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Analogy with Ferromagnetism
Ferromagnetism: spontaneous symmetry breaking
and the role of the external magnetic field
Paramagnetic phase (T > T,) Ferromagnetic phase (T < T,)
+ No net magnetization T<TI * Nonzero magnetization
| e, | o
+ Rotational symmetry Spontaneous + Rotational symmetry
is preserved symmetry breaking | $ 4 + + $ is broken
(0(3)) 4 4. $ $ {‘ $ (0(3) — 0(2))

The Landau-Ginzburg picture
The free energy (or effective potential) can be written as F(M) IsT Order parameter and external field
F(M) = a(T)M* + bM* — HM

Order parameter: M = (S)
! T<T,
/ External field: H
where M is the magnetization and H is an external ™ - M

magnetic field (explicit symmetry breaking).

aM
. Suscey b||ny—_ = —
S H#0 o O e
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Basics of Quantum Chromodynamics

QCD is the accepted theory of the strong interactions.
> Atlarge momentum transfer the theory is perturbative due to asymptotic freedom.
» Intheinfrared, the theory becomes nonperturbative.

Consider the QCD Lagrangian, keeping only the three lightest quarks, u, d and s:

3
_ . _ 1
L=>" (iBa — maa) — 7 GG, M

i=1

where D, = 0, + igA,, is the covariant derivative, A, = AT, are the eight gluon fields with T,
being SU(3) generators in the 3 representation, and G,,,, being the gluon field strength.
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Symmetries of QCD

» Global Uy(1) i.e., the lagrangian £ should be invariant to

Y —e ™) and ¢ — e = j, =y, «€R Baryon NumberConservation (2)
» Clobal SUy(2)i.e., the lagrangian £ should be invariant to

P — e /2 and p — &ei;g/z = =0Ty, 6 € R® lsospin Conservation (3)

Good symmetry if m, = m,.

» Global SUa(2) i.e., the lagrangian £ should be invariant to

b — e 2 and b — G2 o i = Oy, fer (4)

| This symmetry is true if m = O.|
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Partial Chiral Symmetry Restoration

M ~ 938 MeV
partial chiral [mNiM‘*V] (m N/5Me‘/]
symmetry restoration
AN
4
(T, 1) a
What is the phase
structure of the QCD?
Proton Free quarks

s
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T, GeV

0.1

QCD Phase Diagram

QGP

symmetric (disordered) phase =
0=

2nd order transition

__,,-f"" (lattice MC)

g Jcr. point

1st order {models:
MIT bag,
NJL,
RM, ...)

broken (ordered) phase

nuclear

vacuum matter qnark matter
1

0 1 ug. GeV

Source: Mikhail A. Stephanov. Prog Theor.Phys.Suppl. 153 (2004) 139-156, Int.J.Mod.Phys.A 20 (2005) 4387-4392
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QCD Phase Diagram

2nd mder\/

tricritical pt.

__________ spinodal

spinodal } \/v\/

SV

Ist order
(triple line

\~J

Source: Mikhail A. Stephanov. Prog Theor.Phys.Suppl. 153 (2004) 139-156, Int.J.Mod.Phys.A 20 (2005) 4387-4392
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() = (joge|o)

does not depend on
the spatial coordinates

Temperature

QCD Phase Diagram

early universe

ALICE quark—gluon plasma

RHIC B
crossover CBM <Yy~ 0

qU'dI‘k matter

<yry>>0

crossover o
—

hadronic fluid

ng=0 n=>0
vacuum nuclear matter

superfluid/superconducting]

phases ?
28C Yz L |
|

neutron star cores

[

B.-). Schaefer and M. Wagner, Prog.Part.Nucl.Phys. 62 (2009) 381
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QCD Phase Diagram

Critical
Point

Temperature T

Nuclear Superfluid

Chemical Potential g

R. D. Pisarski and F. Rennecke, Phys. Rev. Lett., 2021,127,152302.
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Inhomogeneous phases?

