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G-expectation and G-Brownian motion (d=1)

Ref.: Peng (arXiv, 2010), Denis-Hu-Peng (Potential Anal., 2011), Soner-Touzi-Zhang
(EJP, 2013)

Basic settings:
Q: the space of all R-valued continuous paths (w:)¢>0 with wo = 0, equipped with

the distance
“+ oo

1 2y . —N _ .
p(w, w?) .7;12 [( max. lwi — w2|) A1];

B: the canonical process, Bi(w) = wy, t > 0;

Fi: the filtration generated by the canonical process (B:):>o,
Fi:=0c{Bs, 0<s<t}

P1: a subset of martingale measures induced by the strong formulation;

Pq: the weak closure of Ps;

E[]: an upper expectation E[-] := SUPpep,, EP[.
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G-normal distribution:

A dimensional random vector X is called G-normal distributed with parameters
(0,[g?,3?]), if for each ¢ € Cp1ip(R),

u(t,z) == Elp(z + VtX)], t >0, z €R,

is the viscosity solution of the following PDE defined on [0, c0) x R:

0
871: - G(azzu) = 07 ult:O =¥,
where |
G(a) := =(a'5° — a” )

G-Brownian motion:

Under E[], the canonical process B is a G-Brownian Motion, that is,

[ ] BO = O;
e For each ¢, s > 0, the increment Byys — By is N(0, [sa?, s7°])-distributed and for
t1,...,tn €[0,1], we have

El@(Bu,- -, Biys Birs — B) = E[Y(Bu, ., By,
where (@i, -, @1,) = Elp(an - .-, 0, v/5B1).
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The corresponding Choquet capacity C(-):

C(A) := ]Pi%g P(A), A € B(Q).

Definition (Quasi-surely)

A set A € B(Q) is called polar if C(A) = 0. A property is said to hold quasi-surely
(q.s.), if it holds outside a polar set.
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(G-stochastic integrals

Ref.: Peng (arXiv, 2010) and Li and Peng (SPA, 2011)

Element function spaces:
Lo,(Qr) == {p(Bu,...,By,):n>1,0<t1 < ... <t < T, 9 € Coin(R™},

and
By(Qr) := {X : X is a bounded element in B(Qr)}.

Completions under E[]: for 1 < p < 400,
L?(Q7): the norm completion of L, (Q7);

LE(Q7): the norm completion of By(Q7);

L2(Qr) C LE(Qr) C {X € B(2r) : E[| X|*] < +oo}.
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Simple process spaces:

1

N—
MG([O ) { Erlyy, tk+1) &k € L?P(th)}’
F=

0

and

Mb ([O T] {7715 ngl[fkakarl) 1€k € Bb(th)}

Norms and integrand spaces:

MP norm in the G-framework:

T 1/p
— 1= P
i, = (8| [ ] )

For each p > 1, ME([0, T]) denotes the completion of Mg ([0, T]) under the above
norm.

For each p > 1, M?([0, T]) denotes the completion of M ([0, T]) under the above
norm.
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G-stochastic integrals with respect to B:

These stochastic integrals of G-It6 type has been first defined by Riemann sums
Mg([0, T)) = Lg (1), (resp. My([0, T]) — LZ(2r)),

then the mappings can be continuously extended to MZ([0, T]) — LZ(Q7) (resp.
M2([0, T)) — L2(2x).

BDG type inequality:
For n € MZ ([0, T) (resp. MF([0, T7)), p > 1, we have

t T z
/nsst / e dt }
0 0

where O, is a positive constant independent of 7 and . One can find a {-continuous
C-modification of fnst.

p

< C,"E [

E| sup
te[0, 7]
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Advantage of this extension from L%.(Qr) to LY(Qr) (resp. from MZ([0, T])
to M([0, T1)):

e Counsider a stopping time 7, 1,.<; € By(2:);
e The process 1yjo,-13(-) € M¥([0, T]);

e For each n € M{ ([0, T)), n.10,-(-) € ME([0, T]).
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Localization method

Ref.: Li and Peng (SPA, 2011)

Definition (The extended space of integrands)

Fixing p > 1, a stochastic process 7 is said to be in MJ([0, T), if there exists a
sequence of increasing stopping times {0y } men satisfying the following conditions:

e For each m € N, nlj ] € MI([0, T]);
o O™ :={w:on(w)AT="T}1QCQ, where C(Q°) = 0.

