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Abstract. In these notes, we review various results on the interaction of solitary waves for
the nonlinear Schrödinger equation with power nonlinearity. After discussing briefly the well
known question of stability of single solitary waves, we present a short proof of existence of
multi-solitary waves in the case of weak interactions following [37]. Then, we give a sketch of
the method from [47, 63] concerning two cases of strong interactions. In the sub-critical and
super-critical cases, this method shows the existence of multi-solitary waves with logarithmic
distance in time, extending a result previously known only in the integrable case. In the mass
critical case, a new class of multi-solitary waves blowing up in infinite time at a logarithmic
rate is obtained. By the pseudo-conformal transform, this yields the first example of solution
blowing up in finite time faster than the pseudo-conformal rate and concentrating several
bubbles at a point. These special behaviours are due to strong interactions and require
refined computations.

1. Introduction

We consider the nonlinear Schrödinger equation

i∂tu+ ∆u+ |u|p−1u = 0, t ∈ R, x ∈ Rd, (1)

with p > 1 for d = 1, 2 and 1 < p < d+2
d−2 for d ≥ 3. This condition on p corresponds to Ḣ1

sub-criticality, while the value p = 1 + 4
d corresponds to L2 criticality. The special case d = 1

and p = 3 corresponds to the integrable cubic 1D NLS

i∂tu+ ∂2
xu+ |u|2u = 0, t ∈ R, x ∈ R. (2)

Recall that equation (1) is locally well-posed in H1: for any u0 ∈ H1, there exist T ? > 0 and
a unique maximal solution u ∈ C([0, T ?), H1) of (1) with u(0) = u0. Moreover, T ? < +∞
implies limt↑T ? ‖∇u(t)‖L2 = +∞. In these notes, by solution of (1), we mean H1 solution
as above. By density and continuous dependence of the solution with respect to the initial
data, one justifies formal computations that require using higher order Sobolev regularity. For
example, the mass, momentum and energy of the solution are conserved, for all t ∈ [0, T ?),∫

|u(t, x)|2dx =

∫
|u0(x)|2dx, =

∫
∇u(t, x)u(t, x)dx = =

∫
∇u0(x)u0(x)dx,

E(u(t)) =
1

2

∫
|∇u(t, x)|2dx− 1

p+ 1

∫
|u(t, x)|p+1dx = E(u0).

We also recall the symmetries of the equation
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• Scaling, translation and phase invariances: if u(t, x) is solution of (1) then, for any

λ > 0, σ ∈ Rd and γ ∈ R, the function w(t, x) = λ
2
p−1u(λ2t, λ(x − σ))eiγ is also

solution of (1).
• Galilean invariance: if u(t, x) is solution of (1) then, for any β ∈ Rd, the function

w(t, x) = u(t, x− βt)ei(
1
2

(β·x)− 1
4
|β|2t) is also solution of (1).

From the energy and mass conservations and the following Gagliardo-Nirenberg inequality

∀v ∈ H1(Rd),
∫
|v|p+1 ≤ C

(∫
|∇v|2

) d
4

(p−1)(∫
|v|2
)1+ 1

4
(2−d)(p−1)

it follows that for 1 < p < 1 + 4
d , any H1 solution of (1) is global and bounded in H1.

References. For the local Cauchy problem in H1, we refer to [25] and to general monogra-
phies on the nonlinear Schrödinger equation: [72, 5, 73, 22], where the physical relevance of
equation (1) is also discussed.

For the integrable case, see the original paper [77] and the monography [20].

2. Solitary waves

2.1. Existence and uniqueness of ground states. We consider solitary waves of (1), i.e.
solutions of the form u(t, x) = eitQ(x) where Q ∈ H1(Rd) is solution of

∆Q+ |Q|p−1Q = Q. (3)

It is well-known that for any d ≥ 1, 1 < p < d+2
d−2 (if d ≥ 3), there exists a unique positive

radial solution of (3), solution of a minimization problem. This solution, denoted by Q, is
called the ground state, and the corresponding solution u(t, x) = eitQ(x) of (1) is the ground
state standing wave, often called soliton. For any λ > 0, we denote

Qλ(x) = λ
− 2
p−1Q(λ−1x), ∆Qλ +Qpλ = λ−2Qλ.

By the symmetries of equation (1), for any λ > 0, β ∈ Rd, σ ∈ Rd and γ ∈ R,

R(t, x) = Qλ(x− σ − βt)eiΓ(t,x), Γ(t, x) =
1

2
(β · x)− 1

4
|β|2t+ λ−2t+ γ,

is a solitary wave of (1), moving on the line x = σ + βt. These solitary waves are orbitally
stable with respect to the perturbation of the initial data in H1 if and only if 1 < p < 1 + 4

d .

Theorem 1. (i) Stability in the sub-critical case. Let 1 < p < 1 + 4
d . There exist C > 0

and δ > 0 such that for any u0 ∈ H1, if ‖u0 − Q‖H1 ≤ δ, then the corresponding

solution u of (1) satisfies, for all t ∈ R, ‖u(t)− eiγ(t)Q(· − σ(t))‖H1 ≤ C‖u0 −Q‖H1,
for some continous functions σ and γ.

(ii) Strong instability in the critical and super-critical cases. Let 1 + 4
d ≤ p <

d+2
d−2 . There

exists a sequence of initial data (u0,n) converging to Q in H1 as n → +∞ such that
the corresponding solutions un of (1) blow up in finite time.

