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1. Introduction

The Classical Liouville Theorem.

JOSEPH LIOUVILLE (1809-1882) proved the following result in 1844.

Let f be a bounded harmonic function on R?. Then f is a constant function.

Proof. Since f is bounded, it is a tempered distribution and then we have,
since polynomials are multipliers of .7/ (R?),

lel*F(¢) = o,
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The Classical Liouville Theorem.

JOSEPH LIOUVILLE (1809-1882) proved the following result in 1844.

Let f be a bounded harmonic function on R?. Then f is a constant function.

Proof. Since f is bounded, it is a tempered distribution and then we have,
since polynomials are multipliers of .7/ (R?),

lel*F(¢) = o,

which implies that supp # C {0} and thus that

F= Z a6,

|| <N

entailing that f is a polynomial.
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1. Introduction

The Classical Liouville Theorem.

JOSEPH LIOUVILLE (1809-1882) proved the following result in 1844.

Let f be a bounded harmonic function on R?. Then f is a constant function.

Proof. Since f is bounded, it is a tempered distribution and then we have,
since polynomials are multipliers of .7/ (R?),

lel*F(¢) = o,

which implies that supp # C {0} and thus that

F= Z a6,

|| <N

entailing that f is a polynomial. Since f is assumed to be bounded, this implies
that f is a constant, which is the sought result.
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Various Extensions of the Liouville Theorem

It looks quite relevant to expect similar results for solutions of more general elliptic
equations.
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It looks quite relevant to expect similar results for solutions of more general elliptic

equations. Let us start with a caveat : ellipticity alone is not enough to secure a
Liouville Theorem. We have for instance in one dimension

d? . d X\ __ aix 2 2)
<—ﬁ+1$>(e )=e*(-i*+i%) =0,

so even in that simple case, the lower order terms will play a role.
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Various Extensions of the Liouville Theorem
It looks quite relevant to expect similar results for solutions of more general elliptic

equations. Let us start with a caveat : ellipticity alone is not enough to secure a
Liouville Theorem. We have for instance in one dimension

d? . d X\ __ aix 2 2)
<—@+1$>(e )=e*(-i*+i%) =0,

so even in that simple case, the lower order terms will play a réle. A more pertinent
question is: let us try to describe the kernel of

—A + X, where X is a divergence-free real vector field.

A theory of this type of equations was developed by C. LE Bris & P.L. LioNs for
quite singular vector fields, such as W11, By the way, it seems that the BV case was
not tackled.
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We consider a vector field v € leoc(R3,R3) satisfying the Stationary Navier-Stokes
System for Incompressible Fluids,
—vAv + aj(vjv) +Vp =0,

[SNSI] .
divv = 0.

The kinematic viscosity v is a positive parameter, the pressure p is a scalar
distribution on R3 and the vj are the components of the vector field v.

4 Nicolas Lerner Liouville Theorems



1. Introduction The Classical Liouville Theorem
The Navier-Stokes System and some known results

Writing the Navier-Stokes System

The Navier-Stokes System and some known results

We consider a vector field v € leoc(R3,R3) satisfying the Stationary Navier-Stokes
System for Incompressible Fluids,

—vAv + aj(vjv) +Vp =0,

[SNSI] .
divv = 0.
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say, we have used Einstein’ summation convention.
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We consider a vector field v € leoc(R3,R3) satisfying the Stationary Navier-Stokes
System for Incompressible Fluids,

—vAv + aj(vjv) +Vp =0,

[SNSI] .
divv = 0.

The kinematic viscosity v is a positive parameter, the pressure p is a scalar
distribution on R3 and the vj are the components of the vector field v. Needless to
say, we have used Einstein’ summation convention. We shall always assume that
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The Navier-Stokes System and some known results

We consider a vector field v € leoc(R3,R3) satisfying the Stationary Navier-Stokes
System for Incompressible Fluids,

[SNSI] {—.VAv—i-Oj(\/jv)—i-Vp =0,
divv = 0.

The kinematic viscosity v is a positive parameter, the pressure p is a scalar
distribution on R3 and the vj are the components of the vector field v. Needless to
say, we have used Einstein’ summation convention. We shall always assume that

. e 3 3 H —
[vanishing at infinity] v E LOO(R R )7 RLT IIVHLOQ({‘X‘ZR}) =0,

oo

[eurlv € L2] curlv € L2(R3, Ra)

It is widely (and wildly) expected that a solution v of [SNSI], vanishing at infinity and
with curl v € L2 must be identically 0.
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The Navier-Stokes System and some known results

We consider a vector field v € Lﬁ)C(R3,R3) satisfying the Stationary Navier-Stokes
System for Incompressible Fluids,

[SNSI] {—.VAv—i-Oj(vj-v)—i-Vp =0,
divv = 0.

The kinematic viscosity v is a positive parameter, the pressure p is a scalar
distribution on R3 and the vj are the components of the vector field v. Needless to
say, we have used Einstein’ summation convention. We shall always assume that

- e 3 w3 :
[vanishing at infinity] v E LOO(R , R )7 RLT:x, IIVHLCX’({‘X‘ZR}) =0,

[eurlv € L2] curlv € L2(R3, Ra)

It is widely (and wildly) expected that a solution v of [SNSI], vanishing at infinity and
with curl v € L2 must be identically 0. The vanishing condition at infinity can be
significantly weakened and in particular, the L°° bound on v is a consequence of the
equation and of the assumption curl v € 2.
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We consider a vector field v € Lﬁ)C(R3,R3) satisfying the Stationary Navier-Stokes
System for Incompressible Fluids,

[SNSI] {—.VAv—i-Oj(\/jv)—i-Vp =0,
divv = 0.