Inhomogeneous phases are phases where in addition to chiral symmetry translational invariance
is also broken, i.e., the chiral condensate (1)) is a function of the spatial coordinates
X = (x1,X2,X3).

» Relevant to nonvanishing chemical potential and low to intermediate temperatures.
Quarkyonic matter;
color-superconducting phases

liquid-cristal like behavior

vvyyy

Phases with spatially modulated chiral currents, which are observed in holographic models
fitted to lattice QCD data, could possibly coincide or be an alternative scenario to an IP.

12/48



Model Details

000
Nonpertubative QCD
> Assimptotic freedom Nonperturbative QCD
05T » Lattice QCD
as(Q) \ aa deep \'ne_la§t'\c scattering . .
2 e i > Effective theories
0'47 ‘\ =0 heav! juarkonia .
) B » Effective models:
sl K Nambu-Jona-Lasinio model
\\\\\\% \\\ /,0 \\\ {"
0.2 % N 4 LS
\%é %%4\ 5%' ,m\ = ,‘\ :
0.1 %‘ﬁ"}@& // \\ ,{ \\
———— QCD as(M;) = 0.118 £ 0.003 ’ A >
' 1 1‘0 160

Q (GeV)

https://cerncourier.com/a/the-history-of-qcd/
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Nambu—Jona-Lasinio model SU(2)

The lagrangian of the two-flavor NJL model within chiral imbalanced medium is given by
L= [ — i)y + G [(Py)* + (Pis T9)*] | 5)

» Basicdefinitions:the current quark masses matrix m = diag(m,, my) in which
m, = my = mo; T are the Pauli matrices; v is the spinor representing the quark fields
¥ = (v, 14)7; Gisthe coupling constantand i is the quark chemical potential.
» Thisisanon-renormalizable model: the coupling constant G has dimension of MeV 2.
» This model has three parameters to set: the cutoff A, the current quark mass mg and the
coupling G.
The parameters are chosen in order to obtain the vacuum values of the pion decay constant,
fr & 93 MeV; the pion mass m,; = 135 MeV and the quark condensate
(u) =~ (—250 MeV)?.
S.P Klevansky. Rev.Mod.Phys. 64 (1992) 649-708
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Nambu—Jona-Lasinio SU(2): some details

To find the quark dispersion relation we start by looking to the functional generator:

—2Gp — —2G (o))

7= N/DzZDi/J exp [i/d“xﬁ(iﬁ,w)} = H5. = {Zf; —2GPiysTY

where we performed the Hubbard-Stratanovich transformation (H.S.) with @ = 0 due to isospin
symmetry. The partition function becomes

7= —'Jz/d“ N/d4 / LIS §—m — ©)
=exp | —i = x| exp [N, X @y repn(f—m,—o)| .

with N, = 3. Evaluating the trace over the flavor and Dirac indices using Tr In O = In Det O

w(k) = Vk? + M?  where {M =my+o

D. Bailin, A. Love. INTRODUCTION TO GAUGE FIELD THEORY. 1986.
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Thermodynamic Potential

We will include temperature by means of the Matsubara formalism

0o g4 0 0o 33 k IZ = (iw, ;z
/ LIZ:HT Z / Lkz, where (ko, k) = (iwn. k) )
w (2m) ) oo (2m) wyp = (2n+1)xT
The thermodynamics of this model will be evaluated through the Landau Free energy, F,
1
Z = exp [—B/(PX}"] , B= T (8)
Then the thermodynamic potential will be given by
~ M=mo) / Pk B /°° Pk )
F(N = =0 = NN | ssell) —anaT [ oo log (1 te ) ©)

needs regularization!

