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The mighty “wave of translation”

KdV equation
Scott-Russell, 1834; Korteweg, de Vries, 1895

Gt — 699z + Guax 0

Shallow-water waves, internal waves in the ocean, ion acoustic waves in plasma,
acoustic waves on a crystal lattice, ...

Arch. Hist. Exact Sci. 58 (2003) 21-95
Digital Object Identifier (DO) 10.1007/500407-003-0070-5

The Spirited Horse, the Engineer,
and the Mathematician: Water Waves

in Ni h-Century H

OLIVIER DARRIGOL

Communicated by 1.2. BUCHWALD.

Once upon a time, a spirited horse was dragging 2 boat along a peaceful canal of
Norther Scotland. Suddenly, a ferocious dog charged from the bushes. The horse took
fright and ran off, drawing the boat after him. To the horse’s surprisc, the boat offered
almost no resistance at this high speed. A clever naval engineer, who chanced (o wit-
ness the scene, pursued the matter through numerous experiments and confirmed the
horse’ discovery. Not knowing hislimits, the engineer ventured to propose a mechani-
cal explanation of this paradox based on the existence of a wonderful, solitary wave that
who excelled
of water motion, mocked this amateurish attempt. There was nothing in the engineer's
equations to jusiify his reasoning, and much to condemn it Yt for  few years Scottish
canal Halfa century later,
b

s wave and
the possibility of vanishing ship resistance emerged as f by magic. At last, the wise man
rejoiced, mathematics could do as well as a galloping horse.

“This fable is an imaginary simplification of a real story of which the engineer John
Scot Russell, and the mathematicians (in a broad sense) George Biddell Airy, George
Gabriel Stokes, Joseph Boussinesq, and Lord Kelvin were the main actors (besides the

ited horse). It i the
mathematical physicist’s ool kit through which practically important solutions of long.

resent

article d the
‘Waves on the surface of water were an obvious field of application of the new hy- 3/45
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Classical solutions

Travelling wave ansatz:
g, t) = ¢ (z - vt)

@ rapidly decreasing, localized travelling wave (soliton):

Gso1 (,t) = —2k2 sech? (2&(1: — 4K%t — aco))

with £ > 0.

@ periodic travelling wave solutions:

a(@,t) = B — B2 — Bz — 2(B1 — B3) dn? (V/Bi — Ba(w — 2(B1 + B2 + Ba)t) + w0 | m )

where dn (z | m) is Jacobi elliptic function of modulus m € (0, 1).
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General solutions

The KdV equation is a nonlinear integrable PDE, arising as the compatibility
condition of a Lax pair of linear differential operators [Lax, ’68]

£ =[B,L]

d2 3

d d
L=-S"1tyq  B=-4-— 46— +3qa ,
dz? ta dz3 + qdz + 34

The compatibility condition can be presented as the existence of simultaneous
solutions to

Lap = Aip, iy = By .
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Recipe [Gardner, Greene, Kruskal, Miura, ’67]:

q(z,0)

Gt — 699z + qzaz =0
_________ S

Direct Scattering:
Lax pair £, B

5(0)

evolve the scattering data

q(z, 1)

Inverse Scattering:

Riemann-Hilbert

problem

The scattering data are the L2-eigenvalues {ix;}, the norming constants {ic;},
and the reflection coefficient p(z).

Their evolution is linear!
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A Riemann-Hilbert problem

@ m(k;x,t) is meromorphic in C, with simple poles at {ix; }ﬁ\le C iRt and at
the corresponding conjugate points {—ix; }jvzl CiR_;

@ m satisfies the residue conditions

12X
.
.
res m= lim m(z) 0 0 .
g m= lim iej 20D g
.
mx
,,,,,,,,,,,,,,,,,,, N
.
_ic; e—2i0(z;z,t)
res m= lim m(z) [0 A ] .
2=—ik; z——ik 0 0

where 0(z;z,t) = 2z + 4t23 and the norming constants c; € Ry

@ m(k)=1 1}+O(§) as z — 00,
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Ansatz:

i (z,t)

N N oj(z,t)
m(2;7,t) = [1 RPN et R D DA} ziﬁ]

Then,
gN(z,t) = 210, (zlglgoz (mi(z;z,t) — 1))
= —283(105; det(I + A)) [Kay, Moses, '56]
with A € RNXN

ﬁﬁefi[e(imj;a:,t)+9(ing;z,t)]

