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Let us consider the following general subcritical SPDE

O+ (=A)2)p = gle,Ve,...) + f(,Ve,.. )6 (1)

£ is a space-time white noise ¢.e. a mean-zero Gaussian field
with covariance structure given by

E[(§, )&, )] = (¢, ) 12, xTa) - (2)

Belongs to C;l_d/Q_H.

AURELIEN MINGUELLA



Examples:
e ©* equation:
(0 — A)p =9 +¢, (3)

e KPZ equation:
(0 = A)u = (9pu)® + &, (4)
e Multiplicative heat equation:
(0 — Au = ug, (5)
e Sine-Gordon equation:
(0r — A)u = sin(fu) + ¢ (6)
e Generalized KPZ equation:

(0 — A)yu = g(p)(0pu)? + f(u)E. (7)
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An elementary example: The Da Prato Debussche trick

Want to solve the go% equation.
Strategy: Mollify the noise, ¢.e. convolve it with

—2—d —d

ple 2t e %),

pe(t,x) =€

solve the equation for some ., and take the limit. Very
generally ill-defined — Need for renormalisation.
Define the solution to the linear equation Oyp = Agp + &

"t x) = / pr-a(z — y)E(ds, dy)

and its mollified version ?..

Fact: By Schauder estimate, ? is in Cﬁl_d/Q_”.
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Let ¢ = 1. + v.. We expect v to be more regular and run a
fixed point argument. Naively, it solves

e = Avg — 03 — 3002 — 3%, — 12, (10)

Powers of ¥ a priori ill-defined! But, taking the renormalised
equation
(0 — A)pe = _(Pg +3Cepe + &, (11)

we can write

Opve = Ave — 02 — 3002 — 3(12 — Cove — (B —3C:).  (12)
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Wick renormalisation: We can show that, taking
C. = [(G x p.)(t,z)?dtdz, there are objects such that

=1lim?-C. and ¥ =1im? —3C.. (13)
e—0 e—0

For d = 2, they are both in C;*. We then try to solve the
equation
v=—Gx* (v3 + 30 + 300 + P) (14)

Fact: Let f € C& and g € Cf. If a+ 6 >0, then fg is well
defined in C2.

Allows to solve (14) in C27*! But breaks down in dimension 3.
It does not work to try

Pe =1 +.\?€+U€ (15)
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Solution theories for SPDEs:

o Regularity structures, Hairer, 2014: Local expansions
— General ansatz available

o Paracontrolled calculus, Gubinelli-Imkeller-Perkowski, 2015:
Harmonic analysis
— No general ansatz available

@ Renormalisation group, Kupiainen 2016 and Polchinski-like
flow: Duch 2021, Duch-Gubinelli-Rinaldi 2023, and
Chandra-Ferdinand 2024
— General ansatz available (this work)
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Focus on a simpler equation in dimension d =5, o € (d/3,d/2].
7:* . .
(1-A)%2 =2+ > Neop+&, (16)
i=1

where ¢ is a space white noise, i, = |0/(30 —d)|, and the c. are
renormalisation constants. Let

Folp) = X® + ) Nelp+&.. (17)
i=1
Rewrite (16) as
e = G * F[p.]. (18)
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Introduce
Gu(@) = xu(|2|7)G(), (19)

with good support properties on x, such that Gop = G and
G1 = 0. Define the coarse-grained process

Peu = Gp x Felie], (20)

and an effective force

Felpe] = Fe [‘PE,M]' (21)

It solves the Polchinski-like equation

OuFe plpe ] + DE: plipep] - Gu * Fe plpeu] = 0. (22)

Allows to construct global stochastic terms.
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Denote graphically

W=\ and &= (23)

We get
DN/ (G, * o) = 3p()? /Td Gu(a — y)E(y)dy (24)
=3 \I/ - (25)

Reintegrating gives

—/Ou\I/,,du:\I/,ﬂr V. (26)
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Other examples
PN/ G, «\/) = x, (27)

D\VV‘(GM*O):¥+¥ (28)

This reads

wz ((G_Gu)*fe)(x)2/rd Gu(z—y) ((G—GL)*&) () e(y)dy.

