 1
T

ΣΣT, Σij = σ(wT
i xj).

Concentration of measure phenomenon to break non-linearity in Σ.

I Limiting error (MSE) in training (Etrain) and testing (Etest).

(here β = 1
T

Σ( 1
T

ΣTΣ + γIT )−1Y for learning based on X,Y )

22 / 28



Random Matrices and Machine Learning/Random Neural Nets and Random Feature Maps 22/28

Random feature maps and extreme learning machines

Results:

I Limiting spectral analysis (n, p, T →∞) of 1
T

ΣΣT, Σij = σ(wT
i xj).

Concentration of measure phenomenon to break non-linearity in Σ.

I Limiting error (MSE) in training (Etrain) and testing (Etest).

(here β = 1
T

Σ( 1
T

ΣTΣ + γIT )−1Y for learning based on X,Y )

22 / 28



Random Matrices and Machine Learning/Random Neural Nets and Random Feature Maps 22/28

Random feature maps and extreme learning machines

Results:

I Limiting spectral analysis (n, p, T →∞) of 1
T

ΣΣT, Σij = σ(wT
i xj).

Concentration of measure phenomenon to break non-linearity in Σ.

I Limiting error (MSE) in training (Etrain) and testing (Etest).

(here β = 1
T

Σ( 1
T

ΣTΣ + γIT )−1Y for learning based on X,Y )

22 / 28



Random Matrices and Machine Learning/Random Neural Nets and Random Feature Maps 22/28

Random feature maps and extreme learning machines

Results:

I Limiting spectral analysis (n, p, T →∞) of 1
T

ΣΣT, Σij = σ(wT
i xj).

Concentration of measure phenomenon to break non-linearity in Σ.

I Limiting error (MSE) in training (Etrain) and testing (Etest).

(here β = 1
T

Σ( 1
T

ΣTΣ + γIT )−1Y for learning based on X,Y )

22 / 28



Random Matrices and Machine Learning/Random Neural Nets and Random Feature Maps 23/28

Simulations for MNIST with different σ(·)
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Figure: MSE performance, as a function of γ, two-class MNIST (7,9), n = 512, T = T̂ = 1024,
p = 784.
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Ētrain
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Summary of Main Contributions

List of articles, domains, results.
I Kernel spectral clustering

I importance of f(τ), f ′(τ), f ′′(τ) (more than “bandwidth”)
I surprising scenario for f ′(τ) = 0
I asymptotic performances, phase transitions

I Semi-supervised learning approaches, graphs
I intuition breaks in large dimensions
I improved methods, particularly improved “PageRank”
I asymptotic performances, no phase transition

I LS-SVM supervised classification.
I Similar results

I Spectral community detection on large dimensional heterogeneous graphs
I inconsistent standard methods
I new algorithm based on generalized Laplacian D−αAD−α

I Neural nets
I accounts for non-linearity (doesn’t linearize or Taylor expand)
I performances of random non-linear feedforward networks (extreme learning machines)
I performances of random linear recursive networks (echo-state nets).

I Random matrices and sparsity
I sparse PCA with kernels

I Large dimensional robust statistics
I asymptotic equivalent of robust covariance estimators
I numerous applications (finance, array processing, biostats)
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Related References I
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End

Thank You.
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