NOTES ON THE INTERACTION OF SOLITARY WAVES FOR NLS

YVAN MARTEL

ABSTRACT. In these notes, we review various results on the interaction of solitary waves for
the nonlinear Schrédinger equation with power nonlinearity. After discussing briefly the well
known question of stability of single solitary waves, we present a short proof of existence of
multi-solitary waves in the case of weak interactions following [37]. Then, we give a sketch of
the method from [47, 63] concerning two cases of strong interactions. In the sub-critical and
super-critical cases, this method shows the existence of multi-solitary waves with logarithmic
distance in time, extending a result previously known only in the integrable case. In the mass
critical case, a new class of multi-solitary waves blowing up in infinite time at a logarithmic
rate is obtained. By the pseudo-conformal transform, this yields the first example of solution
blowing up in finite time faster than the pseudo-conformal rate and concentrating several
bubbles at a point. These special behaviours are due to strong interactions and require
refined computations.

1. INTRODUCTION

We consider the nonlinear Schrodinger equation
i+ Au+ [uPlu =0, teR, xR (1)

withp>1ford=1,2and 1 <p< % for d > 3. This condition on p corresponds to H!

sub-criticality, while the value p =1+ % corresponds to L? criticality. The special case d = 1
and p = 3 corresponds to the integrable cubic 1D NLS

i+ 02u + |uPu =0, tcR, zcR. (2)

Recall that equation (1) is locally well-posed in H!: for any ug € H*, there exist 7% > 0 and
a unique maximal solution u € C([0,7%), H') of (1) with u(0) = ug. Moreover, T* < +o00
implies limyr« [|[Vu(t)||p2 = +oc0. In these notes, by solution of (1), we mean H! solution
as above. By density and continuous dependence of the solution with respect to the initial
data, one justifies formal computations that require using higher order Sobolev regularity. For
example, the mass, momentum and energy of the solution are conserved, for all ¢ € [0,7%),

/]uthdx—/\uo( )|2dz, /Vut:p twd:c\s/Vuo Up(x)dz,
E(u(t)) = 5 / \Vu(t, z)|*dz — ﬁ / lu(t, z)|P™ de = E(ug).

We also recall the symmetries of the equation
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e Scaling, translation and phase invariances: if u(¢,z) is solution of (1) then, for any
2 .
A >0, 0 € R?Yand v € R, the function w(t,x) = ArTu(\%t, A\(z — 0))e? is also
solution of (1).
e Galilean invariance: if u(t, ) is solution of (1) then, for any 8 € R%, the function

w(t,z) = u(t,z — Bt)e’ i(2(B2)=118°)  i5 also solution of (1).

From the energy and mass conservations and the following Gagliardo-Nirenberg inequality

4(p-1) 1+5(2—d)(p-1)
Vv € HY(RY), /|v|p+1 <C </ |W\2> (/ yv|2>

it follows that for 1 < p <1+ %, any H" solution of (1) is global and bounded in H'.

References. For the local Cauchy problem in H', we refer to [25] and to general monogra-
phies on the nonlinear Schrodinger equation: [72, 5, 73, 22], where the physical relevance of
equation (1) is also discussed.

For the integrable case, see the original paper [77] and the monography [20].

2. SOLITARY WAVES

2.1. Existence and uniqueness of ground states. We consider solitary waves of (1), i.e.
solutions of the form u(t,z) = e Q(z) where Q € H'(R?) is solution of

AQ+[QPQ=Q. 3)

It is well-known that for any d > 1, 1 < p < d+2 (if d > 3), there exists a unique positive

radial solution of (3), solution of a mlnlmlzatlon problem. This solution, denoted by @, is
called the ground state, and the corresponding solution u(t,z) = e“Q(z) of (1) is the ground
state standing wave, often called soliton. For any A > 0, we denote

_2 _ _
Qa(x) =X 1Q(A 'z), AQx+Q% =2?Qx.
By the symmetries of equation (1), for any A >0, 8 € R? o0 € R? and v € R,

R(t2) = Qa(z — 0 — BT, T(t,a) = (8 -) — 7B+ A%+,

is a solitary wave of (1), moving on the line 2 = o 4+ St. These solitary waves are orbitally
stable with respect to the perturbation of the initial data in H' if and only if 1 < p < 1 + %.

Theorem 1. (i) Stability in the sub-critical case. Let 1 <p < 1+ 3. There exist C >0
and & > 0 such that for any ug € H', if ||up — Qg1 < 0, then the corresponding
solution u of (1) satisfies, for allt € R, ||lu(t) — e OQ(- — o(t))|| g < Clluo — Q|| z1,
for some continous functions o and ~y.

(ii) Strong instability in the critical and super-critical cases. Let 1 + <p< d+2. There

exists a sequence of initial data (ug ) converging to Q in H' as n — 400 such that
the corresponding solutions uy of (1) blow up in finite time.

For d = 1, the ground state @ is explicit and equation (3) does not have any other solution
in H' (up to translation and phase invariance). For d > 2, equation (3) has other solutions
than the ground state, called bound states (see e.g. [5]), but we will not consider such
solutions in these notes.
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2.2. Notation. We consider a smooth real-valued cut-off function 0 < x < 1 on R such that
x=1on[-1,1] and x = 0 on (—o00, —2] N [2, +00). Denote by (f,g) = R([ fg) the L? scalar
product of two complex valued functions f,g € L2. Let ¥ = H' N L?(|z|?dz). Denote by Y
the set of smooth functions f such that

for all p € N, there exists ¢ € N such that, for all z € R?, [f®) ()] < |z|%e~ 17,

2
Let the operator A = T T T V.

The linearization of equation (1) and of the energy functional E around e“Q involves the
following Schrodinger operators

Ly =—-A+1-pQ"",  Lo=-A+1-Q"", Lf=iL (Rf)—L_(Sf).
We recall the following relations
LQ=0, Li(AQ)=—2Q. Li(VQ)=0, L_(xQ)=—-2VQ (4)

that can be checked by direct computations using the equation AQ )y + QZ; = A"2Q)\. Remark

that AQ = —%Q,\b\:l, (AQ, Q) = 4;[;:%”(@,@) and so (AQ,Q) = 0 in the mass critical
case.