The kinematic viscosity v is a positive parameter, the pressure p is a scalar
distribution on R3 and the vj are the components of the vector field v. Needless to
say, we have used Einstein’ summation convention. We shall always assume that
- e 3 w3 :
[vanishing at infinity] v E LOO(R , R )7 RLT:x, IIVHLCX’({‘X‘ZR}) =0,

[eurlv € L2] curlv € L2(R3, Ra)

It is widely (and wildly) expected that a solution v of [SNSI], vanishing at infinity and
with curl v € L2 must be identically 0. The vanishing condition at infinity can be
significantly weakened and in particular, the L°° bound on v is a consequence of the
equation and of the assumption curl v € 2.

It is important to note at this stage that the assumptions of v vanishing at infinity,
curlv € L2, divv = 0 imply

2d

velb =172, d=3.
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Summing up, we assume that v is a solution of the Stationary Navier-Stokes System
for Incompressible Fluids, vanishes at infinity with curl v € L2(R3). In particular, we
know that v belongs to ﬂ6§psoo LP. These are the standard hypotheses.
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examples of known results.
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Summing up, we assume that v is a solution of the Stationary Navier-Stokes System
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condition, hopefully not outrageous, which can secure that v = 0. Let us give two
examples of known results.

Theorem (G.P. GALDI, 2011)

Let v be a solution of the Stationary Navier-Stokes System for Incompressible Fluids,
vanishing at infinity, with curl v € L?(R3). Assuming moreover that v belongs to
L9/2(R3), we obtain v = 0.
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Summing up, we assume that v is a solution of the Stationary Navier-Stokes System
for Incompressible Fluids, vanishes at infinity with curl v € L2(R3). In particular, we
know that v belongs to ﬂ6§psoo LP. These are the standard hypotheses.

The rule of our game is essentially the following: we shall try to find an additional
condition, hopefully not outrageous, which can secure that v = 0. Let us give two
examples of known results.

Theorem (G.P. GALDI, 2011)

Let v be a solution of the Stationary Navier-Stokes System for Incompressible Fluids,
vanishing at infinity, with curl v € L?(R3). Assuming moreover that v belongs to
L9/2(R3), we obtain v = 0.

Note that
nNeenw
§<p<oo 6<p<oo
|
Galdi's assumption standard set

with a strict inclusion so the above theorem is assuming much more than the standard
hypotheses.
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The LP condition is related to the behaviour at infinity and in some sense to the decay
at infinity. Defining

LP, = {u € L}, 3K compact such that u € L>(K) N LP(K®)},

we have py < pp = L2 C LR2.
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The LP condition is related to the behaviour at infinity and in some sense to the decay
at infinity. Defining

LP, = {u € L}, 3K compact such that u € L>(K) N LP(K®)},
we have py < pp = L, C LR2. Indeed if f € LPL, we get

/\f\”zdx<||f|f%,0‘;;c/ [F|Prdx < +oo.
K

As a consequence, for compact intervals of [1,4+0o0], J1 D J2, we have min J; < min

and
minJ; __ __ ymin J;
Lok = (Y 18, c () LB = LT
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The LP condition is related to the behaviour at infinity and in some sense to the decay
at infinity. Defining

LP, = {u € L}, 3K compact such that u € L>(K) N LP(K®)},

we have py < pp = L, C LR2. Indeed if f € LPL, we get
/ [FP2a < IFIZ L /K [P dx < +oc.
1

As a consequence, for compact intervals of [1,4+0o0], J1 D J2, we have min J; < min
and ] ]
Lok = (Y 18, c () LB = LT
pEN pES

Note that the Galdi assumption v € Lg/z(R3) is quite good, since it beats in particular
the scaling of the equation at L3(R3): we have

N rrc () » c ) L~

3<p<oo %<p<oo 6<p=<oo
e — -
- [
scaling Galdi's assumption ~ standard set
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Another very interesting result is due to D. CHAE.

Theorem (D. Chae, 2014)

Let v be a solution of the Stationary Navier-Stokes System for Incompressible Fluids,
vanishing at infinity, with curl> v € L%5(R3). Then we obtain v = 0.
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Let v be a solution of the Stationary Navier-Stokes System for Incompressible Fluids,
vanishing at infinity, with curl> v € L%5(R3). Then we obtain v = 0.
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Another very interesting result is due to D. CHAE.

Theorem (D. Chae, 2014)

Let v be a solution of the Stationary Navier-Stokes System for Incompressible Fluids,
vanishing at infinity, with curl> v € L%5(R3). Then we obtain v = 0.

Note that here, there is no assumption on the curl itself, but that curl v € L2(R3)
actually follows from the assumption since

. 1—
curlv € Wh8(R3) € WO2(R3), TO - g _

N | =

Clearly, Chae is assuming more than the standard hypotheses, but it respects the
scaling of the problem, thanks to the above Sobolev inclusion, which is sharp.
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Writing the Navier-Stokes System
Before embarking into a discussion of our assumptions for some new results, we would

like to spend some time on the various ways to write the Navier-Stokes system. Let us
begin with a couple of classical formulas.
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that curl v belongs to L2(R3,R3) and divv = 0. Then we have

(v-V)v= ((curl v) X v) + %V(\V\ZL
curlPv = —Av.

