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Optimal position closure

Case study: Sell x shares of Adidas within T minutes using market orders.
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Optimal position closure

Case study: Sell x shares of Adidas within T minutes using market orders.
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Optimal position closure

Case study: Sell x shares of Adidas within T minutes using market orders.

Symb Name Bid Bid Vol Bid kVolAsk Preis  Letzter Zeit Preis Ph Vortag
ANz in Stk StekAnz Umsatz
B ADS AIEWWW adidas AG 83,680 133 123320 CO 83140
Bid/Ask Orders
e 2 505 83650 83680 162 2
S 5 586 83640 83690 275 2  pmmmm
IEEEess—— 0 925 83630 83700 670 7 se——
EEEESS—— 7 869 83620 83710 1125 10  p—
E— 5 566 83610 83720 1062 8  EEEE——————
eessss——— 6 676 83600 83730 1085 8 |
S 7 583 83500 83740 405 4  p—m
IEEEESSS—— 5 790 83580 83750 952 9
7 776 83570 83760 246 4
mm 2 117 83560 83770 888 6 EEE———————————

Assumption (Almgren&Chriss):
Spwid o Streal =z

z: amount sold at time t
7n: price impact factor
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Stochastic Liquidity

Symb WKN Name Bid Bid Vol Bid AskAsk VolAsk Preis  Letzter Zeit Preis Ph Vortag
Anz in Stck in StckAnz Umsatz
B ADS AIEWWW adidas AG 1 397 84840 84880 312 2 84,89 89 12:3340 CO 85920
Bid/Ask Orders
S 1 876 84870 84900 281 2 pmmmm
mm— 3 455 84860 84910 392 3 s
E— 5 494 84850 84920 275 2
s—— 0 1187 84840 84930 1040 9 EEEEEE———
EEESsSSSs—— O 1408 84830 84940 889 5 EEEEEE————————
S 7 602 84820 84950 994 7 pu——
—— 7 760 84810 84960 358 4 s
e 3 400 84800 84970 631 6  EEE—S——
e 5 929 84790 84980 922 6 EEEEEE—SSS—
o 3 639 84780 84990 974 7  pess—
Bid/Ask Orders
mmm 4 276 84850 84900 484 5 e
mmm 2 275 84840 84910 631 5 p——m
s 7 843 84830 84920 808 8  pEEEE—T———
S 0 820 84820 84930 976 9  EEE———
eeesssss—— 0 1606 84810 84940 937 6 EEE—_—>GE—
— 4 522 84800 84950 1171 7  p——
— 6 921 84790 84960 358 4  smmm
e 4 717 84780 84970 471 5 p—
mm 2 134 84770 84980 438 3  pusmmm
mmm 4 274 84760 84990 723 3  ps—
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Optimal position closure

Case study: Sell x shares of Adidas within T seconds using market orders.

Symb WKN Name Bid Bid Vol Bid Letzter  Zeit Preis Ph Vortag
Anz in Stck Umsatz
B ADS AIEWWW adidas AG 83,680 133 12:3329 CO 83,140
Bid/Ask Orders
S 2 505 83650 83680 162 2 g
S 5 586 83640 83690 275 2
EEes—— 0 925 83630 83700 670 7 s—
EEEe—— 7 869 83620 83710 1125 10
—— 5 566 83610 83720 1062 8 pEEEE——————
Seeessss——— 6 676 83600 83730 1085 8
S 7 583 83500 83740 405 4  p—mm
EEeee—— 5 790 83580 83750 952 9
7 776 83570 83760 246 4 mmmm
mm 2 117 83560 83770 888 6

Assumption (Almgren&Chriss):
Sgnid o S;eal =1,z

z: amount sold at time t
(n¢): price impact process
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Optimal position closure

Case study: Sell x shares of Adidas within T seconds using market orders.

