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Let X = (X¢)o<t<T be a Lévy process on (2, F,P), where
F=F%
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L Preliminaries

LMaIIiavin differentiation in the Lévy case

Let X = (X¢)o<t<T be a Lévy process on (2, F,P), where
F=F%

xN(ds, dx) +/ xN(ds, dx)

Xe =yt + oW + /
(0,t] x {x<1}

(0,2 x{x=1}
m N Poisson random measure: A € B(R\{0})
N([0,t] x A) = #{s € [0, t] : Xs — Xs— € A}
m v Lévy measure
v(A) :=EN([0,1] x A)
m N compensated Poisson random measure

N([0, 1] x A) = N([0,t] x A) — tv(A)
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| odWs if x=0
M(ds, dx) = N(ds,dx) if x#0
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L Preliminaries
LMaIIiavin differentiation in the Lévy case

m random measure M
| odWs if x=0
M(ds, dx) = { N(ds,dx) if x #0

m For Be€ B(R) and s,t € [0, T]

EM([0, ] x A) M([0,s] x B)
(s A t)[0%60(AN B) +v(AN B)]

(s A t) (AN B) = m(([0, ] x A) N ([0,s] x B))

m /,(f,) multiple integrals (w.r.t. the random measure M)
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L Preliminaries

LMaIIiavin differentiation in the Lévy case

Malliavin calculus for Lévy processes used here:
m for any F € L% = [?(Q, F,P) exists the chaos expansion

F=> I(f),P—as.
n=0

with symmetric functions f, € L2 = L2 (([0, T] x R)").
m Dy 5 is the subspace of L2 such that

> nnl|fl|7 < oo
n=0
m DF in L2(Q x [0, T] x R; R) is defined by

D, F = Z nlp—1(fa((r,v),")

n=1
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L Preliminaries

LMaIIiavin differentiation in the Lévy case

Malliavin calculus for Lévy processes used here:
m for any F € L% = [?(Q, F,P) exists the chaos expansion

F=> I(f),P—as.
n=0

with symmetric functions f, € L2 = L2 (([0, T] x R)").
m Dy 5 is the subspace of L2 such that

> nnl|fl|7 < oo
n=0
m DF in L2(Q x [0, T] x R; R) is defined by

DruF =Y nloa(fa((r,v),-) = DroF gy —p(v)+ Dy Fly 205 (v)

n=1



Malliavin differentiation of random functions with applications to Lévy driven BSDEs

L Preliminaries

L The BSDE

Formulation of the BSDE:

T
Yt = § + / f(57 (Xr)OSrSTa YS7ZS)/
t

g<us<x>)g1(x)u(dx>) ds
Ro

.
—/ zde(s)—/ Us(x)N(ds,dx), 0<t<T
t (t,T]XRo

(First) assumptions on the data:
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L Preliminaries

L The BSDE

Formulation of the BSDE:

Yy =&+ /t-,l;(s, (Xr)o<r<T, Ys, Zs,/ g( Us(x))gl(x)l/(dx)> ds

Ro
.
_/ stW(s)—/ Us()i(ds,dx), 0<t<T
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(First) assumptions on the data:
m Terminal condition § € Dy

m The generator f: [0, T] x D([0, T]) x R® — R is adapted and
jointly measurable. D([0, T]) = cadlag functions, filtration is

given by B(D([0, t]))o<t<T
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L Preliminaries

L The BSDE

Formulation of the BSDE:

T
Yt = f + / f(57 (Xr)OSrSTa Ys; Zs;/
t

g(us(x>)g1(x)u(dx)) ds
Ro

-
_/ Z.dW(s) —/ Us()i(ds,dx), 0<t<T
t (t, T]xRo
(First) assumptions on the data:
m Terminal condition § € Dy

m The generator f: [0, T] x D([0, T]) x R® — R is adapted and
jointly measurable. D([0, T]) = cadlag functions, filtration is

given by B(D([0, t]))o<e<T
m f is P-a.s. continuously differentiable in (y, z, u)
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L Preliminaries

L The BSDE

Formulation of the BSDE:

T
Yt = f + / f(57 (XI‘)OSI‘ST7 YS7ZS)/
t

g(US(x))gl(x)u(dw) ds
Ro

-
_/ Z.dW(s) —/ Us()i(ds,dx), 0<t<T
t (t, T]xRo
(First) assumptions on the data:
m Terminal condition § € Dy

m The generator f: [0, T] x D([0, T]) x R® — R is adapted and
jointly measurable. D([0, T]) = cadlag functions, filtration is
given by B(D([0, t]))o<t<T

m f is P-a.s. continuously differentiable in (y, z, u)

m g is C! with bounded derivative
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L Preliminaries

L The BSDE

Formulation of the BSDE:

T
Yt = f + / f(57 (XI‘)OSI‘ST7 YS7ZS)/
t

g(US(x))gl(x)u(dw) ds
Ro

-
_/ Z.dW(s) —/ Us()i(ds,dx), 0<t<T
t (t, T]xRo
(First) assumptions on the data:
m Terminal condition § € Dy

m The generator f: [0, T] x D([0, T]) x R® — R is adapted and
jointly measurable. D([0, T]) = cadlag functions, filtration is

given by B(D([0, t]))o<t<T
m f is P-a.s. continuously differentiable in (y, z, u)
m g is C! with bounded derivative
m g < LQ(]R, I/)
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L Preliminaries

L The BSDE

Questions:
m Explicit expression for the Z and U-processes?

m Can Malliavin differentiation be applied to the LHS and RHS
of the BSDE to get a formula like

T
Dr,v Yt :,Dnvé. + / Fr,v (S, )(7 th YS; DEVZS, Dr,VUs(')) ds
t
T ~
- / Dr,vzdes - Dr,vU&XN(dS, dX)?
t 1t, TIXR

m How to find
Dy f (5 (X JosrT: Yo, Zo, J, 8(Us())g () (dx) ) ?
m Conditions on f such that applying D, , is possible?
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L Preliminaries

L The BSDE

Theorems about Malliavin differentiation of BSDEs have been
stated by:

Pardoux and Peng (1992): Brownian setting, Forward-Backward
SDEs

El Karoui et al. (1997): Brownian setting
Elie (2006): FBSDEs with jumps

Ankirchner, dos Reis and Imkeller (2007): QBSDEs in the
Brownian setting

Delong and Imkeller (2010): Time delayed BSDEs with jumps on
the canonical probability space of a Lévy process, sufficiently small
Lipschitz constant or time horizon
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L Malliavin differentiation of random functions

Malliavin differentiation of random functions
m The Malliavin derivative in direction of the jump part - a
difference operator
m Chain rule for the Brownian part of the derivative
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L Malliavin differentiation of random functions

LThe Malliavin derivative in direction of the jump part - a difference operator

Require: Differentiability of the generator, (s, X, ®;), here

o, — (ys, Ze, fn, g(US(X))gl(X)V(dx)).
What does the differentiated object look like?
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L Malliavin differentiation of random functions

LThe Malliavin derivative in direction of the jump part - a difference operator

Require: Differentiability of the generator, f(s, X, ®s), here

o, — (YS, Ze, fn, g(US(X))gl(X)V(dx)).
What does the differentiated object look like?

Theorem

Let F: D([0, T]) = R. Assume that F(X) € Dy,. Then for
v#0,

DrF(X) = F(X + vI, 7)) - F(X),P@m-a.e
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L Malliavin differentiation of random functions

LThe Malliavin derivative in direction of the jump part - a difference operator

Require: Differentiability of the generator, (s, X, ®;), here

o, — (ys, Ze, fn, g(US(X))gl(X)V(dx)).
What does the differentiated object look like?

Theorem

Let F: D([0, T]) = R. Assume that F(X) € Dy,. Then for
v#0,

DrF(X) = F(X + vI, 7)) - F(X),P@m-a.e

Theorem
Assume that f(s, X, ®s) € Dy . Then for v # 0,

Dr,vf(57X>¢s) = f(S,X + V]I[r,T]acbs +Dr,V¢S) - f(S,X, q)S)a

P ® m-a.e.

10/23
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L Malliavin differentiation of random functions

LThe Malliavin derivative in direction of the jump part - a difference operator

What conditions hold for f (s, X + v, 7}, y,z, u) (Lipschitz,
differentiability, quadratic growth etc.)?
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L Malliavin differentiation of random functions

LThe Malliavin derivative in direction of the jump part - a difference operator

What conditions hold for f (s, X + v, 7}, y,z, u) (Lipschitz,
differentiability, quadratic growth etc.)?

Let A C D([0, T]) be the set, for which a path property for f in
(v, z, u) holds.

Theorem
IfP(X ¢ N\) =0, then

Pom ({(w,r,v): X(w)+ vI, 7 & A}) =0.

11/23
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L Malliavin differentiation of random functions

LChain rule for the Brownian part of the derivative

The case v = 0:
Analyze the situation on the Wiener space of continuous functions:

The Levy-1t6 decomposition implies that the Brownian and the
pure-jump part of the process are independent,

Xe(w) =yt + o W(w"): + Je(w?), t€]0,T]w=(w",w’).
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L Malliavin differentiation of random functions

LChain rule for the Brownian part of the derivative

The case v = 0:
Analyze the situation on the Wiener space of continuous functions:

The Levy-1t6 decomposition implies that the Brownian and the
pure-jump part of the process are independent,

Xe(w) =yt + o W(w"): + Je(w?), t€]0,T]w=(w",w’).
We may consider random variables (w.r.t. to o-algebra generated
by X) as function-valued random variables on the Wiener space

QR & £QVxQ R & &QY S Ly(Q)),

L(QY x Q) = L,(QY; L, (7).