2.3. Linearized theory in the mass sub-critical case. Inthecase 1 < p < 1+%, we recall
the following coercivity property under orthogonality conditions, for ;& > 0, for all n € H',

(L+Rn, Rn) + (L-Sn,Sn) > plnllzn — i (0, Q) + |(n, 2Q)|* + (n,iAQ)?) . (5)

2.4. Linearized theory in the mass critical case. In the critical case p = 1 + %, there
are additional relevant relations. We check that L_(|x]?Q) = —4AQ and we denote by p € Y
the unique radial H' function satisfying L, p = %|x\2Q. Since (AQ, Q) = 0, property (5) does
not hold. A modified coercivity property writes, for > 0, for all n € H',

(L4+Rn, Rn) + (L-Sn, ) > pllnllin — ; ((n, @)%+ (n,[2?Q)* + [{n, zQ)|* + (n,ip)?) .

2.5. Linearized theory in the mass super-critical case. In the case 1 + % <p< %,

there exist two real opposite eigenvalues —eg and eg > 0 of the operator £. Denote by Y+ €
the (L2 normalized) eigenfunctions associated to eq. Again, property (5) does not hold, but
a useful coercivity property can be expressed in term of Y*, for u > 0, for all n € H',

1
(L4+Rn, Rn) + (L_Sn, ) > pllnllis — m ((n,aY )2 + (0, aV )% + [(n, 2Q)|* + (n,iAQ)?) .

In the above three coercivity relations, one can modify the directions chosen in the second
member to ensure coercivity. However, we will see that these choices are especially relevant
because of their relations to (4) (see §3.2).

2.6. Orbital stability of the soliton in the sub-critical case. For a function u close
to Q in H', there exist unique o(u) and y(u) small such that u can be decomposed as
u = e7(Q + ¢)(x — o) where the function ¢ satisfies |{e,yQ)| = (¢,iAQ) = 0. This is one
of the standard modulation results that we will use throughout these notes. The proof is
elementary by the implicit function theorem and we omit it. Of course, the choice of the
orthogonality conditions on ¢ is related to property (5). To obtain some control on (g, Q), we
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assume in addition that the solution is such that [ |ug|> = [ Q2. Then, by mass conservation,

it holds
o=/|u\2—/cz2=/1Q+s|2—c22:2<Q,s>+<s,e>.

Thus, by (5), we have (L} Re, Re) + (L_Se,Se) 2 [le]|?: — Cllell32 2 |le]|%, for & small.
For time close to 0, by continuity, u(t) is close to @, and we can perform the above
decomposition. For later times, the energy argument below proves that u(t) stays close to
(@ up to translation and phase, and thus the decomposition still uniquely exists, even if the
related parameters o(t) and «(t) are no longer small.
Define W (u) = 2E(u)+ [ |u|®. Using u = " (Q+¢)(x—0), we have the following expansion,
integrating by parts and using the equation of @,

W(u) =W(Q+e) =W(Q)+2((VQ,Ve) + (Q,e) — (QP, )+ (L Re, Re) + (L_Se, Fe) + K
=W(Q) + (L+Re, Re) + (L_[e, Je) + K,

where we have set

9
— p+l _ np+l _ D
K=o (|Q+6| 0 (p + 1)QPRe

— S+ D@ (R = o QP (SeP?).

Note that by Taylor expansion and Gagliardo-Nirenberg inequality, K = O(HsHp H) where

p = min(2,p). Since W (u(t)) = W (ug) and since |W (ug) — W(Q)| < 62 by the assumption on

ug, we obtain (L Re, Re) + (L_Qe, Se) < 62 + ||5||p+1. Combining these computations with

the coercivity property, we find HaH 1 S0 for 6 small enough. Finally, we note that we can

reduce to the special case [ |ug* = [ Q2 without loss of generality by a scaling argument.
In practice, to argue rigorously, for a constant A > 1, we define

T =sup{t >0, V¢’ €[0,¢], inf |lu(t') — e7Q(- — 0)||zn < AS} >0,
oy

and we perform the above decomposition and energy arguments on [0, 7]. For A large enough,
we obtain T' = +o0.

Note that another way of dealing with the direction (g,Q) is to modulate the scaling
parameter to impose (,Q) = 0 for all time; see §4. Of course, by the invariances of the
equation, Theorem 1 implies stability for all the ground state solitary waves. Alternatively,
to prove directly stability of the soliton R(t,z) = Qx(z — o — St)e L(tx)  we can use the
modified functional

2
W(“):E(U)+V/IUIZ—%‘/(ﬁ-Vu)u, v=A\" +’i|

Writing v = R 4+ w, we can also use a functional in w
/va|2 F(R+w) — (R)—dF(R)(w))+1//|w2—%/(/B~Vw)w

References. For existence and uniqueness results for the nonlinear elliptic equation (3),
see [3, 5, 24, 34]. For the stability issue and the properties of the linearized operator, see
[2, 6, 7, 19, 26, 50, 51, 71, 75, 76]. For the proof of a typical decomposition by modulation,
see e.g. §2 of [46].
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2.7. Global existence versus blow up in the mass critical case. In the mass critical
case p =1+ %, it follows from variational arguments (see [74, 5]) that the best constant C' in
the Gagliardo—Nirenberg inequality

2+%
L2+

4
vo e H'RY), Jof*te, < Ovul2alo]i, (6)

_4
is related to @ as follows C' = pT—HHQH ;5 - As a consequence, one has

4
[l 72

4
QI 72

Together with the conservation of mass and energy and the blow up criterion, this implies the
global existence of any solution with initial data ||ug||z2 < ||@Q||z2. Actually it is also known
that in this case, the solution scatters, i.e. behaves asymptotically in large time as a solution
of the linear equation, see [30, 18] and references therein.

We also know that ||ul|;2 = ||@|| 12 corresponds to the mass threshold for global existence.
Indeed, the pseudo—conformal symmetry of the mass critical NLS equation

o(t,z) = —— ( 1 2 ) e (7)

IRTERRNGT

1
vue H'RY, B(u) > 5| Vul?, (1-

applied to the solitary wave solution u(t,z) = e®*Q(x) yields the existence of an explicit single
bubble blow up solution S(¢) with minimal mass (T is arbitrary)

1

_i el
)T 18Ol = 1l IVSOlz 5. e

X
—t’

Stta) = <" g (
9 T) =
T+ —t2  \|T*
We refer to [5] for more properties of the pseudo-conformal transform. From [49], this is the
only minimal mass blow up solution up to the invariances of the equation.
Recall also the following well-known criterion for finite time blow up: for initial data ug € %,
the virial identity
d2
M/|x|2|u(t7x)|2dx = 16E(up) (8)
implies blow up in finite time provided E(ug) < 0. This observation is enough to prove
Theorem 1 in the critical case, since the functions ug, = (14 1)@ for n > 1 have negative
energy (recall that E(Q) = 0).
The case of H! initial data with mass slightly above the threshold, i.e.

