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The G-BSDE

Yt:§+/tTg(s, Ys,Zs)d(B)s—/tTZSdBS—(KT—Kt), (1)

where g (t,w,y,z): [0, T] x Q1 x R? = R.
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Lipschitz case

Lipschitz assumptions (Hu et al 2012):

(H1) There exists a constant § > 1 such that
Vyz g(,.,y.z) € /\/Ig(O, T);
(H2) There exists a constant L > 0 such that, for all y, z, y’, z/ we have :

g(twy.z) —g(twy ) <L(ly—y'|+]z=2]).

Definition
[Hu et al 2012] Let ¢ € L*Z(QT) and g satisfy (H1) and (H2) for some
B > 1. A triple of processes (Y, Z, K) is a solution of the Lipschitz
G-BSDE (1) if for some 1 < a < B the following properties hold:

(a) Y € S{(0, T), Z€ HE(0, T), Kis a decreasing G-martingale
satisfying: Ko = 0 and K1 € L% (Q7);

(b) Ye=¢+ [ g(s, Ys, Z)d (B), — [.| ZidBs — (K7 — K).
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Lipschitz case

Existance and uniqueness

[Hu et al 2012] Suppose that ¢ € LZ(QT) for B > 1 and g satisfy (H1)
and (H2). Then the G-BSDE (1) has a unique solution (Y, Z, K) such
as, forall1 <a < B, Y e€SE0O,T), ZeHEO,T), K isa decreasing
G-martingale satisfying Ko = 0 and K1 € LE(Q7).
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Lipschitz case

Some etimations in the Lipschitz case

As in the classical framework, one can obtain an upper bound for the
process Y and Z solution of the G-BSDE (1), where the generator g is
Lipschitz and the terminal condition ¢ is bounded. To this end, we assume
that the generator g satisfies the following Lipschitz condition.

(HO) There exists a constant Ly > 0 such that, for each (¢, w) :

lg(t,w,0,0)| + & < Lo, g.s.;

(Hlip) There are two constants L, > 0 and L, > 0 such that for all
te[0,T], y,y,z,z2 eR:

g (t.y,2) =gty 2)| <Ly —y|+L|z—2].
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Lipschitz case

Some etimations in the Lipschitz case

S

If (HO), (H1) and (Hlip) hold, then the unique solution (Y, Z, K) of the
Lipschitz G-BSDE (1) satisfies the following properties:

Q@ YeSZ(0,T) and || Y||5%o(0v7-) admits an upper bound which is not
dependent of L,:

1Y lsg0m) < € Lo (140°T).

@ I/f¢, and ¢, are two terminal conditions of this G-BSDE, we have for
allt €10, T]:
‘Ytl - Ytz‘ <ebT [SEETIF

where for i = 1,2, Y' is the solution of the equation with terminal
condition ¢;.
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Lipschitz case

Some etimations in the Lipschitz case

Under the assumptions (H0), (H1) and (Hlip), if § € Lip (Q7), then
Z € Mg and ||Z||M%o admits an upper bound which is not dependent of
L,:
o°L, T
121 e < Ce” ™7

For the proof we follow the proof of Theorem 4.1 in [Hu et al 2012] for
the existence of the solution in the Lipschitz case. At each step we only
show that the process Z is bounded under our assumptions.
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Quadratic assumptions

(HY") g(-,-,y,z) € M2([0, T]) for any y, z ;
(Hq) for each (t,w), g is Lipschitz in y, and with quadratic growth in z:
e.g. there exist some constants L, > 0 and L; > 0 such that

lg(t,w,y,2) —g(t,w,y' . 2)| < Ly —y'| + Lg(1+|z| +]Z'|) |z — Z/].

Let ¢ and g satisfy (HO), (H1') and (Hq). A triple of processes (Y, Z, K)
is a solution of the quadratic G-BSDE (1) if the following properties are
satisfied:

(a) Y € SF(0,T), Z€ HA(0,T), K isa decreasing G-martingale
satisfying: Ko = 0 and for any p > 1, K1 € L(Q7);

(b) Ye =&+ [ g(s, Y, Z)d (B), — [.| ZsdB, — (K7 — K).
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Estimations

Estimates of Z and K

Suppose that (H0), (H1’) and (Hq) hold. Suppose that

Yi =C+ /tTg(s, Ys. Zs)d (B), — /tTZSdBS — (KT — K¢),

where Y € $°(0, T), Z € H2(0, T), K is a decreasing process such that
Ko =0 and Ky € ILP(Q 1), for all p > 1. Then, the process

< fot stBs)0 . is a G-BMO martingale and there exist some constants
<t<

a and C which ;Iepend onlyonp, T, Ly, Ly, Lq,g2 such that:

‘ / Z.dB,
0

E[|Kr|?] < € (1+ 1Y%+ 1Z1Bm0 + 1 Z1Eo) -

2
< CeLall Yl
BMO
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Estimations

Estimates of Z and K : Proof.