For d = 1, the ground state Q is explicit and equation (3) does not have any other solution
in H1 (up to translation and phase invariance). For d ≥ 2, equation (3) has other solutions
than the ground state, called bound states (see e.g. [5]), but we will not consider such
solutions in these notes.
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2.2. Notation. We consider a smooth real-valued cut-off function 0 ≤ χ ≤ 1 on R such that
χ ≡ 1 on [−1, 1] and χ ≡ 0 on (−∞,−2]∩ [2,+∞). Denote by 〈f, g〉 = <(

∫
fḡ) the L2 scalar

product of two complex valued functions f, g ∈ L2. Let Σ = H1 ∩ L2(|x|2dx). Denote by Y
the set of smooth functions f such that

for all p ∈ N, there exists q ∈ N such that, for all x ∈ R2, |f (p)(x)| . |x|qe−|x|.

Let the operator Λ = 2
p−1 + x · ∇.

The linearization of equation (1) and of the energy functional E around eitQ involves the
following Schrödinger operators

L+ = −∆ + 1− pQp−1, L− = −∆ + 1−Qp−1, Lf = iL+(<f)− L−(=f).

We recall the following relations

L−Q = 0, L+(ΛQ) = −2Q, L+(∇Q) = 0, L−(xQ) = −2∇Q (4)

that can be checked by direct computations using the equation ∆Qλ +Qpλ = λ−2Qλ. Remark

that ΛQ = − d
dλQλ|λ=1, 〈ΛQ,Q〉 = 4+d−dp

2(p−1) 〈Q,Q〉 and so 〈ΛQ,Q〉 = 0 in the mass critical
case.

2.3. Linearized theory in the mass sub-critical case. In the case 1 < p < 1+ 4
d , we recall

the following coercivity property under orthogonality conditions, for µ > 0, for all η ∈ H1,

〈L+<η,<η〉+ 〈L−=η,=η〉 ≥ µ‖η‖2H1 −
1

µ

(
〈η,Q〉2 + |〈η, xQ〉|2 + 〈η, iΛQ〉2

)
. (5)

2.4. Linearized theory in the mass critical case. In the critical case p = 1 + 4
d , there

are additional relevant relations. We check that L−(|x|2Q) = −4ΛQ and we denote by ρ ∈ Y
the unique radial H1 function satisfying L+ρ = 1

4 |x|
2Q. Since 〈ΛQ,Q〉 = 0, property (5) does

not hold. A modified coercivity property writes, for µ > 0, for all η ∈ H1,

〈L+<η,<η〉+ 〈L−=η,=η〉 ≥ µ‖η‖2H1 −
1

µ

(
〈η,Q〉2 + 〈η, |x|2Q〉2 + |〈η, xQ〉|2 + 〈η, iρ〉2

)
.

2.5. Linearized theory in the mass super-critical case. In the case 1 + d
4 < p < d+2

d−2 ,

there exist two real opposite eigenvalues −e0 and e0 > 0 of the operator L. Denote by Y ± ∈ Y
the (L2 normalized) eigenfunctions associated to ±e0. Again, property (5) does not hold, but
a useful coercivity property can be expressed in term of Y ±, for µ > 0, for all η ∈ H1,

〈L+<η,<η〉+ 〈L−=η,=η〉 ≥ µ‖η‖2H1 −
1

µ

(
〈η, iY +〉2 + 〈η, iY −〉2 + |〈η, xQ〉|2 + 〈η, iΛQ〉2

)
.

In the above three coercivity relations, one can modify the directions chosen in the second
member to ensure coercivity. However, we will see that these choices are especially relevant
because of their relations to (4) (see §3.2).

2.6. Orbital stability of the soliton in the sub-critical case. For a function u close
to Q in H1, there exist unique σ(u) and γ(u) small such that u can be decomposed as
u = eiγ(Q + ε)(x − σ) where the function ε satisfies |〈ε, yQ〉| = 〈ε, iΛQ〉 = 0. This is one
of the standard modulation results that we will use throughout these notes. The proof is
elementary by the implicit function theorem and we omit it. Of course, the choice of the
orthogonality conditions on ε is related to property (5). To obtain some control on 〈ε,Q〉, we
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assume in addition that the solution is such that
∫
|u0|2 =

∫
Q2. Then, by mass conservation,

it holds

0 =

∫
|u|2 −

∫
Q2 =

∫
|Q+ ε|2 −Q2 = 2〈Q, ε〉+ 〈ε, ε〉.

Thus, by (5), we have 〈L+<ε,<ε〉+ 〈L−=ε,=ε〉 & ‖ε‖2H1 − C‖ε‖4L2 & ‖ε‖2H1 , for ε small.
For time close to 0, by continuity, u(t) is close to Q, and we can perform the above

decomposition. For later times, the energy argument below proves that u(t) stays close to
Q up to translation and phase, and thus the decomposition still uniquely exists, even if the
related parameters σ(t) and γ(t) are no longer small.

Define W (u) = 2E(u)+
∫
|u|2. Using u = eiγ(Q+ε)(x−σ), we have the following expansion,

integrating by parts and using the equation of Q,

W (u) = W (Q+ε) = W (Q)+2 (〈∇Q,∇ε〉+ 〈Q, ε〉 − 〈Qp, ε〉)+〈L+<ε,<ε〉+〈L−=ε,=ε〉+K
= W (Q) + 〈L+<ε,<ε〉+ 〈L−=ε,=ε〉+K,

where we have set

K =
2

p+ 1

∫ (
|Q+ ε|p+1 −Qp+1 − (p+ 1)Qp<ε

− 1

2
(p+ 1)pQp−1(<ε)2 − 1

2
(p+ 1)Qp−1(=ε)2

)
.

Note that by Taylor expansion and Gagliardo-Nirenberg inequality, K = O(‖ε‖p̄+1
H1 ) where

p̄ = min(2, p). Since W (u(t)) = W (u0) and since |W (u0)−W (Q)| . δ2 by the assumption on

u0, we obtain 〈L+<ε,<ε〉+ 〈L−=ε,=ε〉 . δ2 + ‖ε‖p̄+1
H1 . Combining these computations with

the coercivity property, we find ‖ε‖H1 . δ for δ small enough. Finally, we note that we can
reduce to the special case

∫
|u0|2 =

∫
Q2 without loss of generality by a scaling argument.