1Qlz2 < lluollz < Q2 + a0, 0 < a0 <1, (9)

has known a lot of progress the last fifteen years. We first recall in this context that a large
class of (instable) finite time blow up solutions was constructed in [4, 33, 58] by weak (but
subtle) perturbation of the minimal mass solution S. In particular, these solutions blow up
with the pseudo—conformal blow up rate

1
t~T* T* —t
which is expected to correspond in some sense to a threshold case between the log-log blow
up (see below) and the scattering case.

IVu(®)| 2
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Second, recall that the series of works [66, 50, 51, 69, 52, 53] provides a thorough study of
the stable blow up dynamics under condition (9), corresponding to the log—log blow up regime

, [log|log(T* —t
Pulb)les s, ety 2Bl 0

Finally, recall that a universal gap on the possible blow up speeds was proved in [69]: given a
finite time blow up solution satisfying (9), either it blows up in the log—log regime, or it blows
up faster than the pseudo—conformal rate, i.e. |[Vu(t)||r2 2 75—. However, the existence
of solutions with blow up rate different than the conformal speed and the log-log rate is an
open problem, which is equivalent, by the pseudo—conformal symmetry (7), to the existence
of global solutions blowing up in infinite time.

For more information on blow up for the mass critical case, we refer to [5, 70] and to

references therein.

2.8. Finite time blow up for the super-critical case. In this case, the virial identity
also proves blow up for negative energy solutions in 3. However, since the energy of @ is
positive, this is not enough to prove the strong instability result stated in Theorem 1. We
refer to [2, 5]. Few other general results on blow up for the super-critical case exist, the most
notable ones concern (i) the blow up of the critical norm for radial solutions [55], (ii) the
construction of a class of solutions blowing up with the self-similar blow up rate [56].

3. CONSTRUCTION OF MULTI-SOLITARY WAVES WITH WEAK INTERACTIONS

3.1. General existence result. We present a general result of existence of solutions of (1)
behaving in large time exactly as a sum of K > 2 arbitrarily given solitary waves with different
speeds. This is a typical case of weak interaction. The result holds for any nonlinearity, up
to technical changes in the proof in the critical and the super-critical cases due to different
properties of the linearized operator. In particular, for the super-critical case, an additional
topological argument is needed to control one exponential instability direction for each wave.

Theorem 2 (Existence of multi-solitary waves). Let 1 < p < %. Let K > 1 and for any

ke {l,...,K}, let \, >0, B, € R%, o € R? and v, € R. Assume that, for any k # k',
Br # Br. Let R =Y Ry, where

. 1 1 _
Ri(t,z) = Qx,(x — o — Bit)e™ 00 Ty(t,z) = 5 (Br - 2) = 1’51412'5 + A2+ (10)
Then there exist v > 0 and a solution u of (1) such that, for allt >0, ||[u(t) — R()| ;n S e .

Such solutions for the nonlinear Schrodinger equations correspond to an exceptional be-
havior. Indeed, the solution u(t) as constructed in Theorem 1 is a non-dispersive solution
and by strong H' convergence

K K
/u2(t) :Z/Rg(t) and  BE(u(t)) =Y E(Rx(1)),
k=1 k=1

which means that all the mass and all the energy of the solution is due to the solitary waves.

Solutions such as in Theorem 2 were known to exist for the integrable case (2). See [77, 20]
for a derivation of their explicit expression. Moreover, these solutions have very special
properties: they describe globally in time the perfectly elastic interaction between several
solitary waves. In the non-integrable cases, the only known property of the solution wu(t)
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constructed in Theorem 2 concerns ¢t — 400, and what happens in general to the K solitary
waves backwards in time is not clear. See §6.4 for the collision problem.

References. For the sub-critical case, see [37]. For the critical case p = 1 + %, the result
of Theorem 2 was first proved by Merle [48]. It was obtained as a consequence of a blow up
result and the conformal invariance (7). For the super-critical case, we refer to [14] and we
recall that for a given set of parameters, there exists several multi-solitary wave solutions due
to exponential instability directions, see [9] for the 1D case.

It is expected that a method by fixed point with weighted norms in time could give the
same existence result, see [67, 35, 27]. The proof by compactness is rather flexible and allows
to treat the case of power-like interactions (see references in next sections and [32]).

3.2. Sketch of the proof in the sub-critical case. First, note that the function R satisfies
iR+ AR + f(R) = Ur where the error term Yg = f(R) — > f(Ry) is such that ||¥g| g <
e~ for some v > 0. We consider a sequence t,, — +oo and for any n, we define the global

solution u, of (1) with u(t,) = R(t,). We claim the following uniform estimate, for some
to>0,C >0,v>0, for all n and t € [tg, L],

lun(t) = R(&)] 1 < Ce™. (11)

The proof of (11) is a variant of the stability of a single soliton using extra localization
arguments to deal with several solitons. We set w,, = u, — R, so that w,, satisfies

iy, + Awy, + f(w, +R) — f(R)+ Ur =0, wy(ty) =0.

Recall v, = A\, + 18x[?, and define @), = x(A™ (z — o4 — Bxt)), where A > 1 is to be fixed
later. Also set ¢ =1—>" k. Note that the functions ¢y, satisfy, for v > 0, k' # k, for ¢ large,

\Veor| + Vel S AT [Rel(ow +9) Se ™ [Rel(1— i) Se ™, prpw =0.

We define the following functional

W, = / {IVwy > + [wy [*¢ — 2(F(R + w,) — F(R) — dF(R)(wy,)) }
+ ka/|wn290k — Z%/(ﬂk - VW )W,

We compute

W = (b, ~ B+ wnlp+ 3 or) = (F(R+wn) — f(R)))

(B (R A wn) — F(R) — df(R)(wa)) — 3 it (B - Van)pr + 3 (B Vipewn)

+/|wn|2¢+zyk/|wn|2¢k _Z%/(ﬁk 'vwn)wnSbka
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and next using the equation of w, and the explicit expression Ry, = —(Bk - VRy) + ivg Ry, we
decompose %Wn = K1 + Ko + K3 + K4, where

K1 = (iVUR, V) + > (iUR, wnp) + > _(iUR, wavgpr) — (iVR, f(R+w,) — f(R))
+ (R, (B Vunder + 5 (5 Torhun),
Ky = = 32 (v = 1 i(Vun - Vigr), wa) + 5 SR+ w) — F(R), (B Vipeuwn)
~ 5 [ VP60 Vir) = 5 (Twn V(B - Virw)
=301 =1) [ laP (- Vi) + 303 [ (B Vwn)ua(di - Vi)
Ky = Y (B - VR, TR+ w,) — F(R) — df (R)(wn) + (s - Vo), SR+ ) — F(R)),

Ky=— Z v {(iwnop, f(R 4 wy) — f(R)) + (iR, fF(R +wy,) — f(R) — df (R)(wy))} .

