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HAUSDORFF DIMENSION OF A WEIERSTRASS CURVE

SPDE and multiplication of singular distributions

stochastic reaction-diffusion equations:
Ou(t, ) = Au(t, z)+[u(t, ) — u(t,z)] + £(t,z), t>0,z € R,
®3 quantum field:
Orp(t,x) = Ap(t,x) + %g@g(t, r) +&(tx), t>0,2¢e T

T3: three-d torus, ¢? renormalized third power of field, ¢ space-time noise;

Problem: precise understanding of u> or ©*: how to multiply singular
distributions?

Method: paracontrolled distributions; for renormalization: Hairer’s
regularity theory.
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HAUSDORFF DIMENSION OF A WEIERSTRASS CURVE

Multiplication of singular distributions; integration

Pb (singular SPDE): multiplication of singular distributions f, g on Euclidean
space.

Idea: use Fourier analysis to write /' = f,.9 = >_, g, With [}, g, smooth
functions (Paley-Littlewood blocks). Then

> fobet D fode

Ip—q|>2 Ip—q|<1

First term: paraproduct: well behaved, second term: resonant term, treated by
concepts of control. Lit: Gubinelli, |, Perkowski 16, "17.

To be closer to setting of rough path analysis by Lyons, recast problem in the
framework of rough integration.

Let f,g:[0,1] — R be a-Holder continuous. Aim: Define

[ fs1gtes) = [ £(s)i

. . . . . 1
Perspective of stochastic analysis: typically o < 5.
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HAUSDORFF DIMENSION OF A WEIERSTRASS CURVE

Integration

Let f,g:[0,1] — R be continuous, f € C%,g € C” for a, 5 €]0, 1[. Fourier
approach for rough path integral [ fdg: expand f, g in (pth) Schauder blocks:

F=Y Af g=> Ay,

p=0 q=0
op
Aph = " (Hpm, dh)Gpp.
m=1

Haar functions, Schauder functions: 1, = 5+, cpm = 22575, Upm = 553

Hyp = 2p/2[1[lpm,cpm[ — [cpm,upm[]7

Then define the integral by

/fdg = Z/Apfqug.
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HAUSDORFF DIMENSION OF A WEIERSTRASS CURVE

Decomposition of the integral

Decompose the (formal) integral into three components with essentially
different smoothness properties. We may write with S,/ = > _ A, f

[fas = 3 [ Aprang
_ Z/Apfqug+Z/Apfqug

p<q pP>q

= Sq_1fdA,g+ A, fdA,g+ A, fdS,_19.
s s f s

In view of the second part of Corollary 1, we expect the first part to be
rougher. Integration by parts gives

S [ Siiddng = Y S 1800- 3 [ Bugds,as

— 7T<(f,g)—Z/AquSq_1f.
q
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HAUSDORFF DIMENSION OF A WEIERSTRASS CURVE

Decomposition of the integral
w<(f,g) : Bony paraproduct

Defining further

L(f,9) =Y (ApfdSp-19 — ApgdS,_1f),

p

(antisymmetric Lévy area)
1
S(f.9) =) Apfddpg=c+5) Apfiug
p p

(symmetric part)

we have

/fdg =7<(f,9)+S(f,9)+ L(f,9)
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HAUSDORFF DIMENSION OF A WEIERSTRASS CURVE

The Young integral

In case the Holder regularity coefficients of f and g are large enough, the
three components of the integral possess the following regularity.

Forany «, 8 €]0, 1]
1Sy 9)llavs < Clifllallglls.

Similarly
m<(f,9)lls < Cllfllllglls-

and, butonly if o« + 3 > 1

LS, 9)llars < Cllfllallglls-

This provides Young’s integral if o + 5 > 1.

Problem: What happens if « + 8 < 1 (the rough path case)?
(Para)controlledness of integrand w.r.t. integrator needed, i.e. increments of
integrand can be developed into fractional Taylor expansion in increments of

integrator.
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HAUSDORFF DIMENSION OF A WEIERSTRASS CURVE

Beyond Young’s integral: Weierstrass curve

Pb: geometric meaning of existence of integral; consider Weierstrass
functions

Wi(x) = Zak cos(2"mz), Wa(x) := Zak sin(2%mx),  ap :=2"“% o €]0,1].
k=1 k=1

By summability of a;: Welerstrass functions are uniform limits of partial sums.
Forz,y € [-1,1] and k € N such that 27% < |z — y| < 27FF1:

k 00
Wi(z) = Wiy)l < CD a2z —yl+ )  al
=1 I=k+1

< CRFI=Yg —y| +27%) < Ol — y|*.

Hence W7, W5 a-Holder continuous.