For IP € Py, a set that represent the G-expectation IE, and T € ’]BT, the
set of stopping times with values in [0, T]. By applying It6's formula to
e*aYt under the probability P € Py, we get:

N algY|
E; |Zs|"ds| < Ce*"allT e,
T

On the other hand, we have the equality:

T T
KT:C—Y()—I—/O g(s, YS’ZS)d<B>5_/O ZsdB;,

then taking the power p, by inequalities of BDG type and Young's
inequality, we obtain

2
E[KrI] < € (1+ VI + 1Z1Buo0 + 1 Z21E0) -
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Estimations

Estimate of the process Y

For all triple (Y, Z, K) satisfying the quadratic G-BSDE (1), such that Z
is a G—BMO martingale generator and the process K is a decreasing
G-martingale such that for all p > 1, K; € L’(’; (Q);), the process Y is quasi
surely bounded and we have an explicit upper bound of the S(0, T)
norm.

Proposition

Suppose that assumptions (H0), (H1’) and (Hq) hold and (Y,Z,K) a
solution of the quadratic G-BSDE (1). Then Y € SZ (0, T) and we have:

1Y llso 0,7y < Ty (140°T).
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Estimations

Estimate of the process Y

The proof is based on the argument of linearization and G-BMO property
of the process Z. The quadratic G-BSDE (1) can be rewritten in the
linear form:

Yy = §—|—/ (gs +mi+alYs + biZ)d (B /ZdB—(KT—Kt)

where for each given & > 0, we choose a Lipschitz function / such that
1 g (x) <I(x) < 1 e 0 (x) and the process a°, b°, m* and (gS)se[O,T]
are respectively defined by:

g(s Ys, Zs) —g(s,0, Zs)
Y. Liv.20)

g(s,0,Z;) —g(s,0,0)
|24

me = 1(Ys)[g (s Y5, Zs) — g (5.0, Z)] +1(Z)[g (5,0, Z) — g (5.0,0)]

g = £(s0,0)

a = (1-=1(Ys))

b, = (1-1(%])

Zsliz,203,
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Uniqueness

Here we establish a stability property for the quadratic G-BSDEs, as for
the classical case, whose proof is based on the BMO properties.
We have the result of stability for the process Y and Z :

Proposition

Fori=1,2, let (Y',Z',K') be a solution of the G—BSDE:

. T o
Y, = ¢ +/ (s, Yi, Z]) <B>S—/ ZidBs — (Ki — K{),
t

where &' and g' satisfy assumptions (H0), (H1’) and (Hq). Then there
exists a positive constant C = (T, Ly, Lq, 0%, ¢2) such that:

1¥]|L + E [/OT }2\%5] < LT (Héuwwﬁﬁ MTgsdsD ,

where gs = ‘gl (S, Y52st2) —g2 (5: Ysz- Zs2)‘ |
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Existence

From estimates of Lipschitz G-BSDE under assumption (Hlip), we first
show the existence of a solution to the quadratic G-BSDE when the
terminal condition ¢ € Lip (Q0).

Assume that assumptions (H0), (H1') and (Hq) hold and the terminal
condition ¢ € Lip (QY). Then the quadratic G-BSDE admits a unique
solution (Y, Z, K) such that Z € MZ (0, T).
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Existence

For n € IN define

The G-BSDE
T T
ve=e+ [ als v z0a), - [ ziom - (6t - kD
t t

is Lipschitz with generator g, satisfying the assumptions (H0) (H1"),
(Hlip) (here L, = Ly (1+2n)) and ¢ € Lip (Q7) . So
Y7 e 5z(0,T), 2" e MZ(0,T), and for No > suppen || 2|y, we get
that

8N, (s, YSNO, ZSN°> =g <s, YSNO, ZSN°> , g.S.,

therefore (Yo, ZNo, KNo) 'is a solution of the quadratic G-BSDE.
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Existence

Assume that the assumptions (HO0), (H1’) and (Hq) are verified
the quadratic G-BSDE has a unique solution (Y, Z, K) such that
Y €52(0,T), Z€ H%(0,T), K isa decreasing G-martingale
satisfying Ko = 0 and Kt € LZ.(Qr) for any p > 1.

. Then
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Existence

Let (¢"),cn be a sequence of elements of Lip (1), which converge to &
in LZ (Q7). For n € IN note (Y", Z", K") the solution of the quadratic
G-BSDEs with terminal condition ¢" € Lip (Q7) :

T T
= [ e Y0 Z0)d(B), — [ ZidB.— (Kf— KD).
For m, n € IN, by the the proposition of stability we get:
m n T m n|2 2L, T || xm nj2
Y™ = Yllssior) +E | [ 127 = Zds| < Ge”T g7 27|

Since the sequence ("), is @ Cauchy sequence under the norm ||||L0Go :

we get that the sequence {Y"} _\ is a Cauchy sequence under the norm
H.Hsgo and {Z"}, . is a Cauchy sequence under the norm HHH% :
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Thanks for your attention!
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