By the properties of U, ¢ and ¢y, we have |Ki| < e 7wyl and [Ka| < A7 wn|3:-
Note also that by integration by parts,

Ky == (Bt~ Veon), F(R +wy) — F(R) — dF(R)(wn))
+ > (B - VR (1= k), f(R+wn) — f(R) — df (R)(wy)),
and thus |K3| < A7 w,||3;,. Last, since for any k,
(twn, f(Rr +wn) — f(Ri) — f(wn)) + (iRk, f(Re + wn) — f(Ri) — df (Re)(wn)) = 0,
by the properties of ¢y, we obtain similarly [Ky| < (e77" +e774)||wy[|%,:. Therefore, we have
obtained the uniform estimate |[W,,| < e~ 7||w || g1 + A7 wn 1%

Since the solitons Ry are decoupled, one can check from (5) that for A large enough, the
following coercivity property holds

W > plfwnllZps — ;Z (s Q)2 + | (s 2OV + (s iAQ)?) |

where we have defined 7 by
__2 .
w(t, ) = A\, P (t, A,;l(:c — ot — Bkt)) e Tr(ta)
From the equation of w,, we check that ni = a + b satisfies
ap by,
)\7% - L*bk‘ + \I,aka )\7%

where the error terms satisfy the following weighted estimates

=—Liap+ \Ilbk7

L=l L=l —
1Wa,e™ 0|1 + [ Wpe” 10 11 S fJwnll72 + 77"
Using the special relations (4), we thus find
(i, Q) = O(lwnllz2 +€77), (i, 2Q) = —2(m, iVQ) + O(|lwn |72 + €77,
(019Q) = O(fwnlZ + ), (s iAQ) = 205 Q) + O(fwn2 + ).
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By standard ODE arguments, taking A large enough, the previous estimates are enough to
prove the uniform exponential estimate (11) for some C,~v > 0 (note that W, (¢,) = 0 since
wp(tn) = 0).

Once (11) is proved, we define ug € H' as the weak limit of a subsequence of the bounded
H' sequence (un(tg)). Then, we define the solution u(t) of (1) corresponding to the data
u(tp) = up. Using an additional simple localization argument (see Lemma 2 of [37]), we also
obtain the strong compactness of (u,(tg)) in H®, for any 0 < s < 1. In particular, by the
Cauchy theory in H® for 0 < s < 1 (see [5]), we obtain that u(t) exists on [tg, +00) and,
for any t > tg, u,(t) — u(t) strongly in H® and weakly in H' (up a subsequence). Finally,
passing to the weak limit in (11), we see that the solution u(t) satisfies [|u(t) —R(t)| gn S e
for all t > t¢.

4. MULTI-SOLITONS WITH STRONG INTERACTIONS AND LOGARITHMIC DISTANCES

This section, devoted to sub-critical and super-critical case, and the next one, devoted
to the critical case, deal with strong interactions. Indeed, we look for multi-solitary wave
solutions in situations where the distance between the waves are of lower order, typically,
logarithmic in t. Then, the long time dynamics of the solitons is substantially changed by the
interactions. Such situations seem to be related to symmetry properties.

4.1. General existence result.

Theorem 3 (Two-solitary waves with logarithmic distance). Let 1 < p < %, p#£1+ %.

There exists a solution u(t) of (1) such that,

for allt >0, <t (12)

H1

2
u(t) = e "IN Q( — (1)
k=1

where the translation parameters satisfy |z1(t) — z2(t)] = 2(1 + o(1))logt as t — +o0.

In the integrable case (2), the existence and the properties of a double pole solution, cor-
responding to the regime of Theorem 3, is studied in [77, 65]. Note that it is a very special
solution, with a similar global behavior as t — —oo. In the general non-integrable case, as in
Theorem 2, the behavior of the solution for ¢ < 0 is not known.

It is important in the proof that the two solitons have same scaling and phase. A similar
statement holds for K > 2 solitary waves with symmetry properties (see the statement of
Theorem 5 below). Note finally that such a solution cannot exist for the critical case p = 1+ %,
see next Section.

4.2. Sketch of the proof for d = 2 and 1 < p < 3. The main ingredient of the proof is
the construction of an approximate solution made of solitons whose geometrical parameters
(notably, the speeds and positions of the solitons) satisfy an appropriate system of ODE up
to error terms. Once this is done, the construction of an actual solution of (1) follows the
same lines as in the proof of Theorem 2, by a localized energy method and compactness. We
omit this last part and we focus on the determination of the leading order dynamics of the
geometrical parameters of the solitons.
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Let (X, z,7,8), A > 0 be free parameters such that |3| + A < 1 and z > 1. Renormalize
the flow (scaling and phase)
etv(s)
2
Ar=1(s)

We look for a symmetric 2-bubble approximate solution P of the rescaled equation

u(t,z) = w(s,y), dt=N\(s)ds, == \(s)y

i+ Aw — w + |wP w — i%Aw +(1—4)w=0.

For 21 = Sey, 20 = —5ey, f1 = gel, By = —gel (here e; is the first vector of the canonical
basis of RY), let

2
P=S P, Pilsy) =0 OQM — 2(s)).
k=1
Let My be defined by

iPy + AP, — Py + | PP Py — i AP+ (1-9)P = —eP ) My (y — 2),

Then, by direct computations,

A A
My, = iXAQ + (2 — 26k + sz) -VQ

. A ‘ A
+ (= 1+ 8] - 3 B - 2k) — (Br - 21))Q + (B — Xﬂk) YQ.
(Observe that if the parameters satisfy A = 0, 2, = 23, ¥ = 1 — %|B|2, B =0, then ¥;, = 0.)
Thus P satisfies
iP+AP - P+ PP P — z’%AP + (=P =Tp - > PW M (y — z),

where we have defined the nonlinear interaction term Up = f (> Px) — Y. f(Px). Now, we
look for a solution w of (1) of the form
etv(s) )
U(t,.’l)) = 2 (P + 5)(57y)7 dt = A (S)ds7 T = )\(S)y
Ar=1(s)

where 1, defined by (s, y) = () W=2(Dp, (5, y— 2,(s)) satisfies the orthogonality relations

Me(s),Q) = |(nk(s),yQ)| = (mk(s),iAQ) = |(nk(s),iVQ)| = 0. Note that the coercivity
property (5) requires only 3 directions but there are 4 geometrical parameters and thus 4
orthogonality directions to impose for . Then, ¢ satisfies the equation

e+ Ae+ f(P+e)— f(P)+Up — > W)y — ) =0.