A'g=
J
I{j#»li[
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Example: N =1

gsol(z,t) = —2k? sech? (2/@(90 —4K%t) + xo)

with initial position of the peak

1 2K
g = — log —
2K c

Note: the wave solution can move only to the right; also, larger solitons move
faster than smaller ones.
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Example: N = 2, k1 < ko

q2(z,t) =

(43 -4x3) 20y conn (2maea30) 1203 cosn (201 (o 1630) |

16r1 o+ (261 —2r2)2 cosh(2r1 (z—4rFt)+2ko (2—4r3t))+(2r1 +2k2)2 cosh(2ky (z—4rTt) —2rg (2—4r3t))

-8

=15 -10 =5 0 5 10 15
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Example: N = 2, k1 < ko

q2(z,t) = —12k2 sech? (m (z — 4&%1%)) — 12k3 sech? (ng (z — 45%25)) , t— —o00,
q2(z, t) =~ —12k2 sech? (Hl(z — 4k%t) + L In 2t )
K1 K2 — K1
—12k3 sech? (/{2(3: — 4k2t) — S In iz} ) , t— +4oo.
0
24
_3]
44
54
—64
7]
—84
-15 10 s 0 5 10 15
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What’s so special about solitons?

o Solitons = localized travelling wave solutions, fundamental solutions to the
KdV equation.

@ Solitons = discrete eigenvalues of the operator L:
{velocity, amplitude} = Kj
{position} & cj

They arise in the long-time behaviour!
The reflection coefficient p(z) corresponds to a radiative part that propagates
to the left and decays at rate t— L.

e Soliton interaction is elastic (< particles)

solitons “survive” collisions [Zabusky-Kruskal, '65]

N
q(z,t) = Z gsol,j(z + J;t,t) + o(1) ast — too
j=1
(27 Kj + Ky
5t ~ 278 o |22 T
J zé: Kj & Kj — kg
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@ Study the behaviour of an N-soliton solution qn(z,t) in the limit as N — oo.
We call such solution g(z,t) a soliton gas.

— Full description of a regular, dense soliton gas in the large time regime,
over the whole spatial domain.
[G., Grava, Jenkins, McLaughlin, '21]
|G., Grava, Jenkins, McLaughlin, Minakov, 23]

A

12 /45
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@ Study the behaviour of an N-soliton solution qn(z,t) in the limit as N — oo.
We call such solution g(z,t) a soliton gas.

— Full description of a regular, dense soliton gas in the large time regime,
over the whole spatial domain.
[G., Grava, Jenkins, McLaughlin, '21]
|G., Grava, Jenkins, McLaughlin, Minakov, 23]

@ Consider random configurations of N solitons and study the behaviour of the

random variable
an (z,t) — q(z,t)

as N — oco.

— The gas is deterministic, but it is the universal limit of a large class of
random N -soliton potentials over non-compact sets of (z,t).

[G., Grava, McLaughlin, Najnudel, '26+]

A
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What is a soliton gas? [Zakharov, '71]

Let

fr(z,t)drdz = {

number of solitons with the spectral parameter (A, A + d\)
located in the spatial interval (z,z + dz) at time ¢

A soliton gas/soliton ensemble is an infinite collection of solitons (randomly)
distributed on R with non-zero (physical) density

o(z,t) = /E ale, t) dX.

The nonlinear wave field g(z,t) is called integrable soliton turbulence.

OD 500 1000 1500 2000
3

Figure: Initial distribution of the soliton gas (left). (¢, x)-diagram of soliton field (right). From
[Shurgalina, Pelinovski, '16]. 13 /45
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Formulation of a soliton gas

© Continuum limit of solitons: gas solutions belong to the closure of the set
of multisoliton potentials

[Marchenko ’88-'91], [Zaitsev, Whitham, ’83], [Boyd, '84], [Gesztesy,
Karwowski, Zhao, '92]

£,=0.048; 5, =0.65 7, =0.30

AL o
500

1000 1500 2000 2500 3000
T

From [Carbone, Dutyk, El, ’16]. 2/4
1 5
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Formulation of a soliton gas

© Continuum limit of solitons: gas solutions belong to the closure of the set
of multisoliton potentials
[Marchenko ’88-'91], [Zaitsev, Whitham, ’83], [Boyd, '84], [Gesztesy,
Karwowski, Zhao, '92]