(29)
Also works the other way around by splitting

auy——¥—2¥—2¥ (30)
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Ansatz

Z Z A’/ Fom(@syn, o ym) o) - - o (ym)dy,

=0 m=0 Td)m
(31)
with initial conditions
Ff,;?(ﬂ?) =& (z), (32)
Fl3(@,y1,02,93) = 0(x — y1)d(x — y2)0(x —y3),  (33)
Flo(,n) = clo(z — ). (34)
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The flow equation reads on the coefficients

8uFi’m(x Ylyeooy Ym) =
i 1+k

XS 0B [ e )

7=0 k=0
Gy — ) F ™ (g yoiks - - - ym)dyrdy.  (35)

Allows to construct inductively the force terms. For instance

/Td Fh o y)e(y)dyr = N + ¢t (36)
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The renormalisation is implemented inductively.

D(N et 1) (Gur (N4t 1)) = wﬂg\hq@\h@)? .
(37)
When integrating, we get

er ciYJr Ci\l/—i- (cl)?

+é. (38)
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Intermezzo: Models in regularity structures.
On trees with polynomial decoration on nodes
. Example

XN =N, Xhe—ek. (39)

Every tree 7 can be written inductively as

7= X"E] [ Zai(m), (40)

i=1
a; € N¢, or similarly without noise. The product joins the roots.

(41)
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For such trees, we can naturally define a root
extraction-contraction coproduct:

AT]_:]_@]_, ATE:1®E+E®1, ATX121®X1+XZ®1,
. X+
AT (7) = (Lo ®id) A+ 7 © Tark(7),
keNd
Ap(oT) = Avo AT,

Example (we keep only the terms with an even number of noises
on the left):

RV ARV 0 G2V

2§®\/+...
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Define the so-called Preparation map
Rr = ({ ®id)A,T. (42)

£ vanishes on trees with an even number of noises or positive
degree.

VRTINS N R VS Rt
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Define for every 7 the preparation-map-dependent pre-model.
(ME*E)(2) = &(x), (ILP)(x) =1, IL*X,)(2) = 2;
(T, (1)) (2) = (0°G + IIl'7) (), (44)
(I (o)) (2) = (I 0) (2) (I 7) ()

and finally
(') (x) = (T (R7)) («) (45)
We also denote
I, = I, (46)
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I’ M - Hav + e(v)neYJr e(v) . (A7)

m’ % = He$ +0(\/) Hg\{/ +0(\/) H&/
+ e(\/)QHE\ + E(M)T.

Compare with the terms that appear in the flow approach

% + C;Y + cg\b + (ch)?
% + c;\{/ + C;Q/ + (c;)2\ +&l (49)

+é& . (48)
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Theorem (Bruned, M., 2025)

We show an ansatz of the form

1 R
Feulel = Z %(Ha,/ﬂ-)[@]a (50)
TETH
and the subsequent results
@ The ansatz solves the Polchinski equation
@ We recover the usual renormalised equation

@ We identify the renormalisation as being the BPHZ
renormalisation in reqularity structures.

This ansatz is comparable after localization to the one in
regularity structures!
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8,7 = (0 @ ) (M. ® 1d) A, 7. (51)

A, is a modified root-extraction coproduct

(]

M. is a localization map. It inserts polynomials
everywhere in the trees ~ Taylor

@ The Y’s are the elementary differentials

@ /is a character on forests (later identified with the
Bruned-Hairer-Zambotti character)

Hfﬁ is multiplicative and satisfies

Hﬁgza(r) = 0%(G — G,) * Hﬁﬂ. (52)
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The renormalised equation reads formally

@+(=8)2)p = glp,-. )+ f(p, )e+ Y S‘; J. (53)
o€T*
©* equation:
(8 — A)pe = =2 + Coppe + &, (54)
KPZ equation:
(0 — A)ue = (Bpue)® + & — C. (55)
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THANK YOU!