Nis the 3D Sharp cutoff = Traditional Regularization Scheme - TRS
D. Bailin, A. Love. INTRODUCTION TO GAUGE FIELD THEORY. 1986.
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The gap equation

The effective quark masses can be obtained by the minimization of the free energy, i.e.,

OF o
M = 0, whichgives (10)
M—m+4NNc/oo Po 1 sNNcM/oo Fh ! )
- e oo (27)? w(k) fHe o @ w(k) e /T 417

needs regularization!
We can also rewrite the above equation as
M = m, — 2G(pp)(T), (12)

where we defined (1)) as the chiral condensate.
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Usual Regularization Schemes

In the literature one can find several different regularization procedures. For example, we can
comment some of these procedures
» 3D-Sharp cutoff regularization

0o 3 A 2
/O (jk;w(k) /Od’:fw(k) 3)

» Proper-time regularization

< Pk > dr ™™
—— 1
/o (277)3w(k) = /1/,\2 272 73 (4)

» Pauli-Villars regularization

o0 d3k N dkk? M2 = M? + o;\?
Ci i(k i = 1/ M? + k? ! 15
/o Z / 27 i) : {N—z,a... 15

S. Avancini, R. L. S. Farias, N. Scoccola, W. R. Tavares. Phys.Rev.D 99 (2019) 11,116002
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Different quark dispersion relations

The quark energy dispersion relation can present several variations across the multiple diverse
envirnonments, for example:

w(k) = ws(k, ps) = \/(k £ ps)* + M2, Chiral imbalanced medium’

w(k) = ws(k, A, 7)) = \/(w(k’) + %)2 + A2, Isospin imbalanced medium®
Therefore, the vacuum contribution of the thermodynamic potential is now entangled with

medium effects as
A B
a*k
Frac ~ / 73“)5(”3)7 (16)
o 7r

and cutoff effects could be the source of unphysical behavior.

1R. Farias, D. Duarte, G. Krein & R. Ramos. Phys.Rev.D 94, 074011 (2016)
2Jens O. Andersen and Lars Kyllingstad. J.Phys.G 37 (2009) 015003
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Example: Chiral imbalanced medium

. . . . T = Eps f d3X§
» The chiral imbalance is the difference » Chiral Magnetic Effect': 272
between right- and left-handed quarks. : :
» Nosign problemin LQCD! 5 u

processes in heavy-ion collisions;

18 6 dpy| ¥
> Event-by-event Cand CP violating Q#O@ B ﬁ
vy P
(Adler-Jackiw anomaly — chiral %‘? (d.) ?\

. : 3

imbalanced medium)?;

chiral anomaly transport model®: ! 2
~ ps = 21T + v/eB > 300MeV

K. Fukushima, D. Kharzeev, H. Warringa. Phys.Rev.D 78 (2008) 074033

2D.J. Gross, R. D. Pisarski, and L. G. Yaffe, Rev. Mod. Phys. 53, 43 (1981).

2 H. Aoyama, H. Goldberg, and Z. Ryzak, Phys. Rev. Lett. 60,1902 (1988).

*Zilin Yuan, Anping Huang, Wen-Hao Zhou, Guo-Liang Ma and Mei Huang. Phys. Rev. C109, L031903
Figure: D. Kharzeev, L. Mclerran and H. Warringa. Nucl.Phys.A 803 (2008) 227-253
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Inverse Chiral catalysis?

10p———epe ySR Phase
08f . . ]
2" order
¥ o) CB\-
= !
04l 1% order
02} )
vSB Phase QM
0.0k . . \ , . g
0.0 0.5 1.0 1.5 2.0 2.5 3.0
FS/TCO

Figure: Left: Pseudocritical temperatures of chiral transition as a function of the chiral chemical potential
in the quark-meson model* and Nambu-Jona-Lasinio model °.

Left Plot: M. Ruggieri. Phys. Rev. D 84, 014011 (2011)
Right Plot: Snigdha Chosh et al. Phys. Rev. D109, 016021 (2024)

Temperature (GeV)

Symmetry Restored

Symmetry Broken

(c)

0.1 0.15
ps (GeV)
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Phase structure of a chiral imbalanced medium

Inverse Chiral Catalysis?
(c) 114

018 L2
E 0.18 L1
= S 108
5 0175 =
£ g e well-known result
g o [Symmetry Broten | T i
& Symmelry Broken LQCD, Schwmger—
0168 - Dyson, NJL
T, —— e y )
016 . , . .
0 0.05 01 0.15 02 0.25 O o1 02z 03 04 05 06 07 08

15 (GeV)

Figure: Pseudocritical temperatures of chiral transition as a function of the chiral chemical potential in
Nambu—Jona-Lasinio model (left) and LQCD (right).