As a consequence, the stationary Navier-Stokes system can be written as (we use the
notation C for the curl operator)

vC?v 4+ Cv x v+ VQ =0, divv =0,

8 Nicolas Lerner Liouville Theorems



1. Introduction The Classical Liouville Theorem
The Navier-Stokes System and some known results

Writing the Navier-Stokes System

Writing the Navier-Stokes System
Before embarking into a discussion of our assumptions for some new results, we would
like to spend some time on the various ways to write the Navier-Stokes system. Let us
begin with a couple of classical formulas. First of all, let v be in Lfoc(R3,R3) such
that curl v belongs to L2(R3,R3) and divv = 0. Then we have
1
(v-V)v= ((curl v) X v) + EV(\V\ZL
curl’v = —Av.
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As a consequence, the stationary Navier-Stokes system can be written as (we use the
notation C for the curl operator)
vC?v 4+ Cv x v+ VQ =0, divv =0,
where the Bernoulli head pressure Q = p + %|v\2. Recalling the formula, with
D = —-iV,
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every LP, 1 < p < 400, so that we can take

8 Nicolas Lerner Liouville Theorems



1. Introduction The Classical Liouville Theorem
The Navier-Stokes System and some known results

Writing the Navier-Stokes System

Writing the Navier-Stokes System

Before embarking into a discussion of our assumptions for some new results, we would
like to spend some time on the various ways to write the Navier-Stokes system. Let us
begin with a couple of classical formulas. First of all, let v be in LfOC(R3,R3) such
that curl v belongs to L2(R3,R3) and divv = 0. Then we have
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As a consequence, the stationary Navier-Stokes system can be written as (we use the
notation C for the curl operator)
vC?v 4+ Cv x v+ VQ =0, divv =0,
where the Bernoulli head pressure Q = p + %|v\2. Recalling the formula, with
D = —-iV,
16
—Ap = div(8;(v;v)) = |DI*(|D| 72 div §;(vjv)) = |D]*Re (V ®v),
| SR
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where Ry is a standard singular integral, which is a Fourier multiplier bounded on
every LP, 1 < p < 400, so that we can take

1
Q=R(vev)+ §|v\2 =S (vev) e L3
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and the stationary Navier-Stokes equation can be written as

vC? +Cv x v—P(Cv x v) =0, divv =0, thatis,

or

VC2v+IP’(Cv X v) =0, divv =0,

vC3v + (Cv X v) +VQ =0, divv =0.
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A comment. To calculate the dot-product (pointwisely in R3) with v(x) in the latter
formula, we get in particular

<(Cv)(x) x v(x), v(x)2;= det((Cv)(x), v(x), v(x)) =0,
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VC2v+IP’(Cv X v) =0, divv =0, |or

vC3v + (Cv X v) +VQ =0, divv =0.

A comment. To calculate the dot-product (pointwisely in R3) with v(x) in the latter
formula, we get in particular

<(Cv)(x) x v(x), v(x)2;= det((Cv)(x), v(x), v(x)) =0,

without an integration by parts.
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Writing the Bernoulli head pressure Q, we get

uC2v+(Cv>< v)+VQ:O,divv:0.

10 Nicolas Lerner Liouville Theorems



1. Introduction The Classical Liouville Theorem
The Navier-Stokes System and some known results

Writing the Navier-Stokes System

Let us show with a couple of examples that it is convenient to write the stationary
Navier-Stokes system as

vC2v +]P(Cv X v) =0, divv=0.
e Potential flows: if v = V1), with ¢ harmonic, we get divv = Ay = 0 and
curl v = 0, the equation is reduced to Av = 0, which holds true.

e Beltrami flows: if (curl v)(x) = a(x)v(x), we get Cv X v = 0, the equation
becomes linear with Aw = 0, v = curl w, w is a stream vector.

Writing the Bernoulli head pressure Q, we get
vC2y + (Cv X v) +VQ =0,divyv =0.
We may always multiply pointwisely to get

v <C?v, V>, +det(Cv, v, v) +div(Qv) =0,
e —|
=0

a very helpful identity, essentially sufficient to get Galdi's L9/2 result.
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we get
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from the equation since
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=CvxvelP=PCvxv)el®= Cecl’
vel®

proving the following
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Lemma 1. Let v be a vector field on R3 such that such that the standard hypotheses
are satisfied. Then we have
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m v(x):0]2>v€L6,

li
[x| =00

[cV €12, divv=0,

whereas a couple of estimates are non-linear in the sense that they follow from the
stationary Navier-Stokes equation

vC%v + IP’(CV X v) =0, divv=0.
We are also able to estimate all the norms in terms of ||Cv||,2, including
—1 2
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typically a non-linear estimate, true for the solutions of the non-linear equation.
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that is a problem of behaviour for v(x) when |x| is large.
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We recall that the Liouville problem under scope is the following question: Does

VCZV—HP’(CV X v) =0,divv =0,
lim || oo V(X) =0, —v=0 7
Cvel?

Somehow “obviously”, this is mainly a problem of securing enough decay at infinity,
that is a problem of behaviour for v(x) when |x| is large. A good decay of v(x) for x
large should be equivalent to some type of regularity for the Fourier transform ¥(¢) at
a finite distance, so it looks as well as a low frequencies problem , that is a problem
of controlling the singularities of ¥ for |¢] small.