Remark

The following claim can be implied from the conditions in the above definition:
fOT |me|Pdt < 400, g.s..
In the classical framework, for a predictable cadlag process X on [0, 7|, one can

define the localized process X.ary by 7n := inf{¢: X; > N}, and then define the
stochastic integral of X by the limit of the localized one.
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Lemma

For a given stopping time T and n € ME([0, T]), p > 2, we consider the t-continuous
C-modifications of these two processes

¢ ¢
(/ 175st> and (/ 7751[0,7—](5)0335) .
0 0<t<T 0 0<t<T

Then, we can find a polar set A such that for all w € A° and t € [0, T,

tAT t
/ nsdBs(w) = / Ns1o,71(8) dBs(w).
0 0
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Then, for n € M2([0, T]) with {om }men, we define the G-Tt6 type stochastic
integrales in the following way:

e For each m € N, define X{" := fot Ns1j0,0,,](5)dBs, 0 < t < T

e For each m, n € N, find a polar set A™" such that:
tATm tAom
[ @i = [ a0 odme),
0 0
0<t<T, forall we (A™")%

e Define on A°:

m——+0oo
where
+ oo “+ oo
A = U U Am,n
m=1n=m+1
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The quadratic variation (B) of B:

For t > 0, let F[Jg’t] = {to, t1,...,tn} be a sequence of partition of [0, {] and set
p(rp,g) == max [trr1 — t.
2 k=0,1,...,N—1

The quadratic variation (B) of B is defined in MZ([0, T]) by

N-—-1 t
(Byi:= lim > (By,, — By)* =B - z/ B.dB.
(o, ) =0 420 0

For0<s<t< T,

0*(t— ) < (B)i — (B)s <T(t—5), q.5.

Remark

From the inequality above, we see that for q.s. w, (B).(w) induce a measure
that absolutely continuous with respect to the Lebesgue measure on [0, T7.
Thus, G-stochastic integrals with respect to (B) can be regarded pathwisely
in the sense of Lebesgue.
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Generalized (G-1t6’s formula

Lemma

Assume that ® € CV2([0, T] x R), f, h € My ([0, T]), g € M2([0, T]). Consider

t t t
X = Xo + / fsd5 A / hsd<B>s aF / gsdBS7
0 0 0

then
®(T, Xr) — 80, Xo) = /OT %(Xt)dt + /OT %(Xt)ftdt
+ /OT <%(Xt)ht - %‘%’(Xt)g?) d(B);
+/OT(2—§(Xt)gtdBt, q.5..
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Formulation to GSDEs

We consider the GSDE of the following form:

¢ ¢ ¢
X: = x—i—/ f(s, Xs)ds—i—/ h(s, Xs)d(B, B)s +/ 9(s,Xs)dBs, 0<t< T, g.s.,
0 0 0

where z € R is the initial value, B is the a d-dimensional G-Brownian motion,
(B, B) = ({(B", B’));,j=1,...,q is the mutual variation matrix of B.
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Lipschitz GSDEs

(H1) For some p > 2 and each z € R", f(-,z), h¥(-,z), ¢(-, ) € ME([0, T]; R™),
,7=1,...,d;
(H2) The coefficients f, h and g are uniformly Lipschitz in z, i.e., for each ¢ € [0, T
and z,z’ € R",

£ (¢, 2) = f(t, 2")| + 1|h(t, 2) = h(t, 2)]] + |lg(t, ) = g(t, &")|| < Cilz — &', ¢.s.,

where || - || is the Hilbert-Schmidt norm of a matrix.

Theorem

Let (H1) and (H2) hold. Then, the GSDE above admits a unique solution
X € M2([0, T|;R™), for any p > 2. For two initial values z, y € R", then
there exists a constant C > 0 that depends only on p, T and Cr, such that

E[ sup |X7 — X}|”] < Clz —y/".
te[0,T)

Remark

Gao (SPA, 2009) and Peng (arXiv, 2010) have considered this type of equations on a

11 A g2 (I Ml Tn
SHIAIET Space Vig\([U, I[7IN ],
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Non-Lipschitz GSDEs

(H2”) The coefficients f(-,-), h%(-,-), ¢°(-,-) : [0, T] x R™ — R™ are deterministic

functions continuous in ¢ and locally Lipschitz in z, i.e., on each {z : |z| < R}, there
exists a positive constant Cr that only depends on R, such that for each ¢ € [0, 71,

\F(t,2) = f(t,2")| + [|A(t, 2) — h(t, )| + [lg(t, 2) — g(t,2")]| < Crlz — &

(H3”) There exists a deterministic Lyapunov function V € C*2([0, T] x R™), which

is nonnegative, such that

inf inf V(¢,2) — +oo, as R — +o0,
|z|> R t€[0,T]

and there exists a constant Cry > 0, such that for all (¢,z) € [0, T] x R",
L V(t7 I) < CLY V(tv I)v

where L is a differential operator defined by

LYV =0,V + 0 Vf¥ + G((aﬂ V(b B 4 82, V- g“ig"j)d >

,j=1
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Lemma

Assume that ® € CV2([0, T] x R), f, h € My ([0, T]), g € M2([0, T]). Consider

t i t
X = Xo + fsds = / hsd<B>s aF / gsd357
0 0 0

then
®(T, X1) — 80, Xo) = /OT dd—(I)(Xt)dt + OT %(Xt)ftdt
o[ <f het  Ser X0t ) ats)
/ (X¢)gtdBy, g.s..
—— FR——



Theorem

Let (H27) and (H3”) hold. Then, the GSDE admits a unique solution
X € ME([0, T);R™) that has t-continuous paths on [0, T, g.s., and the
following estimate holds:

E[V(t, X)) < e“TV(0,z).