In practice, to argue rigorously, for a constant A� 1, we define

T = sup{t ≥ 0, ∀t′ ∈ [0, t], inf
σ,γ
‖u(t′)− eiγQ(· − σ)‖H1 ≤ Aδ} > 0,

and we perform the above decomposition and energy arguments on [0, T ]. For A large enough,
we obtain T = +∞.

Note that another way of dealing with the direction 〈ε,Q〉 is to modulate the scaling
parameter to impose 〈ε,Q〉 = 0 for all time; see §4. Of course, by the invariances of the
equation, Theorem 1 implies stability for all the ground state solitary waves. Alternatively,
to prove directly stability of the soliton R(t, x) = Qλ(x − σ − βt)eiΓ(t,x), we can use the
modified functional

W (u) = E(u) + ν

∫
|u|2 −=

∫
(β · ∇u)ū, ν = λ−2 +

|β|2

4
.

Writing u = R+ w, we can also use a functional in w

W (w) =

∫
|∇w|2 − (F (R+ w)− F (R)− dF (R)(w)) + ν

∫
|w|2 −=

∫
(β · ∇w)w̄.

References. For existence and uniqueness results for the nonlinear elliptic equation (3),
see [3, 5, 24, 34]. For the stability issue and the properties of the linearized operator, see
[2, 6, 7, 19, 26, 50, 51, 71, 75, 76]. For the proof of a typical decomposition by modulation,
see e.g. §2 of [46].
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2.7. Global existence versus blow up in the mass critical case. In the mass critical
case p = 1 + 4

d , it follows from variational arguments (see [74, 5]) that the best constant C in
the Gagliardo–Nirenberg inequality

∀v ∈ H1(Rd), ‖v‖2+ 4
d

L2+ 4
d
≤ C‖∇v‖2L2‖v‖

4
d

L2 (6)

is related to Q as follows C = p+1
2 ‖Q‖

− 4
d

L2 . As a consequence, one has

∀u ∈ H1(Rd), E(u) ≥ 1

2
‖∇u‖2L2

1−
‖u‖

4
d

L2

‖Q‖
4
d

L2

 .

Together with the conservation of mass and energy and the blow up criterion, this implies the
global existence of any solution with initial data ‖u0‖L2 < ‖Q‖L2 . Actually it is also known
that in this case, the solution scatters, i.e. behaves asymptotically in large time as a solution
of the linear equation, see [30, 18] and references therein.

We also know that ‖u‖L2 = ‖Q‖L2 corresponds to the mass threshold for global existence.
Indeed, the pseudo–conformal symmetry of the mass critical NLS equation

v(t, x) =
1

|t|
d
2

u

(
1

|t|
,
x

|t|

)
e
−i |x|

2

4|t| (7)

applied to the solitary wave solution u(t, x) = eitQ(x) yields the existence of an explicit single
bubble blow up solution S(t) with minimal mass (T ? is arbitrary)

S(t, x) =
e

i
|T?−t|

|T ? − t|
d
2

Q

(
x

|T ? − t|

)
e
−i |x|2

4|T?−t| , ‖S(t)‖L2 = ‖Q‖L2 , ‖∇S(t)‖L2 ∼
t∼T ?

1

|T ? − t|
.

We refer to [5] for more properties of the pseudo-conformal transform. From [49], this is the
only minimal mass blow up solution up to the invariances of the equation.

Recall also the following well-known criterion for finite time blow up: for initial data u0 ∈ Σ,
the virial identity

d2

dt2

∫
|x|2|u(t, x)|2dx = 16E(u0) (8)

implies blow up in finite time provided E(u0) < 0. This observation is enough to prove
Theorem 1 in the critical case, since the functions u0,n = (1 + 1

n)Q for n ≥ 1 have negative
energy (recall that E(Q) = 0).

The case of H1 initial data with mass slightly above the threshold, i.e.

‖Q‖L2 < ‖u0‖L2 < ‖Q‖L2 + α0, 0 < α0 � 1, (9)

has known a lot of progress the last fifteen years. We first recall in this context that a large
class of (instable) finite time blow up solutions was constructed in [4, 33, 58] by weak (but
subtle) perturbation of the minimal mass solution S. In particular, these solutions blow up
with the pseudo–conformal blow up rate

‖∇u(t)‖L2 ∼
t∼T ?

1

T ? − t
,

which is expected to correspond in some sense to a threshold case between the log–log blow
up (see below) and the scattering case.
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Second, recall that the series of works [66, 50, 51, 69, 52, 53] provides a thorough study of
the stable blow up dynamics under condition (9), corresponding to the log–log blow up regime

‖∇u(t)‖L2 ∼
t∼T ?

c?
√

log | log(T ? − t)|
T ? − t

.

Finally, recall that a universal gap on the possible blow up speeds was proved in [69]: given a
finite time blow up solution satisfying (9), either it blows up in the log–log regime, or it blows
up faster than the pseudo–conformal rate, i.e. ‖∇u(t)‖L2 & 1

T ?−t . However, the existence
of solutions with blow up rate different than the conformal speed and the log-log rate is an
open problem, which is equivalent, by the pseudo–conformal symmetry (7), to the existence
of global solutions blowing up in infinite time.

For more information on blow up for the mass critical case, we refer to [5, 70] and to
references therein.

2.8. Finite time blow up for the super-critical case. In this case, the virial identity
also proves blow up for negative energy solutions in Σ. However, since the energy of Q is
positive, this is not enough to prove the strong instability result stated in Theorem 1. We
refer to [2, 5]. Few other general results on blow up for the super-critical case exist, the most
notable ones concern (i) the blow up of the critical norm for radial solutions [55], (ii) the
construction of a class of solutions blowing up with the self-similar blow up rate [56].