Therefore, it remains to find the equations for the parameters (A, z,v,3) by projecting the
above equation on the special directions of orthogonality for €. By symmetry, it is enough to
project on the soliton P;. We change the equation by setting e(s,y) = elﬁl'(y*'zl)n(s, Y —21),

0Q = e~ PUFAQ(y + ze1) and ¥y = f(Q + 6Q) — f(Q) — f(6Q), so that
i+ An+ f(Q+0Q +n) — f(Q+0Q) =¥y — M — 0M.
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We claim that this yields, at the main order, the following differential inequalities

z
9

A A D
X + 2—25+Xz ,Sz_%e_ B—Xﬁ—i-cz_%e_z ,Sz_%e_z.

We justify the form of the source term cz72¢™* in the equation for 3, which is decisive in the
derivation of the desired regime. Note that similar terms appear in the equations of A and 2,
but they are treated as error terms, which can be justified rigorously for the specific regime
that we are interested in. Recall that we choose d = 2. Anticipating a regime where z > 1

and Sz < 1, using Q(z) ~ cQ]m\_%e*“”‘ as |z| — 400, for some constant cg > 0, we observe
that for large z,

-1 1 =z
ly+zei|=2z+y1+0(z27") and thus 0Q ~ Q(y + ze1) ~ cqlz| 2e V17~
Therefore,
1 _
VQU1 ~ VQF(Q)(0Q) ~ pegz"2e *e " VQ(y)QP ™ (y).
Integrating by parts, we have p [ VQQP~le™¥dy = [QPe ¥'dy > 0, [yi(e1 - VQ)Q =

—% [ @2, and thus by taking the scalar product of the equation of 7 by V@, neglecting all
terms in e (second order in ¢) and in My (decoupling), we obtain

(U1 — M,VQ) ~0 and so %(ﬂ — iﬁ)/QQ + Zéech/Qpezn ~0.

Thus, ¢ = 2cq ([ QPe™)([ @?)~! > 0. An (unstable) formal solution exists with the following
asymptotics for s large

Ms)~1, B(s)~s7t  z(s) ~2log(s), 236" ~cs?,

References. This result is proved in [63]. Technically, note from [63] that the case 1 < p < 2
requires additional computations, and p > 1 + % requires a specific control of the instability
directions as in Theorem 2.

5. THE L? CRITICAL CASE

In this section, we focus on the 2D mass critical case
i0pu + Au+ |ul*u=0, teR, zecR? (13)

but similar results hold in the critical case for other dimensions. We start by recalling the
following result from [48].

Theorem 4. Let {z1,...,2x} be K given points of R?. There exists a solution v of (13) that
blows up at T* =0 at the points {z1,...,zKx}. Moreover,

1 1
Vo)l 2 = K2 VQlr2(1 +o(1)rr,  [ul* = Q22 6s, as t10. (14)
k

1]’

This result is proved directly in [48] by using a compactness argument which later inspired
the strategy used in [36, 37].

By the pseudo conformal law (7), the soliton e®Q(z) transforms into the blow up solution
S(t) and similarly the above result corresponds to the existence of multi-solitons as given by
Theorem 2 for the mass critical case. This was duly observed in [48].

For multi-bubbling with the log-log rate, see a construction in [21]; see also [68] for the
related question of blow up in a bounded domain.
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5.1. Existence result for strong interactions. We first note that for the mass critical
NLS, the existence of bounded multi-solitons with logarithmic relative distances as in Theo-
rem 3 is ruled out by the virial law (8), which would formally give [ |z|?|u®(t, z)|dz ~ C(logt)?
for such a solution. It turns out that the scaling instability direction of the critical case is
excited by the interactions which leads to infinite time concentration of solitons at fixed
distance, as shown by the following theorem.

Theorem 5 (Infinite time blow up). For any K > 1, there exists a solution u of (13) on
[0,4+00) such that

iyt 1 .= 2x(1)
““)‘”();MwQ( )
(

1 1
Lo, A=Wy i 5)
" logt

where the parameters z(t) converge ast — 400 to the vertices of a K-sided regular polygon.
In particular,

IVu(t)|| 2 = K2|VQlz2(1+ o(1))logt as t — +oo. (16)

5.2. Pseudo-conformal counter part. Using the pseudo conformal transform (7) on the
solution u constructed in Theorem 5 (note that this solution belongs to the space X, which
implies that the corresponding v is also a solution of (13) in X), one obtains the following
corresponding finite time blow result.

Corollary 6 (Finite time collision). There exists a solution v of (13) that blows up at T* =0

with

log |1
t

Vo2 = K2 [[VQ|r2(1 + o(1)) . PP = K|QI7200 as t10.  (17)

5.3. Comments. As before, the proof of Theorem 5 follows the strategy of constructing
minimal dynamics by approximate solutions and compactness, initiated in [48] and extended
in various ways and contexts in [36, 32, 14, 71]. We combine in a focusing context the approach
developed for multi-solitary wave problems in [36, 37, 32] and a specific strategy to construct
minimal blow up solutions for NLS type equations developed in [71, 31].

As in Theorem 5, a key ingredient of the proof is the precise tuning of the interactions
between the waves. In particular, we observe that the K bubbles in (15) need to have the
same phase and scaling. Note in contrast that the dynamics of two symmetric bubbles with
opposite phase (y1 = 72 + 7) is related to the dynamics of a single bubble on a half-plane
with Dirichlet boundary condition and it is known in this context that minimal mass blow
up at a boundary point (which corresponds to the collision case) does not exists, see [1].

It is also interesting to note that solutions as constructed in Theorem 5 are specific to the
critical case and cannot exist in the sub and super-critical cases. Indeed, in the sub-critical
case, we have seen that all H' solutions are bounded. In the super-critical case, any solution
in 3 that is global for ¢ > 0 satisfies

o <
liminf [Vu(t)|z2 S 1.

Indeed in this case, the Virial identity % [ 1z)?|ul* = c1E(uo) — c2 [ |Vul?, where ¢, ca > 0,
integrated twice in time provides the global bound fg Jo IVu(s)|F2ds'ds < t2.

As for the previous constructions, an interesting issue would be to understand the global
behaviour of such solutions for ¢ < 0.
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5.4. Sketch of proof. As for Theorem 3, we focus on the determination of the dynamics
of the parameters. In the critical case, two more parameters related to scaling instability
are needed; they are denoted by a and b. See [57] and references therein for previous use of

such a parametrization. In this proof, for k € {1,..., K}, e} denotes the unit vector of R?
. . 2m(k—1)
corresponding to the complex numbers e’ &

Let (A, 2,7, 8,b,a), be free parameters such that A > 0, |a| + 0] + |8 + |\| < 1 and z > 1.
Set B = fer and zp = ze,. Renormalize the flow by scaling and phase

etr(s)
u(t,x) = Ww(s,y), dt = X2(s)ds, x = \(s)y.