Symb WKN Name Bid Ask £ Preis  Letzter Zeit Preis Ph Vortag
z in Stek inS Umsatz
B ADS AIEWWW adidas AG 83,680 133 12:3329 CO 83,140
Bid/Ask Orders
S 2 505 83650 83680 162 2 g
S 5 586 83640 83690 275 2
EEes—— 0 925 83630 83700 670 7 s—
EEEe—— 7 869 83620 83710 1125 10
—— 5 566 83610 83720 1062 8 pEEEE——————
Seeessss——— 6 676 83600 83730 1085 8
S 7 583 83500 83740 405 4  p—mm
EEeee—— 5 790 83580 83750 952 9
7 776 83570 83760 246 4 mmmm
mm 2 117 83560 83770 888 6

Assumption (Almgren&Chriss):
S;nid o S;eal — ntzpfl

z: amount sold at time t
(n¢): price impact process, p > 1: shape parameter
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The model: Trading rates determine remaining position

» T < oo: time horizon
» x € R: initial position
» X, position size at time t € [0, T]

X:: trading rate (X > 0: buying, X < 0: selling)

v

t
thx+/ Xsds
0

v

Constraint: X+ =0
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The Model: Stochastic liquidity

>

Brownian basis: (2, F, P, (F:), (W;))

v

S = S™id: uninfluenced mid-market price (a martingale)

v

(Mt)eefo,m): (positive) price impact process

» p > 1: shape parameter of the order book (g its Holder conjugate)

v

If X, > 0, the realized price is given by

Sl = S + e X!
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The Model: Stochastic liquidity

>

Brownian basis: (2, F, P, (F:), (W;))

v

S = S™id: uninfluenced mid-market price (a martingale)

v

(Mt)eefo,m): (positive) price impact process

» p > 1: shape parameter of the order book (g its Holder conjugate)

> If X, > 0, the realized price is given by
Sgeal _ 5t + ntxfil
> In general: S/ = S, + nsgn(X;)|Xe|P~?
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Optimal position closure

» Expected costs:

T .
E [ / sreal X, dt
0

T
= — g"dX + E / 77t|Xt|pdt
0
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Optimal position closure

» Expected costs:

T .
E [ / sreal X, dt
0

» Additive risk functional:

T
E [/ ’yt|Xt|pdt
0

= -Srdx + E

T .
/ 77t|Xt|Pdt
0

, with e.g. ~; = const or 7y = )\(Sénid)
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Optimal position closure

» Expected costs:

T .
E [ / sreal X, dt
0

» Additive risk functional:

T
E [/ ’}/t|Xt|pdt
0

» Optimal liquidation problem:

T .
E [/ (letl” + “/t|Xt|p> df} —  min
0

X():X,XTZO

=— (')“idx—l—E

T .
/ 77t|Xt|Pdt
0

, with e.g. ~; = const or 7y = )\(Sénid)
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Our aim & related literature

» We aim at providing a purely probabilistic solution of the control
problem

» Characterize the optimal control by means of a BSDE with singular
terminal condition
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Our aim & related literature

» We aim at providing a purely probabilistic solution of the control
problem

» Characterize the optimal control by means of a BSDE with singular
terminal condition

» Schied 2013: Solves a variant of this problem in a Markovian
framework using superprocesses

» Graewe, Horst, Séré 2013: Allow for jumps in the state process X
and show smoothness of the value function in a Markovian
framework

» Graewe, Horst, Qiu 2013: Analyze both Markovian and
non-Markovian dependence of the coefficients by means of BSPDEs
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A maximum principle

T
v(t.x) = essinf E [ / (sl + 5117 ds!ﬂ] (1)

Proposition (Maximum Principle)
Let X € Ay(t,x) such that
Ms = 775|Xs|p_1 +/ 7r|Xr|p_1dr
t

is a martingale. Then X is optimal in (1).
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A maximum principle

V(t7 X) = inf E |:/tT (77$|X5|p +'75|Xs‘p) ds’]:t‘| (2)

XeAy(t,x)

Proposition (Maximum Principle)
Let X € Ao(t,x), ie.