Left Plot: Snigdha Ghosh etal. Phys. Rev. D109, 016021 (2024)
Right Plot: V. V. Braguta, E.-M. ligenfritz, A. Yu. Kotov, B. Petersson and S. A. Skinderev. D 93, 034509 (2016)
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Medium separation Scheme (MSS)

First, we can work with a more treatable integral by evaluating (euclidean space)

0 /" Pk /+°°dk /’\ £ /
om? 273 K2+ w2 (k) k2+w2

Then we can split the integration function as
1 _ 1 N k* + M§ — wq(k)?
ki +wz(k) kg +wi(k) (kg + wg(k)) [k + wZ(k)]’

where
As(k) = Us + ZSI’?/J,S + MZ — M(z),

where My is the effective quark mass in the vacuum and wo (k) = /k? + M3.

R. Farias, D. Duarte, G. Krein & R. Ramos. Phys.Rev.D 94, 074011 (2016)

(17)

(18)

(19)

(20)
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Medium separation scheme (MSS)

Now, by using three times the same identity Eq. (19) identity three times

1 1 As(k) n AZ(k) A3(k)

i) E+wFl) (G +wiR) (G +wdR) (6 + wi(k) I+ w2(R)]

Quad. Div. Log.Div. Log.Div.
A 1 A 1 N Ak) N Ax(k)
herefore, - = - s
fheretore /k K+ w2 (k) /k K+ w2(k) /k (k2 + w2 (k) +/k (2 + w2 (k)
v 0 o
ko (k2 +wd(k) [kE + w2(k)]
Convergent!

however, we regulate just the divergent contributions.
R. Farias, D. Duarte, G. Krein and R. Ramos. Phys.Rev.D 94, 074011 (2016)
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Medium Separation Scheme

The effective quark masses can be obtained by the minimization of the free energy, i.e., 3F =0,
which is
Quad. Div. Log. Div.

M—m, - — —_— ZMZ—I-MZ—MZ
—_— ! A, M 202 —M2EME) oo (A M) — S5 277 o
4N¢N. GM Quad( ) O)+( Hs -+ o) 1og( , o) =

— 23 M? /Oo Pk 1
Earra— - 22
+ 8m? (MZ ;; oo (27)? wi(k) e (W/T 11 (22)

where Iqyad (A, Mo) and fg (A, Mo) denote the quadratically and logarithmically UV divergent
integrals, respectively,
A g4
d*k 1 0
how (A, Mg) = — ——
(2m)* k2 + k2 + MB’ tog (A Mo) OMZ

’quad (/\7 MO) =2 lquad (A7 MO) ; (23)

R. Farias, D. Duarte, G. Krein and R. Ramos. Phys.Rev.D 94, 074011 (2016)
26/48
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MSS versus TRS results

1.30

1.25¢

=

~

= Liof
105}

L.00

L.20F

E 115F

= MSS
— — TRS Chiral Limit
——— MSS Chiral Limit

(l.‘)?l

04 0.6 0.8 L0
Ho/ A

0.6

0.5

t].%]‘

TRS
MSS
TRS Chiral Limit
MSS Chiral Limit

0.2 0.4

U/ A

0.6

0.8

1.0

Figure: Left: Effective quark masses as a function of the normalized chiral chemical potential for both TRS
and MSS regularizations. Right: Transition temperature as a function of the normalized chiral chemical
potential for both MSS and TRS regularizations.