We look for a symmetric K-bubble approximate solution P of the rescaled equation

A
iu')+Aw—w+|w\2w—iXAw+(1—"y)w:0.

Let
K

7 S)- LG
P=S P where Pi(s,y) = (BOOEM) g )
k=1
and @, = @ + ap. Note that by the definition of p in §2.4, the function @, satisfies the
2

following equation AQ, — Q4 + |Qa|*Qu = —G%Qa + O(a?) (see Chapter 8 of [72]; see also
[57] where an exact solution @, of this equation is construted for a < 0). Let M} be defined
by

iPy+ APy — Py + | P * P — AP+ (1 —4) Py = —e/(BCr)=3P) A (y — 2ey,)

Then, by direct computations and ignoring terms of order a?, we find

A A )
My, =i(b+ X)AQQ + (2, — 28, + sz) VQa+ (7 — 148k — %(ﬁk “2k) + (Br - 21))Qa

. A, b A T A ly|? y
+ (,Bk - X,Bk + §(Zk — 26[9 + XZk)) : yQa + (b +b° — 2b(b+ X) - G)TQG —ap.
Looking for a solution u of (13) of the form

iy(s)
uta) = Sy (P+e)(s). de=N(s)ds, @ =)y
where 7, defined by (s, y) = e"P(5)W=2()p, (5, y—2;.(s)) satisfies the orthogonality relations
(m(), Q) = (ni(s), [y*Q) = (ni(s),ip) = [{mk(s), yQ)| = [(mi(s),iVQ)| = (m(s),iAQ) = 0.

Then, ¢ satisfies the equation
i€+ Ae+ f(P+¢) — f(P) + Up — e (PGl ary (y — zey) = 0.

The contribution of the nonlinear interaction term VUp = f(>  Py) — > f(Py) yields the
following system at the main order

A
—+b
/\+

+ 12 —28—bz|+ ‘B—i—bﬁ‘ + ‘6+62—a‘ gz*%e*’“
and, for some constant ¢ > 0,

E F
‘a—l—cbwe L < |blzze R
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Perturbations due to the nonlinear interaction between the waves also appear for the other
parameters, but the strongest effect is noted on the parameter a. An approximate solution
can be found with the following asymptotics

2(5) ~ Slog(s), = H) ) mes?, A(s) ~log(s), 18(5)] < 57 log3(s),

b(s) ~ s tlog7l(s), a(s)~ —s"2log™}(s)
Going back to the original variables using s ~ tlog? (t), one justifies the regime of Theorem 5.

References. Theorem 5 is proved in [47].

6. DISCUSSION

6.1. The generalized Korteweg-de Vries equation. A result of existence of multi-solitary
waves similar to Theorem 2 was previously proved in [36] for the sub-critical and critical gen-
eralized KdV equations (using tools from [45]), and in [14] for the super-critical case. Note
that for the generalized KdV equations, it is also proved in [36] that being given the param-
eters of K solitons, the solution converging to the sum of these K solitons in H' is unique.
In the super-critical case, there is no uniqueness due to the exponential instability of the
solitons, and a complete classification of multi-solitary waves was obtained in [8]. Note finally
in the case of the gKdV equations that the stability and asymptotic stability of multi-soliton
solutions follows from [46] in the sub-critical case. The analog of Theorem 3 for gKdV in
the sub and super-critical cases is proved in [64]. Another point of view on the (repulsive)
interaction of solitons of same sign for the quartic gKdV equation is given in [61]. For the
water-wave system close to KdV, see [60].

The question of multi-bubble blow up for the mass critical gKdV was addressed recently
in [10, 11], following works for single bubble blow up [42, 43, 44] (see also references therein).

6.2. Stability and uniqueness issues for NLS. Several stability and asymptotic stability
results for the sum of solitary waves of some nonlinear Schrodinger equations are known, but
none for the pure power nonlinearity as in (1), for any p > 1 (except in the integrable case,
see [12, 17]). Moreover, the general uniqueness problem in Theorem 2 is open, unlike for the
gKdV equations.

6.3. Wave type equations. The strategy of proof of existence of multi-solitary waves from
[36, 37] has already been extended to several other models. For example, see [15, 13] for the
case of the nonlinear Klein-Gordon equation. See also [59, 16] for multi-soliton behaviors
related to blow up for the wave equation. In [27, 28, 29], solutions containing two bubbles for
all positive times are studied for the energy critical wave equation in large dimensions and
the wave maps. A transient regime due to strong interaction of solitons is fully described in
[23] for the half-wave equation.

6.4. Collision problem. Understanding the behavior of multi-solitary waves for ¢ - —oco
means understanding the very challenging question of the collision of solitons. The problem
is completely open apart from the integrable cases, some numerical experiments, and the
following few references: for gKdV, see [38, 39, 40]; for NLS, close to the integrable case, see
[67]; for the 5D critical wave equation, see [41]. See also references in those works.



[1]

21]
22]

23]
24]
[25]

[26]

INTERACTION OF SOLITARY WAVES FOR NLS 15

REFERENCES

V. Banica, Remarks on the blow-up for the Schrédinger equation with critical mass on a plane domain.
Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 3 (2004), no. 1, 139-170.

H. Berestycki and T. Cazenave, Instabilité des états stationnaires dans les équations de Schrodinger et
de Klein-Gordon non linéaires. (French) [Instability of stationary states in nonlinear Schrodinger and
Klein-Gordon equations] C. R. Acad. Sci. Paris Sér. I Math. 293 (1981), no. 9, 489-492.

H. Berestycki and P.-L. Lions, Nonlinear scalar field equations. I. Existence of a ground state. Arch.
Rational Mech. Anal. 82: 313345, 1983.

J. Bourgain and W. Wang, Construction of blowup solutions for the nonlinear Schrédinger equation with
critical nonlinearity. Ann. Sc. Norm. Super. Pisa Cl. Sci. (4) 25 (1997), no. 1-2, 197-215.

T. Cazenave, Semilinear Schrédinger equations. New York University, Courant Institute, New York, 2003.
T. Cazenave and P.L. Lions, Orbital stability of standing waves for some nonlinear Schrédinger equations.
Comm. Math. Phys. 85, (1982) 549-561.

S.-M. Chang, S. Gustafson, K. Nakanishi and T.-P. Tsai, Spectra of linearized operators for nls solitary
waves. SIAM J. Math. Anal., 39(4):1070-1111, 2007/08.