12/23
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L Malliavin differentiation of random functions

LChain rule for the Brownian part of the derivative

Let £ be a separable Hilbert space (e.g. L2(Q7)).

Kusuoka-Stroock Sobolev spaces:
RV &: QW — E such that
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L Malliavin differentiation of random functions

LChain rule for the Brownian part of the derivative

Let £ be a separable Hilbert space (e.g. L2(Q7)).

Kusuoka-Stroock Sobolev spaces:
RV &: QW — E such that

m Vhe Lr([0, T]) 3 £" = ¢ a.s. such that for all w € QY the
map

t = pen(EMN(w) = ¢h <w + t/ h(s)ds) is absolutely continuous
0

& is ray absolutely continuous
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L Malliavin differentiation of random functions

LChain rule for the Brownian part of the derivative

Let £ be a separable Hilbert space (e.g. L2(Q7)).

Kusuoka-Stroock Sobolev spaces:
RV ¢: QW — E such that

m Vhe Lr([0, T]) 3 £" = ¢ a.s. such that for all w € QY the
map

t = pen(€M)(w) == &N <w + t/ h(s)ds) is absolutely continuous
0

& is ray absolutely continuous
m 3 VE e L,(QY; Lx([0,1]; E)) such that for all h € Ly([0,1]):

pth(i) g ey = (V& h) 10,1

£ is stochastically Gateaux differentiable

13/23
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L Malliavin differentiation of random functions

LChain rule for the Brownian part of the derivative

Theorem (Sugita '85)

The Malliavin Sobolev spaces D1 ,(E) on the Wiener space equal
the Kusuoka-Stroock Sobolev spaces.

Moreover, for the Malliavin derivative on the Wiener space DY it
holds that

DWe = V¢ ass.

14/23
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L Malliavin differentiation of random functions

LChain rule for the Brownian part of the derivative

Theorem (Sugita '85)

The Malliavin Sobolev spaces D1 ,(E) on the Wiener space equal
the Kusuoka-Stroock Sobolev spaces.

Moreover, for the Malliavin derivative on the Wiener space DY it
holds that
DWe¢ = V¢ as.

One identifies D" and D. (up to the multiplicative constant o).

14/23
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Extended chain rule for D (or Dy ):
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L Malliavin differentiation of random functions

LChain rule for the Brownian part of the derivative

Extended chain rule for D (or Dy ):

Suppose G = (G, ..., Gg) € (D12(E))? and
f(w,-) € CY(RY) fora.a. w € Q,
BvYneR: f(-,n) € D{Vz(E),

B VN € N3Ky € U,-oLp(P) : 1,7 € Bn(0) and for a.a. w

p>0

IDYFC,m)(w) = (DY F (i) ()l oo, 1y < Kivlw)lm = il,

'locally Lipschitz’
DYWF(-,n)ln=c€ L2(QW; Lo(L2[0, T]; E)) and

d
> 0nf(, Gry ey Gg) DY Gy € Lo(QY; Lo([0, T E)).

15/23
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L Malliavin differentiation of random functions

LChain rule for the Brownian part of the derivative

Then

f('7 Gl cacy Gd) € ]D)]‘./E/Z(E)
and
DWf(a Gl: ) Gd) :Dwf('7n)‘77:G
d
+> 0y, (-, Gu, ..., Gg) DY Gy

k=1
e Ly (QY; Ly(L2[0, T]; E)).
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L Malliavin differentiation of random functions

LChain rule for the Brownian part of the derivative

Then

f('7 Gl cacy Gd) € ]D)]‘./E/Z(E)
and

DWf(a Gl: ) Gd) :Dwf('7n)‘77:G

d
+> 0y, (-, Gu, ..., Gg) DY Gy
k=1

e Ly (QY; Ly(L2[0, T]; E)).

Application to the generator: f(-, G1, Go, G3) = (X, ®s)
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Malliavin Differentiation of the BSDE
m Conditions on f
m Exceeding the assumptions
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L Conditions on £

v=er [ ?(sx, e [ (UL (R0 )as

.
_/ stW(s)—/ Us(x)N(ds, dx), 0<t<T
t (t,T]XRo

Under assumptions given below the following assertions hold:

m The processes Y, Z and U are Malliavin differentiable.
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L_Malliavin Differentiation of the BSDE

L Conditions on £

v=er [ ?(s»« e [ (UL (R0 )as

.
_/ stW(s)—/ Us(x)N(ds, dx), 0<t<T
t (t,T]XIRo

Under assumptions given below the following assertions hold:

m The processes Y, Z and U are Malliavin differentiable.
m A version of DY and DZ satisfies the following BSDE