R. Farias, D. Duarte, G. Krein and R. Ramos. Phys.Rev.D 94, 074011 (2016)
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Cutoff Independent Regularization

In perturbative QCD the two-flavor spin-0 su-
perconducting gap A can be written as'

2
o)

This result is inapplicable for densities typically
found in the interiors of neutron stars. However,
four-fermion models at the one-loop level

l—kGifﬂ S Y
- A QY K=k + ) — A? a s

'D.T. Son, Phys. Rev. D 59, 094019 (1999).

predict vanishing superconducting gaps at

h

igh densities, a feature that is caused by

the use of a regularizing momentum cutoff

A

PHYSICAL REVIEW C 73, 018201 (2006)

Cutoff-independent regularization of four-fermion interactions for color superconductivity

R.L.S. Farias,' G. Dallabona,' G. Krein,' and O. A. Battistel®
!Instituto de Fisica Teérica, Universidade Estadual Paulista, Rua Pamplona 145, 01405-900 Sdo Paulo, SP, Brazil
2Departamento de Fisica, Universidade Federal de Santa Maria, 97119-900 Santa Maria, RS, Brazil
(Received 31 October 2005; published 27 January 2006)

We implement a cutoff of four-f interactions 1o calculate the color-
superconducting gap parameter in quark matter. The traditional cutoff regularization has difficulties for chemical
potentials ¢ of the order of the cutoff A, predicting in particular a vanishing gap at s ~ A. The proposed
cutoff-independent regularization predicts a finite gap at high densities and indicates a smooth matching with the
weak coupling QCD prediction for the gap at asymptotically high densities.

DO 10.1103/PhysRevC.73.018201 PACS number(s): 24.85.+p, 12.38.Mh, 21.65.+f, 26.60.+c

Farias R., Dallabona G, Krein C., Battistel O.Phys. Rev. C 73, 018201 (2006)
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Cutoff Independent Regularization

d*k 1
1=AGi + = —w|.
k3 2

Cmyt | kg — (k+p)? — A2

1 = 8AG{2[i Iguad(A2)] — 412 [i Tiog(A2)]
+ In(A%, ) + (A, =)},

where
Lyuad(A?) = [ AL
e A QTP R — k=AY
d*k 1

Liog(A?) =

A (27 (ké k2 Al)z’

A (MeV)

300 T T

250

200

150 |

100 |-

50

0 1
100 200 300

Farias R., Dallabona G, Krein C., Battistel O.Phys. Rev. C 73, 018201 (2006)

1
400 500 600 700 80

n (MeV)

900
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Inhomogeneous Phases

ko [MeV]
200 450
130 400
160 350
E 140 Crossover ling 300
= 7 moat
&~ 120t 7 moat { 250
I Inhomogeneous instab
==+ fRG: Fu et al. o
100F ... DSE: Gao et al ,»: 200
—— DSE: Gunkel et ai. " ‘7"
80| EEE Lattice: WB .~ 150
Lattice: HotQCD
= 100

1 1 1
0 200 100 GO0 300
pp [MeV]

Pawlowski, ].M., Rennecke, F. and Sattler, F.R. Eur. Phys. ]. Spec. Top. (2026)
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Inhomogeneous Phases - N]JL analysis

Robust Finite-Momentum Instabilities in Dense Matter

André G. da Silva,!> * Ricardo L. S. Farias,'»2 Theo Motta,® ! and William R. Tavares*:

! Departamento de Fisica, Universidade Federal de Santa Maria, 97105-900 Santa Maria, RS, Brazil
? Center for Nuclear Research, Department of Physics, Kent State University, Kent, OH 44242 USA
3 nstituto de Fisica Tedrica, Universidade Estadual Paulista,

Rua Dr. Bento Teobaldo Ferraz, 271 - Bloco II - 01140-070 Sio Paulo, SP, Brazil
CFisUC, Department of Physics, University of Cotmbra, P-3004 - 516 Coimbra, Portugal