3. Construction of multi-solitary waves with weak interactions

3.1. General existence result. We present a general result of existence of solutions of (1)
behaving in large time exactly as a sum of K ≥ 2 arbitrarily given solitary waves with different
speeds. This is a typical case of weak interaction. The result holds for any nonlinearity, up
to technical changes in the proof in the critical and the super-critical cases due to different
properties of the linearized operator. In particular, for the super-critical case, an additional
topological argument is needed to control one exponential instability direction for each wave.

Theorem 2 (Existence of multi-solitary waves). Let 1 < p < d+2
d−2 . Let K ≥ 1 and for any

k ∈ {1, . . . ,K}, let λk > 0, βk ∈ Rd, σk ∈ Rd and γk ∈ R. Assume that, for any k 6= k′,
βk 6= βk′. Let R =

∑
Rk where

Rk(t, x) = Qλk(x− σk − βkt)eiΓk(t,x), Γk(t, x) =
1

2
(βk · x)− 1

4
|βk|2t+ λ−2

k t+ γk. (10)

Then there exist γ > 0 and a solution u of (1) such that, for all t ≥ 0, ‖u(t)−R(t)‖H1 . e−γt.

Such solutions for the nonlinear Schrödinger equations correspond to an exceptional be-
havior. Indeed, the solution u(t) as constructed in Theorem 1 is a non-dispersive solution
and by strong H1 convergence∫

u2(t) =

K∑
k=1

∫
R2
k(t) and E(u(t)) =

K∑
k=1

E(Rk(t)),

which means that all the mass and all the energy of the solution is due to the solitary waves.
Solutions such as in Theorem 2 were known to exist for the integrable case (2). See [77, 20]

for a derivation of their explicit expression. Moreover, these solutions have very special
properties: they describe globally in time the perfectly elastic interaction between several
solitary waves. In the non-integrable cases, the only known property of the solution u(t)



INTERACTION OF SOLITARY WAVES FOR NLS 7

constructed in Theorem 2 concerns t→ +∞, and what happens in general to the K solitary
waves backwards in time is not clear. See §6.4 for the collision problem.

References. For the sub-critical case, see [37]. For the critical case p = 1 + 4
d , the result

of Theorem 2 was first proved by Merle [48]. It was obtained as a consequence of a blow up
result and the conformal invariance (7). For the super-critical case, we refer to [14] and we
recall that for a given set of parameters, there exists several multi-solitary wave solutions due
to exponential instability directions, see [9] for the 1D case.

It is expected that a method by fixed point with weighted norms in time could give the
same existence result, see [67, 35, 27]. The proof by compactness is rather flexible and allows
to treat the case of power-like interactions (see references in next sections and [32]).

3.2. Sketch of the proof in the sub-critical case. First, note that the function R satisfies
iṘ+ ∆R+ f(R) = ΨR where the error term ΨR = f(R)−

∑
f(Rk) is such that ‖ΨR‖H1 .

e−γt for some γ > 0. We consider a sequence tn → +∞ and for any n, we define the global
solution un of (1) with u(tn) = R(tn). We claim the following uniform estimate, for some
t0 > 0, C > 0, γ > 0, for all n and t ∈ [t0, tn],

‖un(t)−R(t)‖H1 ≤ Ce−γt. (11)

The proof of (11) is a variant of the stability of a single soliton using extra localization
arguments to deal with several solitons. We set wn = un −R, so that wn satisfies

iẇn + ∆wn + f(wn + R)− f(R) + ΨR = 0, wn(tn) ≡ 0.

Recall νk = λ−2
k + 1

4 |βk|
2, and define ϕk = χ(A−1(x− σk − βkt)), where A� 1 is to be fixed

later. Also set ϕ = 1−
∑
ϕk. Note that the functions ϕk satisfy, for γ > 0, k′ 6= k, for t large,

|∇ϕk|+ |∇ϕ| . A−1, |Rk|(ϕk′ + ϕ) . e−γt, |Rk|(1− ϕk) . e−γA, ϕkϕk′ ≡ 0.

We define the following functional

Wn =

∫ {
|∇wn|2 + |wn|2ϕ− 2(F (R + wn)− F (R)− dF (R)(wn))

}
+
∑

νk

∫
|wn|2ϕk −

∑
=
∫

(βk · ∇wn)w̄nϕk

We compute

1

2
Ẇn = 〈ẇn,−∆wn + wn(ϕ+

∑
νkϕk)− (f(R + wn)− f(R))〉

− 〈Ṙ, f(R + wn)− f(R)− df(R)(wn)〉 −
∑
〈iẇn, (βk · ∇wn)ϕk +

1

2
(βk · ∇ϕk)wn〉

+

∫
|wn|2ϕ̇+

∑
νk

∫
|wn|2ϕ̇k −

∑
=
∫

(βk · ∇wn)w̄nϕ̇k,
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and next using the equation of wn and the explicit expression Ṙk = −(βk · ∇Rk) + iνkRk, we

decompose 1
2Ẇn = K1 +K2 +K3 +K4, where

K1 = 〈i∇ΨR,∇wn〉+
∑
〈iΨR, wnϕ〉+

∑
〈iΨR, wnνkϕk〉 − 〈iΨR, f(R + wn)− f(R)〉

+
∑
〈ΨR, (βk · ∇wn)ϕk +

1

2
(βk · ∇ϕk)wn〉,

K2 = −
∑

(νk − 1)〈i(∇wn · ∇ϕk), wn〉+
1

2

∑
〈f(R + wn)− f(R), (βk · ∇ϕk)wn〉

− 1

2

∫
|∇wn|2(βk · ∇ϕk)−

1

2
〈∇wn,∇((βk · ∇ϕk)wn)〉

−
∑

(νk − 1)

∫
|wn|2(βk · ∇ϕk) +

∑
=
∫

(βk · ∇wn)w̄n(βk · ∇ϕk),

K3 =
∑
〈(βk · ∇Rk), f(R + wn)− f(R)− df(R)(wn)〉+ 〈(βk · ∇wn)ϕk, f(R + wn)− f(R)〉,

K4 = −
∑

νk {〈iwnϕk, f(R + wn)− f(R)〉+ 〈iRk, f(R + wn)− f(R)− df(R)(wn)〉} .