@ Kinetic theory: soliton gas as a special large genus (thermodynamic) limit
of a finite gap (IN-phase nonlinear wave) solution to the PDE

and a trial soliton velocity satisfies kinetic+continuity equations

s+ kK
— K

S

(k) = k2 + % /OOO In (0(k) —v(s)) f(siz, t)ds . fo+ (vf), =0

[Zakharov, '71], [El, 03], [El-Tovbis, *20]

£, =0.048; 5, =0.65 7, =0.30

u(a, )

ulo,t)

ulo,t)

AL o
500 1000 o 2000 2500 3000

From [Carbone, Dutyk, El, ’16]. 2/4
1 5
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Motivations

o real-life observation in lagoons (Currituck Sound, NC [Costa et al., ’14] and

Laguna Cahuil, Chile [Cienfuegos et al., 25]) and deep ocean (Taiwan waters
[Lee, Wahls, '25])

o ezperimental observation in water waves [Costa et al., '14; Redor et al., ’19;
Suret et al., ’20; ...] and in optics [Marcucci et al., '19; ...]

Amy .
000 0
06

003 {(@)

000

G

Amplitude (m)
Power spectrum (m? /Hz)

0 0 60 o0 120
e (s)

-2

] I 0 1000
Rely A

0
RelA]

o numerical studies [Gelash, Agafontsev, ’18]. [Bonnemain, Congy, El, Roberti
et al., ’18-'26], [Pelinovsky, Didenkulova et al., "16-24], etc.
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Soliton gas as continuum limit of multi-soliton potentials

Given the scattering data for ¢ — 69qz + gzax =0 LK ma =
S = . N . N lim mp(2) |, 2i2(z;.1:,L) 8
- {lﬂj}jZI 7{lcj}j:1 ik icj e

the solution is in2X
gn (z,t) = 210, ( Zli)n;o z(mya(z3,t) — 1) ) :
i X

ok [ T et >
25 —im X
20 .

\
: I 1

-100 =75 =50 =25 0.0 25 5.0 75 10.0
0 = xz + 4t2°
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Take the limit N — +oo (for (z,t) bounded): 2
L]
o Assume the eigenvalues are filling a bounded interval [in;, in2] *
L]
o Rescale and sample: .
in1X
GGt ,
N N
—im X
for some smooth function r(z) (sufficiently regular). .
L]
This N-soliton solution has very broad support. .
For N > 1, it decays (exponentially) only for |z| > C'N for some .
C eRy. .
—in2X

17 /45
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Take the limit N — +oco (for (x,t) bounded): in2x
.
o Assume the eigenvalues are filling a bounded interval [in;, in2] .
L]
L]
o Rescale and sample: :
in1 X
G .
N N
—im X
for some smooth function r(z) (sufficiently regular). :
.
This N-soliton solution has very broad support. .
For N > 1, it decays (exponentially) only for |z| > C'N for some :
C e R+. . L]
—in2X
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The limiting RH problem: m(z) = [t 1]+ mz“) +0(:z"Y) koo
in2
my(z) =m_(z) [ir(z)ezl”’(z?-"«‘) ﬂ
im
—im

ir(2) e—2i0(z:z.1)
mo()=m_ (o[} T }

—ing

18 /45
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qt — 699z + qeax =07
_________ N S

Riemann—Hilbert

problem

continuum limit of solitons
with a spectral gap

q(z,t) =210, lim z(mi(z;z,t)—1) 7
Z— 00

19/45
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The free gas

@ Existence of a KdV solution [G., Grava, Jenkins, McLaughlin, '21; G., Grava,
Jenkins, McLaughlin, Minakov, '23]:

q(z,t) = 2104 lim z(mi(z;z,t) — 1)
= 7263 ln det (Isz([im,inz]) + ’C)

where the integral operator K has kernel

(k) /r(z)ei(ﬂ(k;x,t)+9(z;x,t)) o
K(k,z) = k .
(k,2) D e o Koz € fim,ing]

20 /45
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q(x,t) = —207 Indet (Idﬁ([im,im]) + ’C)

\/ v/ i(0(ksz,t)+0(252,1))
K(k, 2) = r(k)\/r(z)e

2mi(k + 2)

; k,z € [im,ina] .

- this gas is smooth and dense, and deterministic.