Simple arguments: for 2a < 1: Wy, W5 mutually not controlled,
W = (Wy,W5) has no Lévy area!
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HAUSDORFF DIMENSION OF A WEIERSTRASS CURVE

Weierstrass curve: no control
Take 2 =0,y =27, V(0) > 0 (V(0) < 0 analogous):

[Wa(y) — Wa(0) = V(0)(Wi(y) — W1(0))]

| S szt - VO et - 1)

— QE | ko J J J
k 1ak[sm(2 7r2)cos(2 7r2) + V(0) sin(2 7T2)sm(2 7T2)}|

= 2" agsin(2572) /T4 V(0)sin[2" 72 + avctan((V/(0)) )

— |2 Z ar sin(28 717 /1 4+ (V(0))2sin 28" + arctan((V(0)) )]

> 27 *gin (g + arctan((V(0)) ™))
# O(ly — z[*?).

Hence 1V is not controlled by s, and vice versa by analogy.
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HAUSDORFF DIMENSION OF A WEIERSTRASS CURVE

Weierstrass curve: no Lévy area

LWy, W) / W () AW / W () AW ()

m 1
—= Z akal/ (Sin(2k7m:) sin(2'rx) 2 + cos(2'mx) cos(2k7rx)2k7r)dx

=S apa(2r / L cos((2% — 2'Yma) — cos((2* + 2)ma))da

=2) ap2fr=2) 20172y,
k=1 k=1

This diverges as m tends to infinity for « < 1. Hence W = (W, W>)
possesses no Lévy area.
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HAUSDORFF DIMENSION OF A WEIERSTRASS CURVE

The geometry of the Weierstrass curve

Here is a plot of W for o =

1
2

Abbildung 1: Parametric plot of W for x € [0, 1]; {W (x)
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HAUSDORFF DIMENSION OF A WEIERSTRASS CURVE

A metric dynamical system
Lit: Baranski et al. '14, Keller 15, Shen '15.

Goal: Let o = .. Describe 1/ as attractor of a dynamical system on [0, 1]2,
alternatively Q = {0, 1} x {0, 1}!.

For w € Q, write w = ((w_n)n>0, (Wn)n>1), F product o-field.

Canonical shift on Q;
1 1
0:Q— W, W (wn—i—l)nGZa V = ®n€Z(§5{O} + 55{1})

the infinite product of Bernoulli measures.

(22, F, v, 0) metric dynamical system.
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HAUSDORFF DIMENSION OF A WEIERSTRASS CURVE

A metric dynamical system, Baker’s transformation

Now let
T = (T, T5) : Q — [0,1]? Zw p2~ (D) an

Then v = \? o T, A Lebesgue measure on [0, 1]?. 7~': dyadic representation
of components in [0, 1]%. Let

B=TofoT ! Baker’s transformation.

The v-invariance of § implies B-invariance of \%. For (£, ) € [0, 1]? denote

TN x) = ((E

For (£,2) €]0,1]?and k > O resp. k > 1

B(¢,z) = (zg,%”) Bl(@,@:(f*‘f,zx).

n)n>0; (Tn)n>1).
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HAUSDORFF DIMENSION OF A WEIERSTRASS CURVE

Self affinity: 1V as attractor of a random dynamical system
Extend W from [0, 1] to [0,1]* by W (&,2) = W (z), &,z €[0,1].

By 2x-periodicity of trigonometric functions

wsea) = w) -2t (5) )
- (o) e () e
- (o) ) et () e
= (i) erbaen) +2 W)
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HAUSDORFF DIMENSION OF A WEIERSTRASS CURVE

W as attractor of a random dynamical system

Define the map
F:[0,1]*xR* — [0,1]* x R?,
(f?xaylvy2) — (B(f,ilf),Q_% ( i ) + ( o ) <27TBZ<£733>)7

Yo sin

where B = (B4, Bs).
Then

(B(&.2). W(B(¢.2))) = (B(&2), W(Bsy(€:2)) ) = F (&, W(&,m)).

Hence W is an attractor for F'.

— Typeset by FoIlTgX —

14



HAUSDORFF DIMENSION OF A WEIERSTRASS CURVE

Lyapunov exponents and invariant structures

Calculate Jacobian: for £,z € [0,1], 91,92 € R
[ 2 0 0 0 |
DF |0 5 0 0
(& 2,51,02) = 0 —msin (2%32(5,@) 273 0
0 mcos(2rBa(&,x)) O 273

1
’ 99

Invariant vector fields: if S(¢,z) = =27 > 4™ (

~ := 273 the last being double.