By the properties of ΨR, ϕ and ϕk, we have |K1| . e−γt‖wn‖H1 and |K2| . A−1‖wn‖2H1 .
Note also that by integration by parts,

K3 = −
∑
〈(βk · ∇ϕk), F (R + wn)− F (R)− dF (R)(wn)〉

+
∑
〈(βk · ∇Rk)(1− ϕk), f(R + wn)− f(R)− df(R)(wn)〉,

and thus |K3| . A−1‖wn‖2H1 . Last, since for any k,

〈iwn, f(Rk + wn)− f(Rk)− f(wn)〉+ 〈iRk, f(Rk + wn)− f(Rk)− df(Rk)(wn)〉 = 0,

by the properties of ϕk, we obtain similarly |K4| . (e−γt + e−γA)‖wn‖2H1 . Therefore, we have

obtained the uniform estimate |Ẇn| . e−γt‖wn‖H1 +A−1‖wn‖2H1 .
Since the solitons Rk are decoupled, one can check from (5) that for A large enough, the

following coercivity property holds

Wn ≥ µ‖wn‖2H1 −
1

µ

∑(
〈ηk, Q〉2 + |〈ηk, xQ〉|2 + 〈ηk, iΛQ〉2

)
,

where we have defined ηk by

wn(t, x) = λ
− 2
p−1

k ηk
(
t, λ−1

k (x− σkt− βkt)
)
eiΓk(t,x).

From the equation of wn, we check that ηk = ak + ibk satisfies

ȧk
λ2
k

= L−bk + Ψak ,
ḃk
λ2
k

= −L+ak + Ψbk ,

where the error terms satisfy the following weighted estimates

‖Ψake
− |x|

10 ‖L1 + ‖Ψbke
− |x|

10 ‖L1 . ‖wn‖2L2 + e−γt.

Using the special relations (4), we thus find

〈η̇k, Q〉 = O(‖wn‖2L2 + e−γt), 〈η̇k, xQ〉 = −2〈ηk, i∇Q〉+O(‖wn‖2L2 + e−γt),

〈η̇k, i∇Q〉 = O(‖wn‖2L2 + e−γt), 〈η̇k, iΛQ〉 = −2〈ηk, Q〉+O(‖wn‖2L2 + e−γt).
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By standard ODE arguments, taking A large enough, the previous estimates are enough to
prove the uniform exponential estimate (11) for some C, γ > 0 (note that Wn(tn) = 0 since
wn(tn) ≡ 0).

Once (11) is proved, we define u0 ∈ H1 as the weak limit of a subsequence of the bounded
H1 sequence (un(t0)). Then, we define the solution u(t) of (1) corresponding to the data
u(t0) = u0. Using an additional simple localization argument (see Lemma 2 of [37]), we also
obtain the strong compactness of (un(t0)) in Hs, for any 0 ≤ s < 1. In particular, by the
Cauchy theory in Hs for 0 ≤ s < 1 (see [5]), we obtain that u(t) exists on [t0,+∞) and,
for any t ≥ t0, un(t) → u(t) strongly in Hs and weakly in H1 (up a subsequence). Finally,
passing to the weak limit in (11), we see that the solution u(t) satisfies ‖u(t)−R(t)‖H1 . e−γt

for all t ≥ t0.

4. Multi-solitons with strong interactions and logarithmic distances

This section, devoted to sub-critical and super-critical case, and the next one, devoted
to the critical case, deal with strong interactions. Indeed, we look for multi-solitary wave
solutions in situations where the distance between the waves are of lower order, typically,
logarithmic in t. Then, the long time dynamics of the solitons is substantially changed by the
interactions. Such situations seem to be related to symmetry properties.

4.1. General existence result.

Theorem 3 (Two-solitary waves with logarithmic distance). Let 1 < p < d+2
d−2 , p 6= 1 + 4

d .

There exists a solution u(t) of (1) such that,

for all t ≥ 0,

∥∥∥∥∥u(t)− e−iγ(t)
2∑

k=1

Q(· − zk(t))

∥∥∥∥∥
H1

. t−1, (12)

where the translation parameters satisfy |z1(t)− z2(t)| = 2(1 + o(1)) log t as t→ +∞.

In the integrable case (2), the existence and the properties of a double pole solution, cor-
responding to the regime of Theorem 3, is studied in [77, 65]. Note that it is a very special
solution, with a similar global behavior as t→ −∞. In the general non-integrable case, as in
Theorem 2, the behavior of the solution for t < 0 is not known.

It is important in the proof that the two solitons have same scaling and phase. A similar
statement holds for K ≥ 2 solitary waves with symmetry properties (see the statement of
Theorem 5 below). Note finally that such a solution cannot exist for the critical case p = 1+ 4

d ,
see next Section.

4.2. Sketch of the proof for d = 2 and 1 < p < 3. The main ingredient of the proof is
the construction of an approximate solution made of solitons whose geometrical parameters
(notably, the speeds and positions of the solitons) satisfy an appropriate system of ODE up
to error terms. Once this is done, the construction of an actual solution of (1) follows the
same lines as in the proof of Theorem 2, by a localized energy method and compactness. We
omit this last part and we focus on the determination of the leading order dynamics of the
geometrical parameters of the solitons.
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Let (λ, z, γ, β), λ > 0 be free parameters such that |β| + λ � 1 and z � 1. Renormalize
the flow (scaling and phase)

u(t, x) =
eiγ(s)

λ
2
p−1 (s)

w(s, y), dt = λ2(s)ds, x = λ(s)y

We look for a symmetric 2-bubble approximate solution P of the rescaled equation

iẇ + ∆w − w + |w|p−1w − i λ̇
λ

Λw + (1− γ̇)w = 0.