All of the above is plausible but still quite vague and we would like to provide a couple
of clearcut results supporting that perspective.
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vC?v + P(Cv x v) = 0,divv =0,
Standard assumptions: lim || 5400 V(x) =0,
Cve L

Theorem 1. [An improvement of Galdi’s result] Let us assume that v satisfies the
standard assumptions. Moreover we assume that there exists ag € C(‘_?o(Rz) equal to
1 in a neighborhood of 0, such that

ao(D)v € LY2(R3).

Then v = 0.
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standard assumptions. Moreover we assume that there exists ag € C(‘_?o(Rz) equal to
1 in a neighborhood of 0, such that

ao(D)v € LY2(R3).

Then v = 0.

This result means that the assumption v € L9/2 in Galdi's Theorem is too strong and
that it is enough to assume that vjg) = ao(D)v, the projection of v onto the space of

vectors with spectrum in a given neighborhood of 0 belongs to L9/2.
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Theorem 1. [An improvement of Galdi's result] Let us assume that v satisfies the
standard assumptions. Moreover we assume that there exists ag € C(‘_?o(Rz) equal to
1 in a neighborhood of 0, such that

ao(D)v € LY2(R3).

Then v = 0.

This result means that the assumption v € L9/2 in Galdi's Theorem is too strong and
that it is enough to assume that vjg) = ao(D)v, the projection of v onto the space of

vectors with spectrum in a given neighborhood of 0 belongs to L9/2.
A key point in our proof is that we are able to prove that the part of v with large
spectrum belongs to L?, that is with a1(&) = 1 — ag(€) (which vanishes near 0)

a1(D)v € L2
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standard assumptions. Moreover we assume that there exists ag € CCOO(RE), equal to
1 in a neighborhood of 0, such that
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Then we obtain v = 0.

The main point in the proof of this result, is that we are able to show some type of
enhanced regularity properties for the vector field v. In particular, we show that v
belongs to the Wiener Algebra W = F(L!). Thanks to the Riemann-Lebesgue
Lemma, we have, with strict inclusions of Banach Algebras,
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Theorem 2. [An improvement of Chae’s result] Let us assume that v satisfies the
standard assumptions. Moreover we assume that there exists ag € CCOO(RE), equal to
1 in a neighborhood of 0, such that

|D[2ag(D)v = ag(D)C?v € LO/5(R3).
Then we obtain v = 0.

The main point in the proof of this result, is that we are able to show some type of
enhanced regularity properties for the vector field v. In particular, we show that v
belongs to the Wiener Algebra W = F(L!). Thanks to the Riemann-Lebesgue
Lemma, we have, with strict inclusions of Banach Algebras,

W Ci’) C L.

€ functions
with limit 0
at infinity

We will show as well that Voo € N3, 9%v € W, 92Vv e L2

The Wiener algebra is nice, much nicer than C(OO) and L°°: although these three
algebras are stable by product (i.e. are algebras ...), the Wiener algebra is also stable
under the action of standard singular integrals, which is not the case of the two
others.
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argument, let us give the simple proof that v € YW. We have already seen above that
Cvel?(an assumption) and that C2v € L? (a lemma above). We need to prove that

¥ belongs to Lloc' which is not a trivial matter, but accepting this we get

Jitenae= [ “f“ﬁl’ldH/ 1@l de
< (/{lm} 6l 2de)’ / (@) mzdg)
* (/{‘M}\ e~tae) ([ 100 Pigtag)

= 2v/m|[Cv|2 + 2VA[C?V] 2 < +00, qed.
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which are also stable by standard singular integrals. We define as well
A = {v € V¥ such that Va € N3 with |a| > 1,0%v € L?}.

Then A is a Fréchet algebra, stable under differentiation and under the action of
singular integrals.

Lemma 2. Let us assume that v satisfies the standard assumptions. Then v and the
Bernoulli head pressure Q = p + %|v|2 both belong to A.

In particular v, Q are C°°, with limit 0 at infinity as well as all their derivatives: in
fact we have Vkv C C(’B) (Ck functions with limit 0 at infinity).

The smoothness of v was already proven by Galdi, but the fact that v, Q belong to A
seems to be new and is quite helpful for our purpose.
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Enhanced Regularity Results, Wiener Algebras

Indeed the Stationary Navier-Stokes System reads,

VC2V+]P(CV X v) =0, divv=0,
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the Leray projection P, which is a singular integral, the matrix Fourier multiplier
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Indeed the Stationary Navier-Stokes System reads,
vC2%v + ]P’(Cv X v) =0, divv=0,

and is not stricto sensu a Partial Differential Equation, because of the occurrence of
the Leray projection P, which is a singular integral, the matrix Fourier multiplier

P(€) = b~ €] 2(£®¢).
Nonetheless P is not a local operator, but it is neither a pseudo-differential operator,

even in a quite broad acception, and the reason for that is the singularity at 0 of the
matrix P().