- it belongs to a sub-class of primitive/Bargmann potentials [Dyachenko,
Nabelek, Zakharov, Zakharov, ’16—"20].

- similar expressions have been derived in
o [Tracy, Widom, ’96] for the solution of the defocusing mKDV.
o [Baik, Bothner, '20], [Krajenbrink, Le Doussal, '21] for solving the weak noise
theory of the KPZ equation
o [Bothner,’22] in the study of Fredholm determinants of a class of Hankel
composition operators.

21 /45
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@ “Step-like” initial profile:
q(z,0) = O(e= 1=l as © — +oo ,
q(z,0) = ng — n% - 277% dn2(n2(a: + ¢) + K(m),m) + O(:):_l) , as x — —00 .

@ Long-time asymptotic analysis [G., Grava, Jenkins, McLaughlin, "21]:

quiescent region Sg

0(57{:’,)
0
-1
-2
u(x,t)
r
-3
elliptic region Sp
-150  -100 /—50 0 50 100

modulating region Sy ¥

gen(z,t) = n3 — a? — 293 dn? (712(:1: —2(a?+n3)t+ r;) + K(ma) | ma) +0@r 1)

22 /45
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The soliton VS the gas

@ Gas+trial soliton long-time asymptotics (for mKdV; [G., Grava, Jenkins,
McLaughlin, Minakov, ’23]):

0 20 40 )
At large time, the solution decouples
a(z, 1) = avg (@, 1) + g (@, 1) + O (t71)
where

abg(@,t) = (a+m) dn ((@+m)(@ = 202 + a?)t — 2H)) | m1),

m and gso)(z, ) is a localised profile.

_ _dan
1= latn)®
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@ Dynamics [G., Grava, Jenkins, McLaughlin, Minakov, ’23]:

2p¢(iko) — O¢ In W (x, t; ko, M1)

z eak — — N + O t_l
peak 2@% (IHO) - 87) In \Ij(z’ t7 Ko, 7]1) z:zpeak(t) ( )
and
_ 9 1 o Ko — S _ .
Usol(Ko) = 4Kk + — In (vgroup (s) — Uso1(k0)) Oz 0(is) ds
Ko Jny Ko + S

where 04,1 is the average velocity of the soliton peak over one period of the
background.
This is the kinetic equation posited by [El el al., ’03+]!

S R S S
-60 -40 -20
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Some ingredients of the proof

The core of the RH problem asymptotic analysis lies on

© Small Norm Theorem: if we have a RHP of the type

Xi(z)=X_(2) (I + ) on the contours

(almost) no jumps

X(z)=I+O(zfl) z — 00.

then, we can conclude that the solution is X = I +
(the approximation can be explicitly estimated!).
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Some ingredients of the proof

The core of the RH problem asymptotic analysis lies on

© Small Norm Theorem: if we have a RHP of the type

Xi(z)=X_(2) (I + ) on the contours

(almost) no jumps
X(z):I—&—O(z*l) z — 00.

then, we can conclude that the solution is X =TI +
(the approximation can be explicitly estimated!).

@ Deift—Zhou Steepest Descent method: perform a sequence of invertible
transformations of the original RH problem X

X—>T—Uw— ...~ S

in such away that, in the appropriate regime, the final RH problem S can be
solved by an approximating solution W (the “model problem”):

S~W

(i.e. £€=S~1W fits into the Small Norm theorem setting).
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The phase in the jumps
0(z;z,t) = xz + 425t =tz <4z2 + %)
shows different sign.

There are three main domains:

° 477% < %: the phases are exponentially decaying as ¢ — +o0, therefore (by a
small-norm argument)

q(z,t) = O (efCt) (quiescent region Sq).

0 Verit < § < 477%: g(z,t) is a periodic travelling wave with slowly varying
parameter « = a(z/t), solving the Whitham modulation equations
(modulated region Spr).

o ¥ < weit: q(z,t) is a periodic travelling wave with fixed parameter o = n1
(elliptic region Sg).