V. Combet, Multi-soliton solutions for the supercritical gKdV equations. Comm. Partial Differential
Equations 36 (2010), no. 3, 380-419.

V. Combet, Multi-existence of multi-solitons for the super-critical nonlinear Schrédinger equation in one
dimension. Discrete Contin. Dyn. Syst. 34 (2014), no. 5, 1961-1993.

V. Combet and Y. Martel, Sharp asymptotics for the minimal mass blow up solution of the critical gkKdV
equation. Bull. Sci. Math. 141 (2017), no. 2, 20-103.

V. Combet and Y. Martel, Construction of multi-bubble solutions for the critical gKdV equation. Preprint
arXiv:1706.09870

A. Contreras and D. Pelinovsky, Stability of multi-solitons in the cubic NLS equation. J. Hyperbolic Differ.
Equ. 11 (2014), no. 2, 329-353.

R. Cote and Y. Martel, Multi-travelling waves for the nonlinear Klein-Gordon equation. To appear in
Trans. Amer. Math. Soc. arXiv:1612.02625

R. Céte, Y. Martel and F. Merle, Construction of multi-soliton solutions for the L2-super-critical gKdV
and NLS equations. Rev. Mat. Iberoam. 27 (2011), no. 1, 273-302.

R. Cote and C. Mufioz, Multi-solitons for nonlinear Klein-Gordon equations. Forum of Mathematics,
Sigma 2 (2014).

R. Céte and H. Zaag, Construction of a multisoliton blowup solution to the semilinear wave equation in
one space dimension. Comm. Pure Appl. Math. 66 (2013), no. 10, 1541-1581.

S. Cuccagna and D. Pelinovsky, The asymptotic stability of solitons in the cubic NLS equation on the
line. Applicable Analysis 93 (2014), no. 4, 791-822.

B. Dodson, Global well-posedness and scattering for the mass critical nonlinear Schrédinger equation with
mass below the mass of the ground state. Adv. Math. 285 (2015), 1589-1618.

T. Duyckaerts and F. Merle, Dynamic of threshold solutions for energy-critical NLS. Geom. Funct. Anal.
18 (2009), no. 6, 1787-1840.

L. D. Faddeev and L. A. Takhtajan, Hamiltonian Methods in the Theory of Solitons. Translated from the
1986 Russian original by Alexey G. Reyman. Reprint of the 1987 English edition. Classics in Mathematics.
Springer, Berlin, 2007.

C. Fan, Propagation of regularity and the localization of log-log blow up. Preprint arXiv:1510.00961

G. Fibich, The Nonlinear Schridinger Equation Singular Solutions and Optical Collapse. Applied Math-
ematical Sciences, 192, Springer, Cham, 2015.

P. Gérard, E. Lenzmann, O. Pocovnicu and P. Raphaél, A two-soliton with transient turbulent regime for
the cubic half-wave equation on the real line. Preprint arXiv:1611.08482

B. Gidas, W.M. Ni and L. Nirenberg, Symmetry and related properties via the maximum principle. Comm.
Math. Phys. 68, (1979) 209-243.

J. Ginibre and G. Velo, On a class of nonlinear Schrodinger equations. I. The Cauchy problem, general
case. J. Funct. Anal. 32, (1979) 1-32.

M. Grillakis, Analysis of the linearization around a critical point of an infinite dimensional hamiltonian
system. Comm. Pure Appl. Math. 41 (1988), 747-774.



16

27)
28]
[29]
30]
31]
32
[33)
(34
35)
[36]
[37)
38)
[39]
[40]
j41]
[42]
143)
[44]
j45]
6]
[47)
48]
[49)
50]
51]
/52]

[53]

YVAN MARTEL

J. Jendrej, Nonexistence of radial two-bubbles with opposite signs for the energy-critical wave equation
To appear in Ann. Sc. Norm. Super. Pisa Cl. Sci.

J. Jendrej, Construction of two-bubble solutions for energy-critical wave equations. To appear in Amer.
J. Math. Preprint arXiv:1602.06524

J. Jendrej and A. Lawrie, Two-bubble dynamics for threshold solutions to the wave maps equation.
Preprint arXiv:1706.00089

R. Killip and T. Tao and M. Visan, The cubic nonlinear Schrédinger equation in two dimensions with
radial data. J. Eur. Math. Soc. 11 (2009), no. 6, 1203-1258.

J. Krieger, E. Lenzmann and P. Raphaél, Nondispersive solutions to the L?-critical half-wave equation.
Arch. Ration. Mech. Anal. 209 (2013), no. 1, 61-129.

J. Krieger, Y. Martel and P. Raphaél, Two-soliton solutions to the three-dimensional gravitational Hartree
equation. Comm. Pure Appl. Math. 62 (2009), no. 11, 1501-1550.

J. Krieger and W. Schlag, Non-generic blow-up solutions for the critical focusing NLS in 1-D. J. Eur.
Math. Soc. 11 (2009), 1-125.

M. K. Kwong, Uniqueness of positive solutions of Au — u + v = 0 in R". Arch. Rational Mech. Anal.,
105(3):243-266, 1989.

S. Le Coz and T. P. Tsai, Infinite soliton and kink-soliton trains for nonlinear Schrédinger equations.
Nonlinearity 27 (2014), no. 11, 2689-27009.

Y. Martel, Asymptotic N-soliton-like solutions of the sub-critical and critical generalized Korteweg de
Vries equations. Amer. J. Math. 127 (2005), no. 5, 1103-1140.

Y. Martel and F. Merle, Multi-solitary waves for nonlinear Schrodinger equations. Annales de I’IHP (C)
Non Linear Analysis, 23 (2006), 849-864.

Y. Martel and F. Merle, Description of two soliton collision for the quartic gkKdV equation. Ann. Math.
(2) 174, no. 2(2011), 757-857.

Y. Martel and F. Merle, Inelastic interaction of nearly equal solitons for the quartic gKdV equation.
Invent. Math. 183 (2011), no. 3, 563-648.

Y. Martel and F. Merle, On the nonexistence of pure multi-solitons for the quartic gKdV equation. Int
Math Res Notices (2015) (3): 688-739.

Y. Martel and F. Merle, Inelasticity of soliton collisions for the 5D energy critical wave equation. Preprint
arXiv:1708.09712

Y. Martel, F. Merle and P. Raphaél, Blow up for the critical generalized Korteweg de Vries equation. I:
Dynamics near the soliton. Acta Math. 212 (2014), no. 1, 59-140.

Y. Martel, F. Merle and P. Raphaél, Blow up for the critical generalized Korteweg de Vries equation. II:
Minimal mass dynamics. J. of Math. Eur. Soc. 17, 1855-1925 (2015).