The predicted extent of inhomogeneous chiral phases in effective models of quantum chromo-
dynamics is notoriously sensitive to ultraviolet regularization. We show that this sensitivity is
largely artificial. In the two-flavor Nambu-Jona-Lasinio model, conventional implementations of
three-dimensional cutoff, Pauli-Villars, and proper-time regularization produce strongly different
finite-momentum instability regions. Once ultraviolet regulators are restricted to genuinely diver-
gent vacuum contributions, however, all three prescriptions yield nearly identical stability diagrams.
Both the onset of the moat regime and the subsequent finite-momentum instability become quan-
titatively robust. The apparent scheme dependence originates from regulating ultraviolet-finite
medium contributions associated with the Fermi-surface response. Our results identify spatially
modulated chiral correlations as a genuine property of the dense medium rather than an artifact of
the ultraviolet prescription.

A.G.daSilva, R. L.S. Farias, T. Motta, W. R. Tavares. arxiv 2608.25857
32/48
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Inhomogeneous Phases - NJL analysis

Starting from the NJL model effective Lagrangian

- 0 L o% + 7
in/)(;ﬁ—m'—a—l'yﬂ-ﬂ')dj—T, (25)
by defining inhomogeneous perturbations to the boson fields'
o(x) =+ do(x), m(x)=7+dn(x), (26)

which, after defining the perturbed Dirac operator, we can use to obtain the effective action as a
power series in the inhomogeneous perturbation

e}

St = DS\ (27)

n=0

"In the absence of isospin chemical potential we can easily definem = m, = Oand 7 = 7
For a discussion of inhomogeneous phases in the physical limit see: Michael Buballa and Stefano Carignano.

Phys.Lett.B 791 (2019) 361-366
33/48
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Inhomogeneous Phases - NJL analysis

The first 3 terms are proportional to the homogeneous effective action, the gap equations, and
integrals of the two point functions, which are interpreted as the curvature of the effective action
in the direction of inhomogeneous perturbations

@ _B #q = 2r 2r(2)
7 =5 [ [ @Pr® + por@per®] 2
up to O(d¢)
0% Sefr @
007 |y T @

Evaluating the traces and Matsubara summations, etc., we arrive at the following form

1 - —
r(Z) E - N£1 (U T /’L) + NLZ,¢[(57 qa T7 /'{/) (30)

34/48



Inhomogeneous Phases - NJL analysis
000000

Inhomogeneous Phases - NJL analysis

We define the moat regime as the region in which the second derivative of the two-point function
at zero momentum, which is proportional to the wave-function renormalization, is negative,

o92r)
o <0, (31)

4=0

whereas a genuine finite-momentum instability is signaled by

Qmin 7é 07 r(z)(VImin) < 0. (32)

Thus, the moat regime should be understood as a precursor of spatial modulation: the
homogeneous phase might remain stable, but its softest static mode already carries a finite
momentum.

L. Pannullo, M. Wagner, and M. Winstel, Phys. Rev. D110, 076006 (2024), arXiv:2406.11312 [hep-ph].
R. D. Pisarski and F. Rennecke, Phys. Rev. Lett. 127,152302 (2021), arXiv:2103.06890 [hep-ph]
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Inhomogeneous Phases - NJL analysis

4y is the gap equation integral

L(o, T ) = / L . [1 - ”(Eﬁ) - E(Eﬁ)] ) (33)

(Z7T)3 E!-,'

while L, 4, is an integral that depends on the external momentum ¢

Lg,(5,d, T, 1) = / Pp PG+ +2005° [1—n(Es) —A(Ey) 1 —n(Epq) — A(Epiq)
2,0/\0,4, 1, b (27.‘.)3 Zﬁ . é’_‘_ é’Z ZEE 2Ep+q

(34)

» Regularization of the medium integrals was shown to violate thermodynamics foundational
relations, such as the Boltzmann limit and causality;

» Meanwhile, regularization of medium dependent vacuum integrals (or medium dependent
divergentintegrals) was seen to lead to results that don’t match perturbative QCD and
lattice QCD;

36/48
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Series expansion approach