Many important phenomena could occur near £ = 0, and, in fact, it is particularly
conspicuous for the Liouville problem.
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The result of that situation is that you get relieved when your solution v actually
belongs to an algebra (thus stable by products) also stable under singular integrals.
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The result of that situation is that you get relieved when your solution v actually
belongs to an algebra (thus stable by products) also stable under singular integrals. As
already said, the injections

W= F(L') C Cpy C L™,

are not onto, but the homogeneity of VW is the same as the homogeneity of L*, since
defining for A € GI(d,R), up(x) = u(Ax), we have, say for u € W,

luallw = llullw, lluallLee = llullLee,

since (F(up)) (&) = G(*A~1€)| det A| 7L, entailing
llunllw :/\3(t/\_15)\|det/\|_1d§:/\3(77)|d77= lullw-

Although replacing v € C(ko) by v € VK as replacing v € C(OO) by v €W, seem
minute improvements, they are both needed for our spectral arguments to work.
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On the Wiener algebras
For s > 0, we have defined V= = {v € W, (D)Sv € W}, (&)° = (1 + |¢]>)5/2
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Lemma 3. Let s > 0 be given. Then V*% is a Banach algebra for the multiplication
of functions. Moreover V¢ is stable by the action of a singular integral.
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Lemma 3. Let s > 0 be given. Then V*% is a Banach algebra for the multiplication
of functions. Moreover V¢ is stable by the action of a singular integral.

Proof. It is obvious that V' is a Banach space isomorphic to V%« = W. Let us
check the algebra property: let vi, vo be in V= for some s > 0. We have thus
vi,v2 € W and 71vz = ¥ * {» (convolution of L! functions), and we have

(®) @ ane = [ % [00(n) ()] [32(6 — m) (¢ — m)*] .
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of functions. Moreover V¢ is stable by the action of a singular integral.

Proof. It is obvious that V' is a Banach space isomorphic to V%« = W. Let us
check the algebra property: let vi, vo be in V= for some s > 0. We have thus
vi,v2 € W and 71vz = ¥ * {» (convolution of L! functions), and we have

(®) @ ane = [ % [00(n) ()] [32(6 — m) (¢ — m)*] .

f d 2+|€1+6, 2
Notice that for £1,& € RY, we have EaP G

the absolute value of the |hs of (), the Banach algebra property

< 1. We get by integration of

(B vivallws.e < [[villws.w||vallyys.w.
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On the Wiener algebras
For s > 0, we have defined V= = {v € W, (D)Sv € W}, (&)° = (1 + |¢]>)5/2

Lemma 3. Let s > 0 be given. Then V*% is a Banach algebra for the multiplication
of functions. Moreover V¢ is stable by the action of a singular integral.

Proof. It is obvious that V' is a Banach space isomorphic to V%« = W. Let us
check the algebra property: let vi, vo be in V= for some s > 0. We have thus
vi,v2 € W and 71vz = ¥ * {» (convolution of L! functions), and we have

o (3 . ST s

= [ 5 _ —ns]dn.
(#) (€ nva(€) / € n e [01(n) (m)°] [92(& — m)(€ — m)*]dm
Notice that for £1,& € R?, we have Wm < 1. We get by integration of

the absolute value of the |hs of (), the Banach algebra property

(B vivallws.e < [[villws.w||vallyys.w.

The listener may have realized that we have surreptitiously changed the 1 + \ﬁlz intoa?2+ \5\2, a rather harmless
modification needed to have () with the constant 1. By the way, the optimal change would have been

% + \§|2 Obviously not the point.
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For s > 0, we have defined V5 = {v € W, (D)°v € W}, (€)° = (1 + |£[2)%/2.

Lemma 3. Let s > 0 be given. Then V*“ is a Banach algebra for the multiplication
of functions. Moreover V=% s stable by the action of a singular integral.

Let m(D) be a Fourier multiplier with m(¢) bounded and let v € W*“. We have

F(m(D)v)(&) = m(€)¥(8),
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3. Elements for the proof An improvement of Galdi’s result

For s > 0, we have defined V% = {v € W, (D)v € W}, (&)° = (1 + |¢>)%/2.

Lemma 3. Let s > 0 be given. Then V*“ is a Banach algebra for the multiplication
of functions. Moreover V=% s stable by the action of a singular integral.

Let m(D) be a Fourier multiplier with m(¢) bounded and let v € W*“. We have
F(m(D)v)(&) = m(&)¥(©),

and thus | m(D)v[|ys. = [ [m(€)U(€)](€)°dE < [m] 1o |Vl]ys. . concluding the proof
of the lemma.
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On the Wiener algebras
Some properties of the Bernoulli head pressure

3. Elements for the proof An improvement of Galdi’s result

Lemma 4. Let v be a vector field satisfying the standard assumptions. Then v € W
and we have for all r > 0,

V2 /\§|> 10(€)Pde < [[CvIPalvZee < +oo.
_r
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Lemma 4. Let v be a vector field satisfying the standard assumptions. Then v € W
and we have for all r > 0,

V2 /\§|> 10(€)Pde < [[CvIPalvZee < +oo.
_r

Proof. We have

Lje12n 9(€) = 11" 1g1e12n] [I€719(9)I],  which belongs to L2,

L
€L () c2(®?)
since C2vel?
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Lemma 4. Let v be a vector field satisfying the standard assumptions. Then v € W
and we have for all r > 0,

V2 /\§|> 10(€)Pde < [[CvIPalvZee < +oo.
_r

Proof. We have

Ltz ¥(6) = [I€17" 1112 ] [1€P19()I],  which belongs to L2,

L L
€L () c2(®?)
since C2vel?

and
[ 1o@rde < [ietoe)rde
|&1>r

= r74||C2v||i2 = r74l/72||]P’(Cv X V)Hiz
< rh2ey x v

< r 2 ev)AviEe, qed.
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3. Elements for the proof An improvement of Galdi’s result

Some properties of the Bernoulli head pressure.
We recall that the SNSI reads

vC% +P(Cv x v) =0, divv =0,
or as

uC2v+(Cv Xv)+VQ=0, divv=0,
Q=R(vev)+ %|v\2 = So(v®v).
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Some properties of the Bernoulli head pressure.
We recall that the SNSI reads

vC% +P(Cv x v) =0, divv =0,
or as

vC?%v + (Cv x v) +VQ =0, divv=0,
Q=R(vev)+ %|v|2 = So(v®v).