For z1 = z
2e1, z2 = − z

2e1, β1 = β
2e1, β2 = −β

2e1 (here e1 is the first vector of the canonical

basis of Rd), let

P =
2∑

k=1

Pk, Pk(s, y) = eiβk(s)·(y−zk(s))Q(y − zk(s)).

Let Mk be defined by

iṖk + ∆Pk − Pk + |Pk|p−1Pk − i
λ̇

λ
ΛPk + (1− γ̇)Pk = −eiβk·(y−zk)Mk(y − zk),

Then, by direct computations,

Mk = i
λ̇

λ
ΛQ+ i(żk − 2βk +

λ̇

λ
zk) · ∇Q

+ (γ̇ − 1 + |βk|2 −
λ̇

λ
(βk · zk)− (βk · żk))Q+ (β̇k −

λ̇

λ
βk) · yQ.

(Observe that if the parameters satisfy λ̇ = 0, żk = 2βk, γ̇ = 1− 1
4 |β|

2, β̇k = 0, then Ψk = 0.)
Thus P satisfies

iṖ + ∆P−P + |P|p−1P− i λ̇
λ

ΛP + (1− γ̇)P = ΨP −
∑

eiβk·(y−zk)Mk(y − zk),

where we have defined the nonlinear interaction term ΨP = f (
∑
Pk) −

∑
f(Pk). Now, we

look for a solution u of (1) of the form

u(t, x) =
eiγ(s)

λ
2
p−1 (s)

(P + ε)(s, y), dt = λ2(s)ds, x = λ(s)y

where ηk defined by ε(s, y) = eiβk(s)·(y−zk(s))ηk(s, y−zk(s)) satisfies the orthogonality relations
〈ηk(s), Q〉 = |〈ηk(s), yQ〉| = 〈ηk(s), iΛQ〉 = |〈ηk(s), i∇Q〉| = 0. Note that the coercivity
property (5) requires only 3 directions but there are 4 geometrical parameters and thus 4
orthogonality directions to impose for ε. Then, ε satisfies the equation

iε̇+ ∆ε+ f(P + ε)− f(P) + ΨP −
∑

eiβk·(y−zk)Mk(y − zk) = 0.

Therefore, it remains to find the equations for the parameters (λ, z, γ, β) by projecting the
above equation on the special directions of orthogonality for ε. By symmetry, it is enough to
project on the soliton P1. We change the equation by setting ε(s, y) = eiβ1·(y−z1)η(s, y − z1),

θQ = e−iβ(y1+z)Q(y + ze1) and Ψ1 = f(Q+ θQ)− f(Q)− f(θQ), so that

iη̇ + ∆η + f(Q+ θQ+ η)− f(Q+ θQ) = Ψ1 −M1 − θM2.
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We claim that this yields, at the main order, the following differential inequalities∣∣∣∣∣ λ̇λ
∣∣∣∣∣+

∣∣∣∣∣ż − 2β +
λ̇

λ
z

∣∣∣∣∣ . z−
1
2 e−z,

∣∣∣∣∣β̇ − λ̇

λ
β + c z−

1
2 e−z

∣∣∣∣∣ . z−
3
2 e−z.

We justify the form of the source term c z−
1
2 e−z in the equation for β̇, which is decisive in the

derivation of the desired regime. Note that similar terms appear in the equations of λ̇ and ż,
but they are treated as error terms, which can be justified rigorously for the specific regime
that we are interested in. Recall that we choose d = 2. Anticipating a regime where z � 1

and βz � 1, using Q(x) ∼ cQ|x|−
1
2 e−|x| as |x| → +∞, for some constant cQ > 0, we observe

that for large z,

|y + ze1| = z + y1 +O(z−1) and thus θQ ∼ Q(y + ze1) ∼ cQ|z|−
1
2 e−y1−z.

Therefore,

∇QΨ1 ∼ ∇Qf ′(Q)(θQ) ∼ pcQz−
1
2 e−ze−y1∇Q(y)Qp−1(y).

Integrating by parts, we have p
∫
∇QQp−1e−y1dy =

∫
Qpe−y1dy > 0,

∫
y1(e1 · ∇Q)Q =

−1
2

∫
Q2, and thus by taking the scalar product of the equation of η by ∇Q, neglecting all

terms in ε (second order in ε) and in M2 (decoupling), we obtain

〈Ψ1 −M1,∇Q〉 ∼ 0 and so
1

2
(β̇ − λ̇

λ
β)

∫
Q2 + z−

1
2 e−zcQ

∫
Qpe−y1 ∼ 0.

Thus, c = 2cQ(
∫
Qpe−y1)(

∫
Q2)−1 > 0. An (unstable) formal solution exists with the following

asymptotics for s large

λ(s) ∼ 1, β(s) ∼ s−1, z(s) ∼ 2 log(s), z
1
2 ez ∼ c s2.

References. This result is proved in [63]. Technically, note from [63] that the case 1 < p ≤ 2
requires additional computations, and p > 1 + 4

d requires a specific control of the instability
directions as in Theorem 2.

5. The L2 critical case

In this section, we focus on the 2D mass critical case

i∂tu+ ∆u+ |u|2u = 0, t ∈ R, x ∈ R2, (13)

but similar results hold in the critical case for other dimensions. We start by recalling the
following result from [48].