dXs = Xsds, Xi=x & X7=0
such that

s
M, = 1¢|Xs|P~1 +/ Y| X | Pt dr

t

is a martingale. Then X is optimal in (2).
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Derivation of the BSDE

-
v(t,x) = Xeés:()i(r:fx) E [/t (n5|Xs\p —|—’ys|Xs|p) ds|}"t]

» The value function is explicit in the x variable:
v(t,x) = YilxI?

for some coefficient process Y.
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Derivation of the BSDE

-
v(t,x) = Xeés:()i(r:fx) E [/t (n5|Xs\p —|—’ys|Xs|p) ds|}"t]

» The value function is explicit in the x variable:
v(t,x) = YilxI?

for some coefficient process Y.
» The maximum principle implies:

yq

Nt
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Derivation of the BSDE

-
v(t,x) = Xeés:()i(r:fx) E [/t (n5|Xs\p —|—’ys|Xs|p) ds|}"t]

» The value function is explicit in the x variable:
v(t, x) = Ye[x|P
for some coefficient process Y.
» The maximum principle implies:
q

Y,
t

» Terminal constraint leads to singular terminal condition: Y7 = co
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BSDEs with singular terminal condition

So far only considered by Popier 2006, 2007
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BSDEs with singular terminal condition

So far only considered by Popier 2006, 2007

q

Y,
dYt = ((p — 1) qil — ’)/t> dt + thWt (3)
U

Definition
(Y, Z) is a solution of the BSDE (3) with singular terminal condition
Y1 = oo if it satisfies

(i) forall0<s<t< T:
Yo=Ye— [! ((p — 1) - 7,) dr — [* Z,dW,;
(i) liminf x7 Yy = 00, a.s.

(iii) forall0<t< T: E [supogsgt |Ys|? + fot |Z,|2dr} < 00
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Integrability Assumptions and Approximation

» For the remainder of the talk we assume that 7 satisfies

T 1 T
E/ =7 dt < oo, E/ n2dt < oo
0 7t 0

and that ~ satisfies

-
E/ Y2dt < oo
0
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Integrability Assumptions and Approximation

» For the remainder of the talk we assume that 7 satisfies

T 1 T
E/ =7 dt < oo, E/ n2dt < oo
0 7t 0

and that ~ satisfies

-
E/ Y2dt < oo
0

» Approximation

yl)a
dyl = ((p — 1)( [)1 — %) dt + ZLdw,
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Existence and Minimality

Proposition
There exists a solution (Y*, Z%). Y* is bounded from above

.a] |

Existence also follows from Briand, Delyon, Hu, Pardoux, Stoica 2003

-
Y < ﬁE [/t (ns + (T — 5)Pys)ds
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Existence and Minimality

Proposition
There exists a solution (Y*, Z%). Y* is bounded from above

.a] |

Existence also follows from Briand, Delyon, Hu, Pardoux, Stoica 2003

-
Y < ﬁE [/t (ns + (T — 5)Pys)ds

Theorem
There exists a process (Y, Z) such that for every t < T and as L / oo

» YL Y, as.
» ZL — Z in [2(Q x [0, t]).

The pair (Y, Z) is the minimal solution to (3) with singular terminal
condition Y1 = oc.
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Optimal Controls - Penalization

Consider the unconstrained minimization problem

(4)

.
L . \
0,x)= _inf E ( X[P 4 75| X, P)d LIXr[P
V0= Vo ToGI7 + |Xl) oo+ LXr]

Proposition
The control

t YsL qild
Xt —xeif0 s °
=

is optimal in (4) and vt(0,x) = Y¢|x|P.
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Optimal Controls

Theorem
The control

Xy = xe™ () e

belongs to Ay(0, x) and is optimal in (1). Moreover, v(t,x) = Y:|x|P.
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Optimal Controls

Theorem
The control

Xy = xe™ () e
belongs to Ay(0, x) and is optimal in (1). Moreover, v(t,x) = Y:|x|P.