Y. Martel, F. Merle and P. Raphaél, Blow up for the critical generalized Korteweg de Vries equation. III:
Exotic regimes. Annali della Scuola Normale Superiore de Pisa XIV, 575-631 (2015).

Y. Martel, F. Merle and Tai—Peng Tsai, Stability and asymptotic stability in the energy space of the sum
of N solitons for sub-critical gKdV equations. Commun. Math. Phys. 231, (2002) 347-373.

Y. Martel, F. Merle and T.-P. Tsai, Stability in H' of the sum of K solitary waves for some nonlinear
Schrédinger equations. Duke Math. J. 133 (2006), 405-466.

Y. Martel and P. Raphaél, Strongly interacting blow up bubbles for the mass critical NLS. To appear in
Ann. Sci. Ec. Norm. Sup.

F. Merle, Construction of solutions with exactly k blow-up points for the Schréodinger equation with
critical nonlinearity. Comm. Math. Phys. 129 (1990), no. 2, 223-240.

F. Merle, Determination of blow-up solutions with minimal mass for nonlinear Schrédinger equations with
critical power. Duke Math. J. 9:427-454, 1993.

F. Merle and P. Raphaél, On universality of blow-up profile for L? critical nonlinear Schrédinger equation.
Invent. Math., 156(3):565-672, 2004.

F. Merle and P. Raphagl, The blow-up dynamic and upper bound on the blow-up rate for critical nonlinear
Schrédinger equation. Ann. of Math. (2), 161(1):157-222, 2005.

F. Merle and P. Raphaél, Sharp upper bound on the blow up rate for critical nonlinear Schrodinger
equation. Geom. Funct. Anal. 13 (2003), 591-642.

F. Merle and P. Raphaél, On a sharp lower bound on the blow-up rate for the L? critical nonlinear
Schrodinger equation. J. Amer. Math. Soc., 19(1):37-90 (electronic), 2006.



INTERACTION OF SOLITARY WAVES FOR NLS 17

[54] F. Merle and P. Raphaél, Profiles and quantization of the blow up mass for critical nonlinear Schrédinger
equation. Comm. Math. Phys. 253 (2005), no. 3, 675-704.

[55] F. Merle and P. Raphaél, Blow up of the critical norm for some radial L? super critical nonlinear
Schrédinger equations. Amer. J. Math. 130 (2008), no. 4, 945-978.

[56] F. Merle, P. Raphaél and J. Szeftel, Stable self-similar blow-up dynamics for slightly L2 super-critical
NLS equations. Geom. Funct. Anal. 20 (2010), no. 4, 1028-1071.

[57] F. Merle, P. Raphaél and J. Szeftel, The instability of Bourgain-Wang solutions for the L? critical NLS.
Amer. J. Math. 135 (4), 967-1017, 2013.

[58] F. Merle, P. Raphaél and J. Szeftel, On collapsing ring blow up solutions to the mass super-critical NLS.
Duke Math. J. 163 (2), 369-431, 2014.

[59] F. Merle and H. Zaag, On the stability of the notion of non-characteristic point and blow-up profile for
semilinear wave equations. Comm. Math. Phys. 333 (2015), no. 3, 1529-1562.

[60] M. Ming, F. Rousset, N. Tzvetkov, Multi-solitons and related solutions for the water-waves system. STAM
J. Math. Anal. 47 (2015), no. 1, 897-954.

[61] T. Mizumachi, Weak interaction between solitary waves of the generalized KAV equations. SIAM J. Math.
Anal. 35 (2003), no. 4, 1042-1080.

[62] C. Mufioz, On the inelastic two-soliton collision for gKdV equations with general nonlinearity. Int. Math.
Res. Not. 2010, no. 9, 1624-1719.

[63] T. V. Nguyen, Existence of multi-solitary waves with logarithmic relative disctances for the NLS equation.
Preprint arXiv:1611.08869

[64] T. V. Nguyen, Strongly interacting multi-solitons with logarithmic relative distance for gKdV equation.
Preprint arXiv:1705.07319

[65] E. Olmedilla, Multiple pole solutions of the nonlinear Schrodinger equation. Physica D 25 (1987), 330-346.

[66] G. Perelman, On the formation of singularities in solutions of the critical nonlinear Schrodinger equation.
Ann. Henrt Poincaré 2 (2001), no. 4, 605-673.

[67] G. Perelman, Two soliton collision for nonlinear Schrodinger equations in dimension 1. Ann. Inst. H.
Poincaré, Anal. Non Linéaire 28 (2011) 357-384.

[68] F. Planchon and P. Raphaél, Existence and stability of the log-log blow-up dynamics for the L?-critical
nonlinear Schrédinger equation in a domain. Ann. Henri Poincaré, 8(6):1177-1219, 2007.

[69] P. Raphagél, Stability of the log-log bound for blow up solutions to the critical non linear Schréodinger
equation. Math. Ann. 331 (2005), no. 3, 577-609.

[70] P. Raphaél, Stability and blow up for the nonlinear Schrodinger equation. Notes of the 2008 Clay Summer
School in Zurich.

[71] P. Raphaél and J. Szeftel, Existence and uniqueness of minimal blow-up solutions to an inhomogeneous
mass critical nls. J. Amer. Math. Soc., 24(2):471-546, 2011.

[72] C. Sulem and P. L. Sulem, The nonlinear Schrédinger equation. Self-focusing and wave collapse. Applied
Mathematical Sciences, 139. Springer Verlarg, New York, 1999.

[73] T. Tao, Nonlinear dispersive equations: local and global analysis, CBMS regional conference series in
mathematics, July 2006

[74] M. I. Weinstein, Nonlinear Schrédinger equations and sharp interpolation estimates. Comm. Math. Phys.,
87(4):567-576, 1982/83.

[75] M. I. Weinstein, Modulational stability of ground states of nonlinear Schréodinger equations. SIAM J.
Math. Anal., 16 (1985), 472-491.

[76] M. I. Weinstein, Lyapunov stability of ground states of nonlinear dispersive evolution equations. Comm.
Pure. Appl. Math. 39, (1986) 51-68.

[77] V. E. Zakharov and A. B. Shabat, Exact theory of two-dimensional self-focusing and one-dimensional
self-modulation of waves in nonlinear media. Soviet Physics JETP, 34, (1972) 62-69.

CMLS, EcOLE POLYTECHNIQUE, CNRS, UNIVERSITE PARIS-SACLAY, 91128 PALAISEAU CEDEX FRANCE
E-mail address: yvan.martel@polytechnique.edu