Main idea of Proof: The uniqueness is evident. For the existence, we try to find

a sequence of stopping times {7n} ven, and define X as a solution of some Lipschitz
GSDE on [0, 7x].
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Step 1:

For each N € N, we first consider the following truncated GSDE:
t t t
X, = x+/ fN(s,Xiv)ds+/ h" (s, X.¥)d(B, B>s+/ 9" (5,X)dB,, 0< t< T, g.s.,
0 0 0

where fV, (h9)Y and (¢)V, i, j=1,...,d, are defined in the following form:
¢(t,z) , if |o| < N
¢V (t,z) = :
(¢, Na/lal), if || > N.

The Lipschitz GSDE above admits a unique solution in Mg ([0, T]; R"), for p > 2,
denoted by XV, whose paths are t-continuous.

Define a sequence of stopping times by

v = inf{t: |X| > N} A T.
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Step 2:

Aim: We verify that X~ and X! are distinguishable (in the q.s. sense) on [0, 7]
tATN tATN tATN
Xiry = 7+ / (s, X0 ds + / W (s, X5)d(B, B)s + / 9" (s, X.")dB
0 0 0
¢
= x+/ Y (s, X)) 10,7y (5) ds
0
tATN tATN
+/ h (s, XJ)d(B, B), +/ " (s, XxN)dB,, 0< t< T, g.s..
0 0
On the other hand, by the definition of X¥*!, we have
tATN tATN
Xonty =T+ / SV (s, XN ds + / K (s, XX d(B, B),
0 0

tATN
+/ gV (s, XN YdB,, 0<t< T, g.s..
0

By the uniqueness of the solution to the GSDE with coefficients fN1, A¥*1 and
gVt we have the desired result. This implies that the sequence {Tn}nNen are g.s.

increasing.
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Step 3:

Now we aim to show that

+o0
C’( J{w: () = T}) =1.

First, we have
INTN INTN INTN
XfXTN:H/ fN(s,XsN)der/ hN(s,XSN)d(B,B)S—k/ g" (s, X)) dB,
0 0 0
t t
=z+ / F(5, X)L,y (s)ds + / h(s, X )1p0,7y] (5)d(B, B)s
0 0

t
—l—/ g(s, va)l[g,TN](s)st, 0<t<T, gs.
0
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Then, apply G-Ito’s formula to
D(t A Tw, X,,JXTN) =exp(—Cry(t A7Tn)) V(EA TN, X,,]XTN),
and define

(@, X) 1= o ®(, X)(A"(, X) + B7(-, X)) + O B(-, X)g"' (-, X.) g (-, X.).
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‘We have

O(t A TN, Xinry) — ©(0, )
t/\TN
/ (5, XY + 0w ® (s, X)) f2 (s, X)) ds
t/\‘rN
+/ (s, XM nZ(s, XM
+ faiwcb(s, X)) gt (s, X) gt (s, X.)d(B", BY),
t/\’rN
+/ (s, XM g (s, XX )dB!

L(I) M) 101y (5)ds

—+

+ azu<1> (s, XSN)I[O,TN](s)dB\Z, q.S..

/ n(®, XM 110 1y1(s) d{B', B), — / (@, XY 10,0y (5))ds
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Since LV < Cry V, L& < 0. From the fact that 9, V (¢, z) is uniformly continuous in
¢t and uniformly Lipschitz in z on [0, T] x B(0, N), it is readily observed that

aV(D('? X~N)guj(X‘N)1[OyTN](') € Mf([07 T])a
for any p > 2. Then, we obtain
E{ / Bm(s,Xév)g:J(s,Xiv)l[o,TN](s)dB-;] =0.
0
On the other hand,
E[ / (@, X")1po,ry1 (5)d(B", B')s — / G(ns(2, XN)l[o,TN](S))dS} <0,

0 0

Therefore,
B B TATN
E[O(T A7y, Xyary)] - 0(0,0) = E [ / Lot X )dt} <o,
0

and consequently,
]E[ V( T A TN, Xé"v/\TN )} S V(O? J‘l) eXp(CLY T)

Note: the estimate in the theorem can be obtained by applying Fatou’s lemma to the
above inequality.
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In particular, we have
El(ry<ry V(T ATn, XTnry)] < V(0,2) exp(Cry T).

