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Motivation

It is already known, from the works
of Kontsevich–Soibelman and Joyce–
Song, that the wall-crossing formula
for Donaldson–Thomas invariants of
Calabi–Yau 3-folds can be expressed
solely in terms of the Lie bracket of
a Ringel–Hall algebra of stack func-
tions. It is conjectured that all enu-
merative invariants with wall-crossing
(Mochizuki invariants of algebraic sur-
faces, Seiberg–Witten invariants of 4-
manifolds with b+ = 1, Donaldson–
Thomas invariants of Fano 3-folds,
Donaldson–Thomas of Calabi–Yau 4-
folds, and putative Donaldson–Segal
invariants of G2-manifolds) change ac-
cording to this same universal formula,
with an appropriate Lie bracket. Joyce
proved that the homologies of mo-
duli stacks of objects in certain dg-
categories are graded vertex algebras.
Using a procedure of Borcherds, one
can extract a natural graded Lie al-
gebra from a graded vertex algebra. For
example, the graded Lie algebra de-
fined on the homology of the moduli
stack of objects in the derived category
of representations of the A1 quiver is
sl(2,C). One may hope that the wall-
crossing formulae are written in terms
of this graded Lie bracket.

Future Directions

•Borcherds and Li have notions of a
vertex algebra twisted by a formal
group law F . We conjectured that,
for a complex oriented cohomology
theory E, the E-homology theory of
a vertex type moduli stack is an
F -vertex algebra. This may help us
prove wall-crossing formulas for
invariants in K-theory, elliptic
cohomology, or complex cobordism.
A wall-crossing forumla for complex
cobordism Mochizuki invariants may
have applications to the
Göttsche–Kool conjecture on
algebraic cobordism invariants of
algebraic surfaces.

•Compute the homology of the
moduli stack of dimension zero
sheavesMdim0 on an algebraic
surface S. We then hope to establish
a Kirwan surjectivity result, that
there is an injection
H∗(⊕n≥0Hilbn(S)) ↪→H∗(Mdim0).
This may help to explain the
Grojnowski–Nakajima results on the
Heisenberg algebra action on
H∗(⊕n≥0Hilbn(S)).

Why do vertex algebras appear in moduli theory?

In a recent incomplete preprint [2] Joyce proved that the homologies of moduli
stacksM of objects in certain dg-categories A are graded vertex algebras. This
is done by writing out an explicit state-to-field correspondence which depends on
the existence of the following extra data (which are subject to some conditions):

•A quotient K(A) of the Grothendieck group K0(A)
• signs εα,β ∈ {±1} for all α,β ∈K(A)
• a symmetric Z-bilinear form χ : K(A)×K(A)→ Z
• a complex Θ• ∈ Perf(M×M)

The natural choice of Θ• is simplest when A is 2n-Calabi-Yau–so thatM is (2−
2n)-shifted symplectic. But a natural choice of Θ• always exists because T ∗M[2m]
is always even-shifted symplectic and H∗(T ∗M[2m])∼= H∗(M).
Borcherds proved that a vertex algebra can be constructed on any bialgebra that
is equipped with a derivation and a compatible bicharacter.

• Bialgebra: The topological realization of the moduli stack of objects in any
triangulated or abelian dg-category is an H-space under direct sum of objects.
The homology of an H-space is a graded bialgebra.

• Derivation: Linearity of A induces a stack morphism [∗/Gm]×M→M.
Taking homology gives a map R[t]→ End(H∗(M)). The action of t is an even
derivation.

• Bicharacter: We expect that
r(v,w) = tχ(α,β) · (v�w_ exp(ch(Θ•α,β)))

is a compatible bicharacter.

Main Theorem

Let X be a smooth complex projective C-variety and let Perf(X) denote the
derived C-stack of perfect complexes on X . Then there is an isomorphism of
graded Q-Hopf-algebras

H∗(Perf(X),Q)∼= Q[Ksst
0 (X)]⊗Q[⊕q≥1,n≥0L

qH2q−n(X,Q)],
where L∗H∗(X,Q) denotes the rational morphic cohomology ofX andKsst

0 (X)
denotes the 0th semi-topological K-group of X .

Moreover, if X is a smooth complex projective curve, surface, or toric 3-fold
then H∗(Perf(X),Q) is isomorphic, as a graded Q-Hopf-algebra, to
Q[K0

top(Xan)]⊗Sym(Heven(Xan)⊗ t−1Q[t−1])⊗∧(Hodd(Xan)⊗ t−
1
2Q[t−

1
2]).

Algebras of this form can be given the structure of a lattice vertex super algebra.
The presenter has not yet shown that, in this case, Joyce’s operations agree with
the usual vertex algebra operations but he hopes to prove this soon.

Techniques used

•Blanc’s theorem that
Man ' Ω∞Ksst(Perf(X)).

•A theorem of Antieu–Heller that
Ksst(Perf(X))' Ω∞Ksst(X).

•For all connected componentsMα of
M, there is an A1-homotopy
equivalenceMα 'M0.

•Using Sullivan minimal model
theory, one can show that
H∗(Ω∞Ksst(X)0,Q) is the free
commutative-graded algebra on the
rational homotopy groups of
Ω∞Ksst(X)0 which are, by
definition, the groups Ksst

n (X)Q.

Kirwan Surjectivity

Heinloth recently computed the homo-
logy of the moduli space Coh(C) of co-
herent sheaves on a smooth projective
complex curve C. Using this, and this
poster’s main theorem, we are able to
establish that there is an injection
H∗(Coh(C),Q) ↪→H∗(Perf(C),Q)

in rational homology.
Now,H∗(Perf(C),Q) is a lattice vertex
algebra and lattice vertex algebras are
known to come from a Borcherds bicha-
racter construction. Therefore, we can
write down an explicit vertex algebra
structure onH∗(Coh(C),Q) by restric-
ting the bicharacter.

Orientability of DT4
moduli spaces

In the process of proving the main the-
orem on this poster, we realized that
Blanc’s semi-topological K-theory of
complex non-commutative spaces co-
uld also be used to solve the orientation
problem for moduli spaces of sheaves on
Calabi–Yau 4-folds (see [1]). The mo-
duli space of perfect complexes of co-
herent sheaves M on X is equivalent
to the semi-topological K-theory space
Ω∞Ksst(X) and the moduli space of
stabilized unitary connections B is equ-
ivalent to Ω∞Ktop(Xan). The natural
orientation bundle on B (coming from
the Dirac operator) pulls back to the
natural orientation bundle on M (co-
ming from the −2-shifted symplectic
structure) along the K-theory compari-
son map Ω∞Ksst(X)→Ω∞Ktop(Xan).
Cao–Joyce proved orientability of mo-
duli spaces of connections on spin 8-
manifolds–this then gives orientations
onM and the substackMcoh⊂M of
coherent sheaves on X . This has appli-
cations to the problem of defining inva-
riants that ‘count’ semi-stable coherent
sheaves of a fixed topological type on
Calabi–Yau 4-folds.
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