Theorem 4. Let {z1, . . . , zK} be K given points of R2. There exists a solution v of (13) that
blows up at T ? = 0 at the points {z1, . . . , zK}. Moreover,

‖∇v(t)‖L2 = K
1
2 ‖∇Q‖L2(1 + o(1))

1

|t|
, |v|2 ⇀ ‖Q‖2L2

∑
k

δzk as t ↑ 0. (14)

This result is proved directly in [48] by using a compactness argument which later inspired
the strategy used in [36, 37].

By the pseudo conformal law (7), the soliton eitQ(x) transforms into the blow up solution
S(t) and similarly the above result corresponds to the existence of multi-solitons as given by
Theorem 2 for the mass critical case. This was duly observed in [48].

For multi-bubbling with the log-log rate, see a construction in [21]; see also [68] for the
related question of blow up in a bounded domain.
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5.1. Existence result for strong interactions. We first note that for the mass critical
NLS, the existence of bounded multi-solitons with logarithmic relative distances as in Theo-
rem 3 is ruled out by the virial law (8), which would formally give

∫
|x|2|u2(t, x)|dx ∼ C(log t)2

for such a solution. It turns out that the scaling instability direction of the critical case is
excited by the interactions which leads to infinite time concentration of solitons at fixed
distance, as shown by the following theorem.

Theorem 5 (Infinite time blow up). For any K ≥ 1, there exists a solution u of (13) on
[0,+∞) such that∥∥∥∥∥u(t)− eiγ(t)

K∑
k=1

1

λ(t)
Q

(
.− zk(t)
λ(t)

)∥∥∥∥∥
H1

→ 0, λ(t) =
1 + o(1)

log t
as t→ +∞, (15)

where the parameters zk(t) converge as t→ +∞ to the vertices of a K-sided regular polygon.
In particular,

‖∇u(t)‖L2 = K
1
2 ‖∇Q‖L2(1 + o(1)) log t as t→ +∞. (16)

5.2. Pseudo-conformal counter part. Using the pseudo conformal transform (7) on the
solution u constructed in Theorem 5 (note that this solution belongs to the space Σ, which
implies that the corresponding v is also a solution of (13) in Σ), one obtains the following
corresponding finite time blow result.

Corollary 6 (Finite time collision). There exists a solution v of (13) that blows up at T ? = 0
with

‖∇v(t)‖L2 = K
1
2 ‖∇Q‖L2(1 + o(1))

∣∣∣∣ log |t|
t

∣∣∣∣ , |v|2 ⇀ K‖Q‖2L2δ0 as t ↑ 0. (17)

5.3. Comments. As before, the proof of Theorem 5 follows the strategy of constructing
minimal dynamics by approximate solutions and compactness, initiated in [48] and extended
in various ways and contexts in [36, 32, 14, 71]. We combine in a focusing context the approach
developed for multi-solitary wave problems in [36, 37, 32] and a specific strategy to construct
minimal blow up solutions for NLS type equations developed in [71, 31].

As in Theorem 5, a key ingredient of the proof is the precise tuning of the interactions
between the waves. In particular, we observe that the K bubbles in (15) need to have the
same phase and scaling. Note in contrast that the dynamics of two symmetric bubbles with
opposite phase (γ1 = γ2 + π) is related to the dynamics of a single bubble on a half–plane
with Dirichlet boundary condition and it is known in this context that minimal mass blow
up at a boundary point (which corresponds to the collision case) does not exists, see [1].

It is also interesting to note that solutions as constructed in Theorem 5 are specific to the
critical case and cannot exist in the sub and super-critical cases. Indeed, in the sub-critical
case, we have seen that all H1 solutions are bounded. In the super-critical case, any solution
in Σ that is global for t ≥ 0 satisfies

lim inf
t→+∞

‖∇u(t)‖L2 . 1.

Indeed in this case, the Virial identity d2

dt2

∫
|x|2|u|2 = c1E(u0)− c2

∫
|∇u|2, where c1, c2 > 0,

integrated twice in time provides the global bound
∫ t

0

∫ s
0 ‖∇u(s′)‖2L2ds

′ds . t2.
As for the previous constructions, an interesting issue would be to understand the global

behaviour of such solutions for t ≤ 0.
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5.4. Sketch of proof. As for Theorem 3, we focus on the determination of the dynamics
of the parameters. In the critical case, two more parameters related to scaling instability
are needed; they are denoted by a and b. See [57] and references therein for previous use of
such a parametrization. In this proof, for k ∈ {1, . . . ,K}, ek denotes the unit vector of R2

corresponding to the complex numbers ei
2π(k−1)

K .

Let (λ, z, γ, β, b, a), be free parameters such that λ > 0, |a|+ |b|+ |β|+ |λ| � 1 and z � 1.
Set βk = βek and zk = zek. Renormalize the flow by scaling and phase

u(t, x) =
eiγ(s)

λ(s)
w(s, y), dt = λ2(s)ds, x = λ(s)y.

We look for a symmetric K-bubble approximate solution P of the rescaled equation

iẇ + ∆w − w + |w|2w − i λ̇
λ

Λw + (1− γ̇)w = 0.