26 /45
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In the modulated and elliptic regions, the asymptotic is dictated by the wave phase

ok;z,t) = g(zz,t)+ 22 +42°

ia _
/ log (z S) o(s;z,t)ds .
ing zZ+s

and p satisfies a variational equation (density of states).

g(z;z,t)

\/
/\'/\
|

V
/N L

27 /45
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20

0.5

0 50 100 150 T

Figure: Color map plotting the leading order behaviour of a trial soliton traveling
through a soliton gas. The dashed green line shows the position the trial soliton in a
vacuum. Here » =1, n; = 0.25, 12 = 1, ko = 2, and x = 4800

Note: check out also [Ballew, Bilman, Trogdon, ’25] for cool videos!
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Overlook so far

o Full description of the soliton gas in the large time regime, over the whole
spatial domain.

e Rigorous description of how a particle (= soliton) interacts with a complex
medium (= gas): how the medium affects the propagation of the particle (the
soliton velocity) and how the particle affects the evolution of the complex
medium (the phase shift in the soliton gas).

o This -regular, dense- gas is deterministic!

However, the interaction dynamics is governed by the same kinetic equations
of El, et al.

29 /45
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Overlook so far

o Full description of the soliton gas in the large time regime, over the whole
spatial domain.

e Rigorous description of how a particle (= soliton) interacts with a complex
medium (= gas): how the medium affects the propagation of the particle (the
soliton velocity) and how the particle affects the evolution of the complex
medium (the phase shift in the soliton gas).

o This -regular, dense- gas is deterministic!
However, the interaction dynamics is governed by the same kinetic equations

of El, et al.

o Next — introduce randomness

29 /45
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Random initial data

Consider N-soliton solutions to the KdV equation ¢t — 6qqz + qzzaz = 0
with random initial data.

Note: given gy (z,t) random, in general E[gn (z,t)] does not solve KdV!

30 /45
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Random initial data

Consider N-soliton solutions to the KdV equation ¢t — 6qqz + qzzaz = 0
with random initial data.

Note: given gy (z,t) random, in general E[gn (z,t)] does not solve KdV!

On the other hand, given random scattering data S(t), we consider its
(deterministic, limiting) expectation

Jim_E[S(0)]

which still solves the linear spectral problem and defines a KdV solution (the gas).

Inverse Scattering

S an (@, t)

limiting
average

B o —e--3

E[S(®)] Inverse Scattering a(z,t)

Deterministic

30 /45
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The randomness is introduced directly into the spectral data:

o The poles/solitons {ix;} are sampled from a given distribution
{rj} ~D

(extended to iR_ by symmetry).

o The norming constants are determined by the ix;’s, sampled from a smooth

function )
r(ikj)
C; = 7N
(their distribution is correlated to D).
. 0 0
g, =l ma @) ) s o

res mpy = lim
z=—in; 2 =ik

random!

31/45
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Which distribution can we choose? (part I)

Consider an N-soliton solution gy to the KdV equation ¢+ — 6¢qz + gzzz = 0.

The set of N-soliton solutions is a finite dimensional space

M= ((iR+)N \ D) x iRY
The Hamiltonian takes the form

o = [ [oe* + 2] ao = -2 5 ey

(%)
qt = | — .
6q / ,

With the canonical variables (n?, —2log ¢;), the dynamics is simply

so that

i =0 & =8c(r))°

32/45
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Despite the existence of infinitely many conserved quantities, there is no
normalizable (Gibbs) invariant measure on the phase space of N-soliton solutions.

For example, the density

N
B_ﬁH('Q) H dli]' de )
j=1

is not normalizable without a cutoff.

Note: [Forlano, Killip, Visan, "24] constructed dynamics with initial data sampled
from the Gibbs measure for (m)KdV on infinite volume, and not-decaying IC.

33 /45



Random s d
0000000000000 O0OOOeOO0000000

Which distribution can we choose? (part IT)

@ i.5.d. poles, sampled from the uniform distribution on [in:, in2]
e random matriz theory/determinantal point process on iR :

e.g. Laguerre-~Wishart ensemble
N
1 N 9 _BN N
EH‘TJ' aH"«"z‘*%’l e 2 Xi=1%idey .. day
j=1 1<J

this is the joint probability density function of the eigenvalues of the Wishart
random matrix ensemble

Lot
vty |
N

Y is a M X N Gaussian random matrix (real or complex).

3445
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As N — oo, we obtain
o the uniform distribution over [in:, in2]

@ a universal limiting distribution: Marchenko—Pastur law

—— Marchenko-Pastur
= Numerical

\/(nz—S)(S—m)l J(s) ds

Yup = 275 [m1,m2

with n; = (1+ (~1)7,/7)%.
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To compare the two potentials gy — ¢ we need to compare RH problems:
£(z) = mn(2) M (2)

where
o the finite-N RH problem mpy is random
o the limit-average RH problem mq, is the RH problem for the gas

gy (z,t; k) — q(z,t) = Oz lim 2282(z;x, t)
ZzZ—>00

We use a probabilistic Small Norm Argument.

