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Problem could be hard to solve for large M
ë Asymptotic approximation ? (Lasry, Lions)
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§ Control problem of a marked player in a mean field environment
§ We have Yt “ upt, Xtq where u is the solution of the PDE :

pBt ` Lqupt, xq “ Hpt, x , upt, xq, ‡px , µtqDx upt, xq, µX ,Y
t q, pt, xq P r0, T s ˆ Rd

§ Objective : approximate µT et u

ë Approximation based on cubature methods



Cubature on Wiener space

ë Lyons, Victoir (2002)

§ T ° 0, pCpr0, T s,Rq,Pq, Wiener space.
§ Approximate the Wiener measure P with a discrete measure Q with finite support

on the set of continuous functions with bounded variation such that :

pEP ´ EQq
„ª

0“t0†t1†...†tl “T
˝dBt1 ¨ ¨ ¨ ˝ dBtl

⇢
“ 0,

for all l § m, m P N given.

§ Existence : “Tchakalo� theorem”.

§ For all smooth functional F :

pEP ´ EQqrF pBT qs § CT pm`1q{2 sup
j§m`2

||Òj
x F ||8.

§ The SDE is replaced by a weighted system of ODE.



Framework

Let T ° 0, we consider on r0, T s the following one-dimensional system :
$
&

%

dX x
t “ V pX x

t , µtq ˝ dBt
dY x

t “ ´f pt, X x
t , Y x

t , Z x
t , µX ,Y

t qdt ` Z x
t dBt

X x
0 “ x , Y x

T “ „pX x
T q,

§ Approximation based on cubature method :
The coe�cients V and f are smooth in space, and at least Lipschitz continuous
w.r.t. the measure

§ Two main steps :
1. build a cubature tree T pmq (m is the cubature order) approaching the law of the

forward component

2. go backward the tree to compute the values of the process pY , Zq



Algorithm, first step : built the cubature tree T pmq

Initialisation :

§ Interval r0, T s,

N ° 0
§ T0 “ 0 † . . . † TN “ T
§ Cubature of order m :

tw1
t , ¨ ¨ ¨ , wn

t u, t⁄1, . . . , ⁄nu

example : order 3 cubature, N “ 3.
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Algorithm, first step : built the cubature tree T pmq
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Error (weak) T

§ Objective : control |xµT ´ µ̂T , „y|

§ Markov property : global error = sum of local errors

§ Local error rTk´1, Tk s : ETk “ |xµTk ´ µ̂Tk , Ây|, Â smooth function.

True dynamic : dXt “ V pXt , µt q ˝ dBt XTk´1 “ y
Approximation : dX̂ pjq,µ̂

t “ V pX̂ pjq,µ̂,
t , µ̂Tk qdwj

t , j “ 1, . . . , n, X̂ pjq,µ̂
Tk´1

“ y
ETk § ?
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§ Objective : control |xµT ´ µ̂T , „y|

§ Markov property : global error = sum of local errors

§ Local error rTk´1, Tk s : ETk “ |xµTk ´ µ̂Tk , Ây|, Â smooth function.

True dynamic : dXt “ V pXt , µt q ˝ dBt XTk´1 “ y
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t “ V pX̂ pjq,µ̂,
t , µ̂Tk qdwj
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“ y

ETk = Euler error « �3{2
Tk

+ propagation error « �Tk ETk´1 + cubature error « �pm`1q{2
Tk

Convergence rate : Let T pmq a tree and Tk “ T p1 ´ p1 ´

k
N qq, k “ 1, ¨ ¨ ¨ , N,

a subdivision :
§ if „ smooth then

|xµT ´ µ̂T , „y| § CN´prpm´1q{2s^1{2q supt||Òj
x „||8; j § m ` 2u,

§ if “ ° m ´ 1,

if „ Lipschitz

, V uniformly elliptic and Ï , then

|xµT ´ µ̂T , „y| § CN´prpm´1q{2s^^“{2q
||„||

Lip

.
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Algorithm, second step : going backward the tree T pmq

Data :

§ interval r0, T s, N ° 0
§ T0 “ 0 † . . . † TN “ T
§ order m cubature :

tw1
t , ¨ ¨ ¨ , wn

t u, t⁄1, . . . , ⁄nu

§ tree T pmq, „

§ fij P t1, ¨ ¨ ¨ , nu

N (genealogy)

ë inspired by Zhang (2004) and Crisan & Manolarakis (2010)
example : order 3 cubature, N “ 3.
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X̂fi2
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X̂fi3
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X̂fi4
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X̂fi1
T

§
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Algorithm, second step : going backward the tree T pmq
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Error estimate

Let N an integer, Tk “ T p1 ´ p1 ´ k
N q“q, k “ 1, ¨ ¨ ¨ , N, a subdivision and T pm, q, “q

a tree. Under the appropriate assumptions, one can show that there exists C , inde-
pendent of N, such that

max
kPt0,¨¨¨ ,N´1u

max
fiPt1,¨¨¨ ,nuk

|Ŷ fi
Tk ´ Y fi

Tk | ` �1{2
Tk`1

|Ẑ fi
Tk ´ Z fi

Tk | § C 1
N .

Moreover, one can use a predictor-corrector scheme to obtain that :

max
kPt0,¨¨¨ ,N´1u

max
fiPt1,¨¨¨ ,nuk

|Ŷ fi
Tk ´ Y fi

Tk | ` �1{2
Tk`1

|Ẑ fi
Tk ´ Z fi

Tk | § C
ˆ

1
N

˙2
.



Illustration on toy model

dXt “ ErsinpXt qsdt ` dBt ; ùñ X “ B



Illustration on toy model

dXt “ ErsinpXt qsdt ` dBt ; ´dYt “
ˆ

1 ¨ cospXt q
2

` E
”
p1 ¨ sinpXt qq expp´Y 2

t q
ı˙

dt ´ Zt ¨ dBt ,



Thank you !