Let

P =
K∑
k=1

Pk where Pk(s, y) = e
i
(

(βk(s)·y)− b(s)
4
|y|2

)
Qa(s)(y − zk(s))

and Qa = Q + aρ. Note that by the definition of ρ in §2.4, the function Qa satisfies the

following equation ∆Qa −Qa + |Qa|2Qa = −a |y|
2

4 Qa +O(a2) (see Chapter 8 of [72]; see also
[57] where an exact solution Qa of this equation is construted for a < 0). Let Mk be defined
by

iṖk + ∆Pk − Pk + |Pk|2Pk − i
λ̇

λ
ΛPk + (1− γ̇)Pk = −ei(β(ek·y)− b

4
|y|2)Mk(y − zek)

Then, by direct computations and ignoring terms of order a2, we find

Mk = i(b+
λ̇

λ
)ΛQa + i(żk − 2βk +

λ̇

λ
zk) · ∇Qa + (γ̇ − 1 + |βk|2 −

λ̇

λ
(βk · zk) + (βk · żk))Qa

+ (β̇k −
λ̇

λ
βk +

b

2
(żk − 2βk +

λ̇

λ
zk)) · yQa + (ḃ+ b2 − 2b(b+

λ̇

λ
)− a)

|y|2

4
Qa − iȧρ.

Looking for a solution u of (13) of the form

u(t, x) =
eiγ(s)

λ(s)
(P + ε)(s, y), dt = λ2(s)ds, x = λ(s)y

where ηk defined by ε(s, y) = eiβk(s)·(y−zk(s))ηk(s, y−zk(s)) satisfies the orthogonality relations
〈ηk(s), Q〉 = 〈ηk(s), |y|2Q〉 = 〈ηk(s), iρ〉 = |〈ηk(s), yQ〉| = |〈ηk(s), i∇Q〉| = 〈ηk(s), iΛQ〉 = 0.
Then, ε satisfies the equation

iε̇+ ∆ε+ f(P + ε)− f(P) + ΨP − ei(β(ek·y)− b
4
|y|2)Mk(y − zek) = 0.

The contribution of the nonlinear interaction term ΨP = f(
∑
Pk) −

∑
f(Pk) yields the

following system at the main order∣∣∣∣∣ λ̇λ + b

∣∣∣∣∣+ |ż − 2β − bz|+
∣∣∣β̇ + bβ

∣∣∣+
∣∣∣ḃ+ b2 − a

∣∣∣ . z−
1
2 e−κz

and, for some constant c > 0, ∣∣∣ȧ+ c bz
3
2 e−κz

∣∣∣ . |b|z 1
2 e−κz.
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Perturbations due to the nonlinear interaction between the waves also appear for the other
parameters, but the strongest effect is noted on the parameter a. An approximate solution
can be found with the following asymptotics

z(s) ∼ 2

κ
log(s), z−

3
2 (s)eκz(s) ∼ cs2, λ(s) ∼ log−1(s), |β(s)| . s−1 log−

3
2 (s),

b(s) ∼ s−1 log−1(s), a(s) ∼ −s−2 log−1(s)

Going back to the original variables using s ∼ t log2(t), one justifies the regime of Theorem 5.

References. Theorem 5 is proved in [47].

6. Discussion

6.1. The generalized Korteweg-de Vries equation. A result of existence of multi-solitary
waves similar to Theorem 2 was previously proved in [36] for the sub-critical and critical gen-
eralized KdV equations (using tools from [45]), and in [14] for the super-critical case. Note
that for the generalized KdV equations, it is also proved in [36] that being given the param-
eters of K solitons, the solution converging to the sum of these K solitons in H1 is unique.
In the super-critical case, there is no uniqueness due to the exponential instability of the
solitons, and a complete classification of multi-solitary waves was obtained in [8]. Note finally
in the case of the gKdV equations that the stability and asymptotic stability of multi-soliton
solutions follows from [46] in the sub-critical case. The analog of Theorem 3 for gKdV in
the sub and super-critical cases is proved in [64]. Another point of view on the (repulsive)
interaction of solitons of same sign for the quartic gKdV equation is given in [61]. For the
water-wave system close to KdV, see [60].

The question of multi-bubble blow up for the mass critical gKdV was addressed recently
in [10, 11], following works for single bubble blow up [42, 43, 44] (see also references therein).

6.2. Stability and uniqueness issues for NLS. Several stability and asymptotic stability
results for the sum of solitary waves of some nonlinear Schrödinger equations are known, but
none for the pure power nonlinearity as in (1), for any p > 1 (except in the integrable case,
see [12, 17]). Moreover, the general uniqueness problem in Theorem 2 is open, unlike for the
gKdV equations.

6.3. Wave type equations. The strategy of proof of existence of multi-solitary waves from
[36, 37] has already been extended to several other models. For example, see [15, 13] for the
case of the nonlinear Klein-Gordon equation. See also [59, 16] for multi-soliton behaviors
related to blow up for the wave equation. In [27, 28, 29], solutions containing two bubbles for
all positive times are studied for the energy critical wave equation in large dimensions and
the wave maps. A transient regime due to strong interaction of solitons is fully described in
[23] for the half-wave equation.

6.4. Collision problem. Understanding the behavior of multi-solitary waves for t → −∞
means understanding the very challenging question of the collision of solitons. The problem
is completely open apart from the integrable cases, some numerical experiments, and the
following few references: for gKdV, see [38, 39, 40]; for NLS, close to the integrable case, see
[67]; for the 5D critical wave equation, see [41]. See also references in those works.
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[56] F. Merle, P. Raphaël and J. Szeftel, Stable self-similar blow-up dynamics for slightly L2 super-critical
NLS equations. Geom. Funct. Anal. 20 (2010), no. 4, 1028–1071.
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[58] F. Merle, P. Raphaël and J. Szeftel, On collapsing ring blow up solutions to the mass super-critical NLS.
Duke Math. J. 163 (2), 369-431, 2014.

[59] F. Merle and H. Zaag, On the stability of the notion of non-characteristic point and blow-up profile for
semilinear wave equations. Comm. Math. Phys. 333 (2015), no. 3, 1529–1562.

[60] M. Ming, F. Rousset, N. Tzvetkov, Multi-solitons and related solutions for the water-waves system. SIAM
J. Math. Anal. 47 (2015), no. 1, 897–954.

[61] T. Mizumachi, Weak interaction between solitary waves of the generalized KdV equations. SIAM J. Math.
Anal. 35 (2003), no. 4, 1042–1080.
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