36 /45
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Roadmap (part 1):

@ Large deviation estimates (RMT case)
P (m,(n]\g( > 27]2) = O(efc(m) N) , P ( 1(“1\12 < 7’1) = O(ef‘:(’”) N) .

@ Transform the residue condition into a jump condition

37 /45



Random solito

0000000000

Roadmap (part 1):
@ Large deviation estimates (RMT case)
P (ﬂr(n]\gc > 2712) =O(e~cm)Ny p (nfn]\fg < ’771) = O(e~c(m) Ny,

@ Transform the residue condition into a jump condition

- - - - >

1
|
|
1
|

T
1
|
|

v

e210(z;z,t)

1 Y r(ik )
N

z — 1Rj

37 /45
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Roadmap (part 1):

@ Large deviation estimates (RMT case)

P (nﬁ,ﬁl > 27]2) =O(e~cm)Ny p <n(N) < "71) = O(e~c(m) Ny,

min

@ Transform the residue condition into a jump condition

- - - - >

1
|
|
1
|

T
1
|
|

v

N . i6(z; '
1 N\ p2i0(z;2,t) i0(2: e

L r(mj)ei.‘ Ly Q2i0(z5x,t) ﬂd#%(s)
E ]'Z,1 z — ik i 278
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Ei(z)=E_(2) (I + {small RANDOM* terms}> on the contours
E(z)=[1 0] +O(z71) z — oo.
so that
EM(x ¢ EC) (gt
eop o E0En  EDEn
z 22

* the randomness in the jump is encoded in the quantity

X}{r :Z r(n.j) 7N/iin2 r(s) dptoo (s)

m Z— S

Roadmap (part 2):

@ identify the probabilistic event where the RH problem £ is in a small-norm
setting as N — oo:

E(z) = I 4 {small terms} , implying gn(z,t;kK)—q(z,t) =0
@ the probability of the complement of the ”good” event vanishes as N — oo.

38 /45
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LLN and CLT [G., Grava, McLaughlin, Najnudel, '26+]

Theorem (Convergence in L)
The limiting average of the random N-soliton solution is the KdV soliton gas:

Jim E[lgn(2,6%) — a(a,6)| | =0 .

uniformly for x,t growing as O(log N).

-10 -
4 -2 0 2 4 -150  -100  -50 0 50 100
x

Figure: A 200-KdV-soliton solution with poles sampled from a Laguerre-Wishart

distribution with v = % (left), and the limiting soliton condensate.
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Random solitons and
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Theorem (Local fluctuations; mean field regime)

The centered random variable

N (an (2, t; &) — q(2,1)) = XF (2, 8) + Op,n(e)
where the linear statistics

N
X§ () = 3 Glogi3,1) - N/ G(w; 2, £)dpanap (w)
=1 >

G(z;z,t) = Oy (r(z)ezw(z?r’t)mgog(z; x, t))

converges in distribution to a real Gaussian random variable with zero mean and
prescribed variance, uniformly for x,t growing as O(log N).

0
218 216 214 212 -210 -208 -206 204

Figure: Histogram of 10, 000 realizations of a 200-KdV-soliton solution of evaluated at
(z,t) = (0,0), with poles sampled from a Laguerre-Wishart distribution with v = 3.
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Random solitons and gas
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A heuristic interpretation of the function G (uniform distribution)
Given that ¢y (z,t) = —4 Z;-V:1 k2 (ikj; 2, t, k), the empirical soliton density is

N
pn(z;2,t) = Z 5(z—i/-cj)w2(z; z,t, K)
j=1

so that

pn (z;x, t)dzde = {# of solitons in (z,x + dz) with spectral parameter in (z,z + dz)}

[e @) oo
/ / pn(z;z,t)dzdz = N .
—o0 JO

and
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Random solitons and gas

0000000000000 00

A heuristic interpretation of the function G (uniform distribution)

Given that ¢y (z,t) = —4 Z;-V:1 k2 (ikj; 2, t, k), the empirical soliton density is
N 1N ,
pn(z;2,t) = Z §(z—irj )2 (z;m,t, k) = N Z é(z—inj)r(z)m?\];z(z; @, t, k)ei0(=T:t)
i=1 i=1
so that

pn (z;x, t)dzde = {# of solitons in (z,x + dz) with spectral parameter in (z,z + dz)}