) (27 B (€, 2))

Hence Lyapunov exponents of F': 2
— sin

COS
; 0 o) [
O Y X(f? :’U) — 1 Y 1 I O
X S(6.2) ; |

Hence X spans invariant stable manifold: for £,z € [0, 1], y1,92 € R

DF(§7Iay1;y2>X(£75€) — X<B(€7ZU)>
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HAUSDORFF DIMENSION OF A WEIERSTRASS CURVE

The Sinai-Bowen-Ruelle measure

Idea: Calculate Hausdorff dimension of graph of W by approach of
Ledrappier-Young for calculation of Hausdorff dimension of attractors.

Calculate action of S on A\?-measure preserving map B: for &,z € [0, 1]

—%Zv (o) (2nmp(mate. )

- —27T27 ( _Sls“ ) (27 By +Y(€, z))

— 9722 ny ( —sin ) (2B (&, 2)) —|—27T( —C(S)isn ) (27 B2 (€, x))

S(B(&z))

— sin
COS

= 215(¢,7) + 2 ( ) (27 By(€, ).
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HAUSDORFF DIMENSION OF A WEIERSTRASS CURVE

The Sinai-Bowen-Ruelle measure

So we may define

G :[0,1]* x R*— [0,1]* x R?,

No[—

() +or () ermatson)

(f:xavla /02)|_> (B(gv LE‘), 2

And for &, x € [0, 1] we have

G(& z,S(& ) = (B ), S(B(&, 1))

The measure

Y = Mo (id, S)*
on B([0,1]%) ® B(R?) is G-invariant. Define =5 : [0, 1]* — [0, 1], (£, z) — x and
let

p= Ao (m,S) " .

The measure p is the Sinai-Bowen-Ruelle measure of G.
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HAUSDORFF DIMENSION OF A WEIERSTRASS CURVE

The absolute continuity of the SBR measure

Let K,.(2) = {y € R?: |y — z| < r} forr > 0,2 € R2 For Borel measures p, o’
1

on B(R?),r > 0let (p,p'), = [0 p(K,(2))p (K. (2))dz and | p[|, = (p, p)?. Then
if p is probability measure on 5(R?), and lim sup,._,o =/|p||» < 00, p << A2

Lemmal. Forr > 0 let

1 [t )
I(r) == [ lpallrde.
= Jo
Iflimsup,. .o+ I(r) < oo, then i is absolutely continuous w.r.t. Lebesgue

measure with square integrable density.

With this criterion we show

Theorem 1. We have

limsup I(r) < oc.
r—0+

The SBR measure 11 is absolutely continuous with square integrable density.
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HAUSDORFF DIMENSION OF A WEIERSTRASS CURVE

The Hausdorff dimension of 1V

Upper bound: Elementary arguments using coverings prove that Hausdorff
diimension of graph of W is bounded above by 2.

Lower bound: Need to show that there is a measure supported by the graph,
calculate its local dimension. Use the measure

m = A% o (id, W)~

Calculate lower bound for /ocal dimension of m on the graph.

For K > 0,N € N,¢,x € [0,1] let I (x) be neighborhood of = of diameter 2%,
and

V(&) ={(r,w) € [0,1] xR? : 7 € In(x),|w — lcowia)(r)] < K -2V},

where /(. . .,y is the motion through (£, z, W (&, z)) along the stable fiber
described by S(&, x) given by solutions of

d .
%Z(é’ﬁnav) (T) — S(fj /,,.)7 Wlth l(£7x7v)(x) f— U, v E RZ
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HAUSDORFF DIMENSION OF A WEIERSTRASS CURVE

The Hausdorff dimension of 1V

Calculate lower bound for

. dogm(Vy(€, )
lim inf .
N —o00 log 2_N

By a scaling argument, for N € N

logm(Vn(§, @)
log2—N

log A({u € [0,1] : [W(u) = I g ) w(B-N .oy (W) < KV}
log2—N

— 1+

The latter quantity is computed along a technical telescoping argument by
Keller using: geometry of stable manifolds near attractor, absolute continuity of
SBR measure, and a local time of |[IW| at 0.

— Typeset by FoIlTEX — 20



HAUSDORFF DIMENSION OF A WEIERSTRASS CURVE

The Hausdorff dimension of 1V

This leads to

Proposition 1. We have

logA({u € (0,1 : |[W(u) — I, 5- . w)| < KN
liminf gA({ 0,1] : [W(u) (B—N(¢,2),W (B N(g,x)))( )| < Ky™) > 1.
N —00 10g2_N

This implies our final result.

Theorem 2. Letm = Ao (id, W) ', z € [0,1]. Then

lim inf log m(VN(€7 33))

> 2.
N 00 log 2—N

The Hausdorff dimension of the graph of W is 2.

— Typeset by FoilTgX —