The second approach relies on series expansion of the integrand. We start with

Pp -G+ +2M [1—n(Es) —n(Eg) 1 — n(Epig) — (Epiq)

LZ, ,‘(5-7 67 Ta ,U,) = = =
¢ (2m)*  2p-4+ 42 2k 25,7 35
35

We perform a momentum shift? such thatp = k— 4/2and

= T = T
P-a+q =k q*—;+é’2=k q*+?
-G+ @ =2k-G— @+ =2k, (36)
= _’_I__’2_|_2M2 —I -2 2
I S L, E L
2p-q+4 2 4k-qd k-g

“Not an identity in cutoff regularization
37/48
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Series expansion approach

Correspondingly, E, — Ey_q/, and Eprq — Ejyq/,- Since the first term has no Edependence
(aside from the Jacobian) it also happens that®

/ Pk 1 ( 1 1 > 5 37)
(2m)?2 2B g2 2Ek4q)2 .
Then, we arrive at the momentum shifted integral
Pk q* + 4aM? 1 1
Lz,vac = / 3 a = < - > . (38)
(27)®  ak-g 2E—q2  2Ekiqp2
We begin by making use of the proper-time representation
1 1 © 2
L d —1/2 ,—7FE 39
E~T(1/2) /O e G9)

30Only true on unregulated integrals or with translation invariant regularizations

38/48
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Series expansion approach

Inthe PT parametrization, we will have to deal with integrations like

1 [e%¢} [e%¢}
_ 1 —1/2k —r(R4+M2+q2/4) _:
= — d dk d - h(Tk 40
h=tewn /_1 X/o /o T sinh(7hax) (40)

Expanding the hyperbolicsine into a series we can extract the first term, while all others are
convergent integrals. The result of this is

y = & / AT (s f4)

3272 ’7'
2141
—1/2 o~ T +M*+q7/4) (Thax)
167r5/2/ dx/ dk/ drr Z ) (41)

Conveniently, the second integral sum can be evaluated by noting that sum part of the integrand
is equal to sinh(7kqx) — Thgx.
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Series expansion approach

» Cutoff3D:

» Proper-time:
1 1 Pp 1 1 o0 & p )
e b HeTA [ 2F _/ d 1/2/ —TE;

A" r(N)/ Tt (@nPE /2 e ) @t

» Pauli-Villars:

/(:sTp)gf(Ep) —>/(:37p)3261f(51)-
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Series expansion approach

In the PT parametrization, we obtain

2 d 5
L2vac(4”) = 9 /Te”' /44 il / dr 7V/2— T4 /4

3272 | T 1675/2

1 o] (42)
b o_rpr
></ dx/ dp—e~ ™" [sinh(Tpgx) — Tpgx] .
. 0 X
Performing the integration of the second term we arrive at the separated integral
Lavac(d?) = 32 T [l("’g)( 2/4) +2—In 4} 43)
where
I(|0g)(q2/4) — / dle—qu/“ (44)
AT

is a logarithmically divergent integral to be regulated via three-dimensional cutoff, Pauli-Villars

regularization, and proper-time regularization.
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Summary

» We have shown that the pronounced regulator dependence of finite-momentum
instabilities in the two-flavor NJL model is largely generated by applying ultraviolet
regularization to contributions that are finite and medium dependent.

» Traditional prescriptions lead to qualitatively different instability domains and moat
boundaries, whereas the medium separation scheme yields a common phase structure for
three-dimensional cutoff, Pauli-Villars, and proper-time vacuum regularizations.

» The robustness of both the finite-momentum minimum and the subsequent loss of
stability demonstrates that these structures are controlled primarily by the medium
response rather than by the ultraviolet prescription.
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Conclusions

» Ouranalysis establishes the local onset of spatial modulation, while determining the fully
developed inhomogeneous ground state and its fluctuation corrections remains an
important next step.

» More broadly, these results indicate that finitemomentum structures in dense effective
theories can remain quantitatively predictive even in nonrenormalizable frameworks,
provided ultraviolet and medium physics are consistently disentangled.
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