Proof

Define My = pie| Xe|P~* + [} pys|Xs|P~2ds. Then dM, = X{ ™ Z.dW,.
Hence M is a nonnegative, local martingale on [0, T). In particular M
converges almost surely for t / T. This implies

q—1 _
0< X, = M: = p Jy 1:X¢ ™ ds < (M q1—>0
-0 pY: ~\pY:

as. fort /T
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Processes with uncorrelated multiplicative increments

Definition
1 has uncorrelated multiplicative increments (umi) if

el
Ms Ns

foralls<t<T.
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Processes with uncorrelated multiplicative increments

Definition
1 has uncorrelated multiplicative increments (umi) if

] =2 5]

foralls<t<T.

Examples
> 7 is deterministic
> 7 is a martingale
> d77t = ( )nedt + o(t, ne)dW;
> 1, = e“t where Z is a Lévy process
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umi processes <+ deterministic controls

Assume v = 0.

Proposition
Suppose that n has umi, then

1
(ftT W"S) a

is the minimal solution to (3) with singular terminal condition. The
deterministic control

Yt -

X L /T L ds
=x
N epleeds S EDIT

is optimal in (1). In particular, if p = 2, then X; = —Ceiy-
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umi processes <+ deterministic controls

Assume v = 0.

Proposition
Suppose that n has umi, then

1
(7 epreres)”

is the minimal solution to (3) with singular terminal condition. The
deterministic control

Y: =

X L /T L ds
=X
N epleeds S EDIT

is optimal in (1). In particular, if p = 2, then X; = —Ceiy-

tf Ys Y91 )
Vice versa, assume that the optimal control X; = xe™ BGE) s s
deterministic. Then n has umi.
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Relaxing the liquidation constraint

Consider

.
inf E l | (netkl? el s+ €lxr (5)
0

XeA(0,x)

where £ is nonnegative and Fr-measurable with P[§ = oo] > 0.
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Relaxing the liquidation constraint

Consider

.
inf E l | (netkl? el s+ €lxr (5)
0

XeA(0,x)

where £ is nonnegative and Fr-measurable with P[§ = oo] > 0.

Examples
» binding liquidation: £ = oo
> excepted scenarios: £ = 0ol (e.g. A= {fOT nedt < k})
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Relaxing the liquidation constraint

Associated BSDE

YCI
ave= ((p-V35 o) de -z Yr=¢ ()
Un
Theorem
There exists a minimal supersolution Y (liminf, -7 Yy > £ ) to (6). The
strategy

Xy = xe™ ()" s

is optimal in the relaxed liquidation problem (5).
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Position targeting & directional views

Consider

XeAp(0,x)

v(x)= inf E [/OT ((Su + nuXu) X, + ’yu|Xu|2) du] , (M)

where S is a semimartingale.
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Position targeting & directional views

Consider

v(x)= inf E [/OT ((Su + nuXu) X, + ’yu|Xu|2) du] , (M)

XeAp(0,x)

where S is a semimartingale. Let Y be the minimal solution to

Y2
dyt: (TIt_')/t) dt‘i‘thWt, YT:OO

t

and define

Ly, 1
thexp <—/ sds>7 Ut:—*E
o s 2

.
H
2L ds, | F
[ ]
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Position targeting & directional views

Proposition
The strategy X € Ay(0, x) solving the ODE
: 1
Xt = - (Ut + YtXt)

e

is optimal in (7). The value function is given by

T 2
V(X): Y0X2—|—(2U0—50)X—E [/ %ds
0 s
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Position targeting & directional views

Consider

, (8)

V() = XG.»ilrlf(O,x) E l/OT ((5“ * UX”) X”) ds

where X7 = fOT Asds and S is a martingale.
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Position targeting & directional views

Consider

, (8)

V() = XG.»ilrlf(O,x) E l/OT ((5“ * UX”) X”) ds

where X7 = fOT Asds and S is a martingale.

Corollary
The strategy solving the ODE

. 1 T
Xt:—_,__t X — E /0 Asds

is optimal in (8).

d)
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Thank you!
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