P ® m-a.e.
-
Dr,v Y: :Dr,vf ‘l'/ Dr,vf (S,X, <I>s) ds
t

T
- / Dr,vzdes - Dr,v US(X)N(C/S, dX)
t 1t, T]xRo

18/23
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L_Malliavin Differentiation of the BSDE
L Conditions on £

m The differentiated generator is given by

DI‘,vf‘(ta X7 q>S) =

Dr,of(t7xﬂ¢)|¢:¢’s +<v¢f(s7xa¢s)apr,0q)s>a vV = 07
F(5,X + VI 77, &5 + Dy &) — £(5, X, ®5), v #£0
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L_Malliavin Differentiation of the BSDE
L Conditions on £

m The differentiated generator is given by

DI‘,vf‘(ta X7 q>S) =

Dr70f(t,X,¢)|¢:¢.s +<V¢f(S,X,¢5),'Dr70¢5>, v =0,
F(s, X + VI, 77, Ps + Dy yds) — £(5, X, d5),  v#£0

m For m-almost all (r,v), D,,Y admits a cadlag version in t.

19/23
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L_Malliavin Differentiation of the BSDE
L Conditions on £

m The differentiated generator is given by

DI‘,vf‘(ta X7 q>S) =

Dr7of(t,X,¢)|¢:¢.s +<V¢f(S,X,¢5),'Dr70¢5>, v =0,
F(s, X + VI, 77, Ps + Dy yds) — £(5, X, d5),  v#£0

m For m-almost all (r,v), D,,Y admits a cadlag version in t.
® DY, :=limy~, D, Y: is well defined and it holds

Z =T P ((DroYe)rep.)) s

u ve=en p((Dr,er)(r,v)e[o,T]x]Ro)

19/23
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Assumptions on f which admit differentiation:
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L Conditions on £

Assumptions on f which admit differentiation:
 E [ |f(s,X,0,0,0)|* ds < co.
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L_Malliavin Differentiation of the BSDE

L Conditions on £

Assumptions on f which admit differentiation:
 E [ |f(s,X,0,0,0)|* ds < co.
mVtel[0,T]:

R3 2 ¢ 04,f(t,X,¢), i=123

is -a.s. bounded and continuous.
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L_Malliavin Differentiation of the BSDE

L Conditions on £

Assumptions on f which admit differentiation:
 E [ |f(s,X,0,0,0)|* ds < co.
mVtel[0,T]:

R3 2 ¢ 04,f(t,X,¢), i=123

is -a.s. bounded and continuous.
m Y(t,¢) €0, T] x R3: f(t,X,¢) € D1>
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L_Malliavin Differentiation of the BSDE

L Conditions on £

Assumptions on f which admit differentiation:
 E [ |f(s,X,0,0,0)|* ds < co.
mVtel[0,T]:

R3 2 ¢ 04,f(t,X,¢), i=123

is P-a.s. bounded and continuous.
m Y(t,¢) €0, T] x R3: f(t,X,¢) € D1>
m VG € (L)% : 3 € Lr(P ® m), such that for a.e. t it holds

’(Derf) (t7 K G)‘ < rr,v P®m — a.e.

20/23
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L_Malliavin Differentiation of the BSDE

L Conditions on £

Assumptions on f which admit differentiation:
 E [ |f(s,X,0,0,0)|* ds < co.
mVtel[0,T]:
R3 2 ¢ 04,f(t,X,¢), i=123
is P-a.s. bounded and continuous.

m Y(t,¢) €0, T] x R3: f(t,X,¢) € D1>

m VG € (L)% : 3 € Lr(P ® m), such that for a.e. t it holds
|(Dryf)(t,-,G)| <T,, P®m-—a.e.

mVte[0,T], YNeN I K el

p>0
for n,7j € By(0) and a. a. w

1 (D-of) (-5 t,m)(w) —(D-0f ) (- t, 1) (w)l| 0,77 < Kiy(w)|m—iil.-

20/23
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L_Malliavin Differentiation of the BSDE

L Exceeding the assumptions

Exceeding the assumptions:
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L_Malliavin Differentiation of the BSDE

L Exceeding the assumptions

Exceeding the assumptions:

If »(R) < 00, and £ € L then the theorem above remains also
true for the BSDE

T, als(x) _ -1
Ye=é+ / (fg (5, X, Yo, Zs, Us) + / ¢ als) -1,
t

Ro «

(dx)) ds

.
_/ stW(s)—/ Us(x)N(ds,dx), 0<t<T
t (t,T]X]Ro

21/23
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L_Malliavin Differentiation of the BSDE

L Exceeding the assumptions

m E. Pardoux, S. Peng
Backward Stochastic Differential Equations and Quasilinear
Parabolic Partial Differential Equations
Stochastic partial differential equations and their applications
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