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Jean-Claude’s ideas used in my work

Projection method

▶ Estimate of the splitting error for non conformal finite element

▶ Algebraic formulation of the pressure elliptic operator
♦ Finite volume scheme

♦ Relaxation of Dirichlet boundary conditions on the pressure
for outflow boundary conditions

[Dardhalon, Latché, Minjeaud, 2013]

Staggered scheme for Euler system

▶Discretization of a non-conservative version + corrective terms
[Herbin, Kheriji, Latché, 2013]

∂tρ+ div
(
ρu

)
= 0,

∂t

(
ρu

)
+ div

(
ρu⊗ u

)
+∇p = 0, p = (γ − 1)ρe, γ > 1

∂t(ρe) + div (ρeu) = −pdivu.

▶Transfert of discrete fields and operators between the different grids

⇝ ad hoc averaged quantities and operators

[Goudon, Krell, Llobell, Minjeaud, 2021]
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Application to incompressible multifluid flows

▶ Incompressible “multifluid” flows (a dispersed phase in a fluid phase)
∂tαp + div (αpup) = 0,

∂t(αpup) + div
(
αpup ⊗ up + π(αp)

)
= Dpαp(uf − up)−

αp

mp
∇p+ αpg,


∂tαf + div (αfuf ) = 0,

∂t(αfuf ) + div (αfuf ⊗ uf )−
1

mf
div (αfτ f ) =

mp

mf
Dpαp(up − uf )−

αf

mf
∇p+ αfg,

αf + αp = 1 ⇐⇒ div
(
αpup + αfuf

)
= 0 .

[Berthelin, Goudon, Minjeaud, 2016] [Ghosn, Goudon, Minjeaud, soumis]

▶ close packing term: π(αp) = c
αβ
p

α∗
p − αp

, c > 0, β > 1.

▶Viscous tensor: τ f = µf

(
∇uf +

(
∇uf

)⊺ − 2

3

(
divuf

)
Id

)
.

▶Fluid-particle interaction modeled by a drag force ∝ (uf − up)
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Discrete time marching 1/2
Inspired by projection methods – Prediction step

Assume (αp, αf ,up,uf , p) given (by previous time step) s.t. :

div
(
αpup

)
+ div

(
αfuf

)
= 0, αp + αf = 1.

Explicit computation of volume fractions αp and αf

αp − αp

∆t
+ div

(
αpup

)
= 0,

αf − αf

∆t
+ div

(
αfuf

)
= 0.

=⇒ αp + αf = 1.

Prediction of velocities ũp and ũf

αpũp − αpup

∆t
+ div

(
αpup ⊗ up + π(αp)

)
= Dαp(ũf − ũp)−

αp

mp
∇p+ αpg,

αf ũf − αfuf

∆t
+div

(
αfuf ⊗ uf

)
− 1

mf
div (αf ũf ) =

mp

mf
Dαp(ũp − ũf )−

αf

mf
∇p+αfg,

▶No divergence free constraint ▶Explicit pressure p
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Discrete time marching 2/2
Inspired by projection methods – Correction step

Correction of velocities up, uf ; Pressure computation p

up − ũp

∆t
= − 1

mp
∇(p− p),

uf − ũf

∆t
= − 1

mf
∇(p− p),

div
(
αpup

)
+ div

(
αfuf

)
= 0

OR EQUIVALENTLY

Pressure computation p

div

(
αp

(
ũp − ∆t

mp
∇
(
p− p

)))
+ div

(
αf

(
ũf − ∆t

mf
∇
(
p− p

)))
= 0

Correction of velocities up, uf

up = ũp − ∆t

mp
∇(p− p), uf = ũf − ∆t

mf
∇(p− p)
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Meshes and notation 1/2

▶The discrete unknowns are constant on different meshes

K

xK
K∗

xK∗

Dσ,σ∗

Primal Mesh Dual mesh Diamond mesh.

• Density ρσ,σ∗ and internal energy eσ,σ∗ on the diamond cell Dσ,σ∗

pσ,σ∗ = (γ − 1)ρσ,σ∗eσ,σ∗ .

• Velocity fields (uK ,uK∗) on the primal cell K and on the dual cell K∗.

xL

xL∗

xK

xK∗

s σ∗

σ

uL

uL∗

uK

uK∗
bρσ,σ∗

eσ,σ∗
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Discrete operators and duality relationship

Discrete operators
▶ discrete pressure gradient (on primal and dual cells)

(∇p)K =
1

|K|
∑

Dσ,σ∗∈DK

|σ|pσ,σ∗nK,σ,

(∇p)K∗ =
1

|K∗|
∑

Dσ,σ∗∈DK∗

|σ∗|pσ,σ∗nK∗,σ∗ ,

a a aaa
▶ discrete divergence operator (on diamond cells)

(∇ · u)σ,σ∗ =
1

|Dσ,σ∗ |
∑

s∈∂Dσ,σ∗

|s|uDσ,s ,

with uDσ,s :=
uK+uK∗

2
·nDσ,s .