[e @) oo
/ / pn(z;z,t)dzdz = N .
—o0 J0

Define the limiting average soliton density as

and

poo(z;@,t) = lim Elon(z;2,8)] = r(2)m2 .5 (2, )00

Then,
G(z;x,t) = Ozpoo(z; 2, 1) .
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(Technical) ingredients in the proofs:

@ concentration estimates on the eigenvalues;

o uniform bound on the N-potential [Gesztesy, Karwowski, Zhao, '92] and on
the gas potential [G., Grava, Jenkins, McLaughlin, ’23]

sup lav (e, i) <2 (s0))° . sup la(a,0)] < Ko ;
RxR RxRy

o the jumps in the RH problem £ are determined by the limit linear statistics

Zf — N 1 f(S Z)dH’MP( ) R f(S, Z) _ T‘(S) :

in1 z—S

e z-uniform large deviation estimates on the jump entries;
o fine estimates on Xf - > Where Llf\, is the linear statistics

=3 F) N/ F(s)dun (s) -

j=1
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Random solito
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(Technical) ingredients in the proofs:

@ concentration estimates on the eigenvalues; — strong correlation among
eigenvalues

o uniform bound on the N-potential [Gesztesy, Karwowski, Zhao, '92] and on
the gas potential [G., Grava, Jenkins, McLaughlin, 23] — no rogue waves

sup lav (e, i) <2 (s0))° sup la(a,0)] < Ko ;
RxR RxRy

o the jumps in the RH problem £ are determined by the limit linear statistics

Zf — N 1 f(S Z)dH’MP( ) R f(S, Z) _ T‘(S) :

in1 z—S

o z-uniform large deviation estimates on the jump entries;
o fine estimates on Xf - > Where Llf\, is the linear statistics

=3 Fn) N/ F(s)dun (s) -

j=1
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Updated overlook. . .

What we have so far:

o Full description of a regular, dense soliton gas in the large time regime, over
the whole spatial domain.

o Rigorous description of how a particle (= soliton) interacts with a complex
medium (= gas): how the medium affects the propagation of the particle (the
soliton velocity) and how the particle affects the evolution of the complex
medium (the phase shift in the soliton gas).

We recover (and improve!) the kinetic equations of El, et al..

o The gas is deterministic, but it is the universal limit of a large class of
random (RMT and other distributions) N-soliton potentials.

Remark (G., Grava, McLaughlin, Najnudel, ’26)

Similar LLN/CLT results (4 correlation functions) holds also for f{NLS with
rescaled Ginibre/i.i.d. distribution of the poles over a domain D C C.
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Updated overlook and upcoming efforts

Next:

e more randomness: adding (independent) randomness to norming constants
and reflection coeflicient

o derivation of NDR eq’s

1 oo
v(k) = 4k% + f/ In
K Jo

s+ K
—K

S

(U(N)—v(s))f(s;x,t)ds ’ ft"’_(vf)z =0

for random soliton ensembles.

o generalized/primitive gas [G., Jenkins, McLaughlin, '26+]: long time
behaviour, NDR eq’s, phase shifts, etc.

1=7.46652
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To be continued

ooe

Conclusive overlook and upcoming efforts

o construct new gasses from different scaling limits as N — oo
e.g. reflection coefficients do not scale like O(N 1), (z,t) = O((log N)%)

o derivation of NDR eq’s for gasses that are not condensate
o asymptotic behaviour will be different

e new random configurations, rogue waves and universal profiles:
[G., Grava, Jenkins, McLaughlin, Mazzuca, Yattselev, '25]
[Gkogkou, McLaughlin, Mazzuca, *26|
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Conclusive overlook and upcoming efforts

o construct new gasses from different scaling limits as N — oo
e.g. reflection coefficients do not scale like O(N 1), (z,t) = O((log N)%)

o derivation of NDR eq’s for gasses that are not condensate
o asymptotic behaviour will be different

e new random configurations, rogue waves and universal profiles:
[G., Grava, Jenkins, McLaughlin, Mazzuca, Yattselev, '25]
[Gkogkou, McLaughlin, Mazzuca, *26|
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Thank you! — Questions?
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