We get immediately

—AQ =div(Cv x v) =<C?v,v>; —|Cv[3; = —v~! <v, VQ>, —|Cv[3;.

Lemma (Chae’s key Lemma)

Let v be a vector field satisfying the standard assumptions. The Bernoulli head
pressure @ takes negative values.

23 Nicolas Lerner Liouville Theorems



On the Wiener algebras
Some properties of the Bernoulli head pressure

3. Elements for the proof An improvement of Galdi’s result

Some properties of the Bernoulli head pressure.
We recall that the SNSI reads

vC% +P(Cv x v) =0, divv =0,
or as

uC2v+(Cv Xv)+VQ=0, divv=0,
Q=R(vev)+ %|v|2 = So(v®v).

We get immediately

—AQ =div(Cv x v) =<C?v,v>; —|Cv[3; = —v~! <v, VQ>, —|Cv[3;.

Lemma (Chae’s key Lemma)

Let v be a vector field satisfying the standard assumptions. The Bernoulli head
pressure @ takes negative values.

This result was proven by D. Chae, with a new multiplier method: instead of
multiplying the equation by any xv (say with x radial smooth compactly function), he
chose to use a very particular function x, appearing as a carefully chosen function of

Q.
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On the Wiener algebras
Some properties of the Bernoulli head pressure

3. Elements for the proof An improvement of Galdi’s result

We have the following (technical) result:

Theorem 3. Let Q be the Bernoulli head pressure. If (AQ)Jr or (AQ)7 belongs to
LY(R3), then v = 0.

NB. Note that the assumptions of this theorem hold true for instance when Q is
superharmonic or subharmonic.
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LY(R3), then v = 0.

NB. Note that the assumptions of this theorem hold true for instance when Q is
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We use essentially the following fact: for any 9 > 0 which is a regular value of Q, we

have
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have
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We have the following (technical) result:

Theorem 3. Let Q be the Bernoulli head pressure. If (AQ)Jr or (AQ)7 belongs to
LY(R3), then v = 0.

NB. Note that the assumptions of this theorem hold true for instance when Q is
superharmonic or subharmonic.

We use essentially the following fact: for any 9 > 0 which is a regular value of Q, we

have
/ |Cv|?dx = / AQ dx,
{Q()<—eo} {Q(x)<—=0}

and using and the fact the set {x, Q(x) < —e«} is a bounded regular open set for a
sequence of positive £, with limit 0 (Sard’s Theorem) which increases when ey
decreases, we may apply the Beppo-Levi Theorem to get that

/ |Cv|2dx+/ (AQ)_dx:/ (AQ)4dx.
{Q()<0} {Q()<0} {Q()<0}

The very first integral is finite; if one of the two following integrals is finite, then the
other is also finite and AQ belongs to L1. It is easy to prove in that case that
Jr3(AQ) dx =0.
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3. Elements for the proof An improvement of Galdi’s result

An improvement of Galdi’s result.

Theorem 1. Let us assume that the standard assumptions are fullfilled.
Moreover we assume that there exists ap € C2°(IRZ) whose support contains a
neighborhood of 0 such that

ao(D)v € L3(R?).

Then v = 0.
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Some properties of the Bernoulli head pressure
3. Elements for the proof An improvement of Galdi’s result

An improvement of Galdi’s result.

Theorem 1. Let us assume that the standard assumptions are fullfilled.
Moreover we assume that there exists ap € C2°(IRZ) whose support contains a
neighborhood of 0 such that

ao(D)v € L3(R?).
Then v = 0.

This result means that the assumption v € L%/2 is too strong and that it is
enough to assume that vy, the projection of v onto the space of vectors with
spectrum in a given neighborhood of 0 belongs to L%/2.

25 Nicolas Lerner Liouville Theorems



On the Wiener algebras
Some properties of the Bernoulli head pressure

3. Elements for the proof An improvement of Galdi’s result

Let o be a given smooth compactly supported function defined on R3, valued in
[0,1], equal to 1 on a neighborhood of 0. We define, for p > 0, x,(x) = ¥o(x/p), and
we note that ||[Vx,|l;3 = [[Vo|l;3 (thus independent of p).
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Let o be a given smooth compactly supported function defined on R3, valued in
[0,1], equal to 1 on a neighborhood of 0. We define, for p > 0, x,(x) = ¥o(x/p), and
we note that [|[Vx,|l;3 = || V4o|l;3 (thus independent of p). We multiply the equation
by x,v and look at the various terms. The main term is

(VQ,xpv) = =(Q,v- Vxp) = =(So(v ® v), v - VXp)-
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3. Elements for the proof An improvement of Galdi’s result

Let o be a given smooth compactly supported function defined on R3, valued in
[0,1], equal to 1 on a neighborhood of 0. We define, for p > 0, x,(x) = ¥o(x/p), and
we note that [|[Vx,|l;3 = || V4o|l;3 (thus independent of p). We multiply the equation
by x,v and look at the various terms. The main term is

(VQ,xpv) = —(Q,v-VXp) = —(So(v®v),v-Vxp).
With v = vy + v1, spect vo compact, 0 ¢ spect vi. We have