Since X* has t-continuous paths, 7y < T implies |X7]Y,\_,N| = N, q.s., from which we
deduce ~
CHw:mn(w) < T}) inf inf V(¢,z) < V(0,z)exp(Cry T).

|z| >N t€[0,T]

As N — +o0, by (H3”), we obtain

1> lim C{w:mw(w)=T}H>1- lim CH{w:v(w) < T}) =1.

N—+o00 N—+oo

Since {w : Tn(w) = T} is increasing, the upwards convergence theorem yields the
desired result.
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Step 4:

Therefore, there exists a polar set A, such that for all w € A€, the following assertion
holds: one can find an Np(w) that depends on w, such that for all N > No(w),
N €N, 7ny(w) = T. Then, we define

XMo@ (), 0<t< T, we A5
Xt(UJ) — t (w)v = = b w )
0, we A.

From the argument above, we have for each 7y,
XLjo,ry) = X" 110,71 € ME([0, T R™)

and thus, X € M2([0, T];R"), for any p > 2. Moreover,
tIATN
e = e = e / (s, xN)ds
0
tIATN tATN
¥ / W (s, X¥)d(B, B, + / o (s, X¥)aB,
0 0

tIATN tATN tATN
= z—i—/ I (s, Xs)ds—i—/ h(s, Xs)d(B, B)s—l—/ g(s, Xs)dBs,
0 0 0

which implies that X satisfies the GSDE.
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Stability of GSDEs

We still consider the GSDE of the following form:

¢ ¢ ¢
X: = x—i—/ f(s, Xs)ds—l—/ h(s, Xs)d(B, B)s —l—/ 9(s, Xs)dBs, 0 <t < T, g.s..
0 0 0

However, we restrict ourself to study conditions for stability of the trivial solution
X = 0. Accordingly, we assume that

(H4”)
f(t,0) = h(t,0) = ¢(t,0) = 0.
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Definition

Denote by X** the solution of the GSDE starting with X; = z, € R". The solution
X = 0 of this G-stochastic system in R" is said to be

(i) p-stable, for some p > 0, if for each £ > 0, there exists a § > 0, such that

sup sup E[1X27]7] < e;
|z|<8 t>s

(i) asymptotically p-stable, if it is p-stable and moreover

E[ X3

Pl — 0,as t — +o0;
(iii) exponentially p-stable, if for some positive constants A and «
BI|X;717] < Alaf? e,

In particular, when p = 2, we call this system is (asymptotically, exponentially)
stable in mean square.
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We now give the sufficient condition for the stability of GSDEs in terms of Lyapunov
functions. Without loss of generality, we consider only the case s = 0.

Theorem

Consider the GSDE with (H2”) and (H}”). Suppose that there exists a function
V(t,z) € C12([0, +00) x R™) such that for all t > 0 and some positive constant
c1 and cz,

alz” < V(t,z) < cofal”.
Then,

(a) the trivial solution is p-stable, if
LV <0,

(b) the trivial solution is exponentially p-stable, if there exists a A > 0 such that for
all (¢, z) € ([0, +00) x R™),

LV(t,z) < =AV(t, z).

Yiging LIN, Univie Non-Lipschitz GSDEs Bordeaux, July 8th, 2014 30/32



Since LV < Cry V, L& < 0. From the fact that 9, V (¢, z) is uniformly continuous in
¢t and uniformly Lipschitz in z on [0, T] x B(0, N), it is readily observed that

aV(D('? X~N)guj(X‘N)1[OyTN](') € Mf([07 T])a
for any p > 2. Then, we obtain
E{ / Bm(s,Xév)g:J(s,Xiv)l[o,TN](s)dB-;] =0.
0
On the other hand,
E[ / (@, X")1po,ry1 (5)d(B", B')s — / G(ns(2, XN)l[o,TN](S))dS} <0,

0 0

Therefore,
B B TATN
E[O(T A7y, Xyary)] - 0(0,0) = E [ / Lot X )dt} <o,
0

and consequently,
]E[ V( T A TN, Xé"v/\TN )} S V(O? J‘l) eXp(CLY T)

Note: the estimate in the theorem can be obtained by applying Fatou’s lemma to the
above inequality.
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Theorem
Consider the GSDE with (H27), (H4”) and the following conditions: for some K > 0
2 f(t,2) V|2 R )| Vg (8 2)g(t 2)]| < Klal, 1)

for all (t,z) € [0,400) x R™. If the trivial solution X =0 is exponential p-stable, for
some p > 2, then it is q.s. exponentially stable, i.e. for all x € R",

1
lim sup 7 log(| X{]) <0, g¢.s..

t——+oo
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Thank you for your attention!
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