So(v ® v) = So(vo ® vo) + So(vo ® v1) + So(v1 ® vo) + So(v1 ® v1).
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Let o be a given smooth compactly supported function defined on R3, valued in
[0,1], equal to 1 on a neighborhood of 0. We define, for p > 0, x,(x) = ¥o(x/p), and
we note that [|[Vx,|l;3 = || V4o|l;3 (thus independent of p). We multiply the equation
by x,v and look at the various terms. The main term is

(V@ xpv) = =(Q,v-Vxp) = —(So(v@v),v-Vxp).
With v = vy + v1, spect vo compact, 0 ¢ spect vi. We have
So(v @ v) = So(vo ® vo) + So(vo ® v1) + So(vi ® vo) + So(v1 ® v1).
The main terms to look at are

(voSo(vo ® o) + voSo(vo ® v1) + voSo(vi ® vo) + voSo(vi ® vi), Vxp)-
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[0,1], equal to 1 on a neighborhood of 0. We define, for p > 0, x,(x) = ¥o(x/p), and
we note that [|[Vx,|l;3 = || V4o|l;3 (thus independent of p). We multiply the equation
by x,v and look at the various terms. The main term is

(V@ xpv) = =(Q,v-Vxp) = —(So(v@v),v-Vxp).
With v = vy + v1, spect vo compact, 0 ¢ spect vi. We have
So(v @ v) = So(vo ® vo) + So(vo ® v1) + So(vi ® vo) + So(v1 ® v1).
The main terms to look at are

(voSo(vo ® o) + voSo(vo ® v1) + voSo(vi ® vo) + voSo(vi ® vi), Vxp)-

12
|
Let us check the second term: vy S [\vo/® vi | . The two last terms are not very
~—~
L6 Loo 12
13/2 OK

different.
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Let o be a given smooth compactly supported function defined on R3, valued in
[0,1], equal to 1 on a neighborhood of 0. We define, for p > 0, x,(x) = ¥o(x/p), and
we note that [|[Vx,|l;3 = || V4o|l;3 (thus independent of p). We multiply the equation
by x,v and look at the various terms. The main term is

(V@ xpv) = =(Q,v-Vxp) = —(So(v@v),v-Vxp).
With v = vy + v1, spect vo compact, 0 ¢ spect vi. We have
So(v @ v) = So(vo ® vo) + So(vo ® v1) + So(vi ® vo) + So(v1 ® v1).
The main terms to look at are

(voSo(vo ® o) + voSo(vo ® v1) + voSo(vi ® vo) + voSo(vi ® vi), Vxp)-

12
|
Let us check the second term: vy S [\vo/® vi | . The two last terms are not very
~—~
L6 Loo 12
13/2 OK

different. The first term is taken care of by the assumption on vp.
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On the Wiener algebras
Some properties of the Bernoulli head pressure

3. Elements for the proof An improvement of Galdi’s result

We start with 0=(C?+ (Cvxv)+VQ,xpv)
=(Cv+VQ,xpv)
(Cv, xpCv) 4+ (Cv, Vxp X v} + (VQ,X,V)

- /XPICVlde +e(p) = (Q,v - Vxp)-
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3. Elements for the proof An improvement of Galdi’s result

We start with 0=(C?+ (Cvxv)+VQ,xpv)
= (C?v + VQ,xpv)
=(Cv,xpCv) + (Cv, Vxp X v} +(VQ,X,V)
- /XPICVlde +e(p) = (Q, v Vxp).

We check only two terms in (Q, v - Vx,), namely

[(So(vo @ v1), V)| < N1So(vo ® va)ll 2 l1voll s supp w1V X0 Il 3

< ISolll2livollwllvill2 Vol lIvolls(supp )
e —|

goes to 0 when p — 400
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3. Elements for the proof An improvement of Galdi’s result

We start with 0=(C?+ (Cvxv)+VQ,xpv)
= (C?v + VQ,xpv)

=(Cv,xpCv) + (Cv, Vxp X v} +(VQ,X,V)
L2 \L—31 LG

= [ xoleviax+ <o) = (@ v V).
We check only two terms in (Q, v - Vx,), namely

[(So(vo @ v1), V)| < N1So(vo ® va)ll 2 l1voll s supp w1V X0 Il 3

< ISolll2livollwllvill2 Vol lIvolls(supp )
e —|

goes to 0 when p — 400
and  [(So(vo @ v0), voVxp) | < V%0l 1311voll 9/2(upp w1 S0(v0 ® v0)l /4

2
< 19%0llis 10]119/2(aupp .,y 1018 2150l /s
|

goes to 0 when p — 400
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3. Elements for the proof An improvement of Galdi’s result

0=(C?+ (Cvxv)+VQ,xpv)

=(C?v +VQ, XpV)
=(Cv,xpCv) + (Cv, Vxp X v} +(VQ,X,V)
L2 \L—31 LG

- /XPICVlde +e(p) = (Q,v - Vxp)-

We start with

We check only two terms in (Q, v - Vx,), namely

[(So(vo @ v1), V)| < N1So(vo ® va)ll 2 l1voll s supp w1V X0 Il 3

<HSoll2lvollwlivallz[Vebollz [vollisgsupp v,
goes to 0 when p — 400

and  [(So(vo @ v0), voVxp) | < V%0l 1311voll 9/2(upp w1 S0(v0 ® v0)l /4

2
199005 10l 15/2p v,y 190152150l /a:

goes to 0 when p — 400

A

and we obtain Cv = 0, thus Vv = 0 so that v = c¢st and v = 0 since it vanishes at

infinity.
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On the Wiener algebras
Some properties of the Bernoulli head pressure

3. Elements for the proof An improvement of Galdi’s result

The discussion on the improvement of Chae's result (ag(D)C2v € L5/5) is more
technical. Since —AQ = C2v - v — |Cv|2, it is enough to check that C?v-v € L1. We

have
Ll

- 1
C2v.-v=C%- vy +C%v - v.
N~~~
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3. Elements for the proof An improvement of Galdi’s result

The discussion on the improvement of Chae's result (ag(D)C2v € L5/5) is more

technical. Since —AQ = C2v - v — |Cv|2, it is enough to check that C?v-v € L1. We
have

!
Cv-v=C% vy +C% - y.
N~~~

1
We check now C2v - vo = C2v; - vp + C?vp - W
——

16/5 L6
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3. Elements for the proof An improvement of Galdi’s result

The discussion on the improvement of Chae's result (ag(D)C2v € L5/5) is more

technical. Since —AQ = C2v - v — |Cv|2, it is enough to check that C?v-v € L1. We
have

1
We check now C2v - vg = C2v; - vp + C%vg- vy . We are left with
——

16/5 L6

|€1>9/10
C%vi - vop=C%v; - vio+C?vi- wo
——— o =~

L2.2ct o fgl=z1 |¢1<1/10
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3. Elements for the proof An improvement of Galdi’s result

The discussion on the improvement of Chae's result (ag(D)C2v € L5/5) is more

technical. Since —AQ = C2v - v — |Cv|2, it is enough to check that C2v-v € L1. We
have

1
We check now C2v - vg = C2v; - vp + C%vg- vy . We are left with
——

16/5 L6

|€1>9/10
C2V1-Vo=C2V]_-V]_0+C2V]_- Voo
—— N~
L2.2cLt |gl>1 [¢]<1/10
We have C?v; - vgo = f1(D) (C2v1 -aoo(D)vo).
——
|€]>89/100
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On the Wiener algebras
Some properties of the Bernoulli head pressure

3. Elements for the proof An improvement of Galdi’s result

With wy; = C?vq, we have since 51(D)ago(D) = 0,

C?vi - voo = B1(D) (w1(x)aoo(D)wo) = [B1(D), wi]ago(D)vo-
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On the Wiener algebras
Some properties of the Bernoulli head pressure

3. Elements for the proof An improvement of Galdi’s result

With wq = C2vy, we have since $1(D)ago(D) = 0,
C?vi - o = B1(D)(wi(x)aoo(D)vo) = [B1(D), wi]ago(D)vo-

Here we use a bit of pseudo-differential calculus: the operator [,Bl(D), Wl] has
principal symbol

GRS
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3. Elements for the proof An improvement of Galdi’s result

With wq = C2vy, we have since $1(D)ago(D) = 0,
C?vi - voo = B1(D) (w1(x)aoo(D)wo) = [B1(D), wi]ago(D)vo-

Here we use a bit of pseudo-differential calculus: the operator [,81(D), Wl] has
principal symbol

GRS

It is essentially enough to show that w; belongs to L%/5, since vo € L5. On the other
hand, we have
16/5 11
T T 1
vC?w+ v - Vw — w -Vv =0,
~—~ ~~ ~~
16 ~C2v€L3/2 12 12
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With wq = C2vy, we have since $1(D)ago(D) = 0,
C?vi - voo = B1(D) (w1(x)aoo(D)wo) = [B1(D), wi]ago(D)vo-

Here we use a bit of pseudo-differential calculus: the operator [,81(D), Wl] has
principal symbol

GRS

It is essentially enough to show that w; belongs to L%/5, since vo € L5. On the other
hand, we have
16/5 11
T T 1
vC?w+ v - Vw — w -Vv =0,
~—~ ~~ ~~
16 ~C2v€L3/2 12 12

entailing that
C?w=C(C?) e L' + 155 5 Vw,.
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With wq = C2vy, we have since $1(D)ago(D) = 0,
C?vi - voo = B1(D) (w1(x)aoo(D)wo) = [B1(D), wi]ago(D)vo-

Here we use a bit of pseudo-differential calculus: the operator [,81(D), Wl] has
principal symbol

GRS

It is essentially enough to show that w; belongs to L%/5, since vo € L5. On the other
hand, we have
16/5 11
T T 1
vC?w+ v - Vw — w -Vv =0,
~—~ ~~ ~~
16 ~C2v€L3/2 12 12

entailing that
C?w=C(C?) e L' + 155 5 Vw,.
We shall be left with

Vw - aoo(D)Vo € Lt Ocoo(D)Vo +L6/5 . aoo(D)Vo C Ll, qed.
L 16
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On the Wiener algebras
Some properties of the Bernoulli head pressure
3. Elements for the proof An improvement of Galdi’s result

e Wiener Algebras Methods for Liouville theorems on the stationary
Navier-Stokes system (67 pages), January 20 (2026), arXiv:2601.13916

e Introductory words to the previous paper
https://webusers.imj-prg.fr/~ nicolas.lerner/Introductory-words. pdf
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e Wiener Algebras Methods for Liouville theorems on the stationary
Navier-Stokes system (67 pages), January 20 (2026), arXiv:2601.13916

e Introductory words to the previous paper
https://webusers.imj-prg.fr/~ nicolas.lerner/Introductory-words. pdf

Thanks for your attention
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