+
+

+

+
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Discrete operators and duality relationship

Discrete operators
▶ discrete pressure gradient (on primal and dual cells)

(∇p)K =
1

|K|
∑

Dσ,σ∗∈DK

|σ|pσ,σ∗nK,σ,

(∇p)K∗ =
1

|K∗|
∑

Dσ,σ∗∈DK∗

|σ∗|pσ,σ∗nK∗,σ∗ ,

a a aaa
▶ discrete divergence operator (on diamond cells)

(∇ · u)σ,σ∗ =
1

2|Dσ,σ∗ |

(
|σ|

(
uL−uK

)
·nK,σ+|σ∗|

(
uL∗−uK∗

)
·nK∗,σ∗

)
,

[Domelevo, Omnes 2005]
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Discrete operators and duality relationship

Discrete operators
▶ discrete pressure gradient (on primal and dual cells)

(∇p)K =
1

|K|
∑

Dσ,σ∗∈DK

|σ|pσ,σ∗nK,σ,

(∇p)K∗ =
1

|K∗|
∑

Dσ,σ∗∈DK∗

|σ∗|pσ,σ∗nK∗,σ∗ ,

a a aaa
▶ discrete divergence operator (on diamond cells)

(∇ · u)σ,σ∗ =
1

2|Dσ,σ∗ |

(
|σ|

(
uL−uK

)
·nK,σ+|σ∗|

(
uL∗−uK∗

)
·nK∗,σ∗

)
,

[Domelevo, Omnes 2005]
Local duality relationship

There exists conservative fluxes qDσ,s for all Dσ, for all s, (σ = K|L),

|K ∩Dσ|uK · (∇p)K + |L ∩Dσ|uL · (∇p)L

+ pσ,σ∗ |σ|
(
uL − uK

)
· nK,σ =

∑
s∈∂Dσ

|s|qDσ,s

[Goudon, Krell, Llobell, Minjeaud, 2020]
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Discrete operators and consistency 1/3

▶ If xσ is the middle point of σ, for an affine function p̄,

1

|K|
∑

Dσ∈DK

|σ|p̄(xσ)nK,σ = ∇p̄

[Eymard, Gallouet, Herbin 2006]

▶Weak consistency of ∇
(
PXdiagp

)

▶ Strong consistency of ∇
(
PXσp

)
only

♦ on triangle meshes

♦ using the barycentric dual mesh

♦ if xK is the center of mass of K

xK∗

xσ
xσ′

xσK,ext

nσK,ext

nσσ′

K
σ

σ′

σK,ext
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Discrete operators and consistency 2/3
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Gradient error in L2 discrete norm

Primal
Dual Direct, no corr.
Dual Direct, corr.
Dual Bary, no corr.
Dual Bary, corr.
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slope = 0.15
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slope = 1.34
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slope = 1.00
slope = 0.14
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slope = 0.20
slope = 1.14
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Discrete operators and Laplace operator 3/3
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slope = 0.09
slope = 1.10
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Computation of volume fractions

▶The particle volume fractions are updated as follows

αp,σ,σ∗ − αp,σ,σ∗

δt
+

1

|Dσ,σ∗ |
∑

s∈∂Dσ,σ∗

|s|Fp
σ,s = 0,

where the volume fluxes Fp
σ,s = Fp,+

σ,s + Fp,−
σ,s (∼ αpup · n) with

Fp,+
σ,s = Fp,+(αp,σ,σ∗ , up,σ,s

)
and Fp,−

σ,s = Fp,−(αp,σ′,σ∗′ , up,σ,s

)
.

▶Normal velocity: up,σ,s =
1

2

(
up,K + up,K∗

)
· nσ,s with s = [xK ,xK∗ ].

▶ “Sound” speed c(αp) =
√

π′(αp) linked to close packing term π.

▶Flux splitting functions Fp,+ and Fp,− inspired from the kinetic
framework

Fp,+(α, u) =
α

2c

∫
ξ>0

ξ1I|ξ−u|⩽c(ξ)dξ
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δt
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1

|Dσ,σ∗ |
∑

s∈∂Dσ,σ∗

|s|Fp
σ,s = 0,

where the volume fluxes Fp
σ,s = Fp,+

σ,s + Fp,−
σ,s (∼ αpup · n) with

Fp,+
σ,s = Fp,+(αp,σ,σ∗ , up,σ,s

)
and Fp,−

σ,s = Fp,−(αp,σ′,σ∗′ , up,σ,s

)
.

▶Normal velocity: up,σ,s =
1

2

(
up,K + up,K∗

)
· nσ,s with s = [xK ,xK∗ ].

▶ “Sound” speed c(αp) =
√

π′(αp) linked to close packing term π.

▶Flux splitting functions Fp,+ and Fp,− inspired from the kinetic
framework

Fp,+(α, u) =


0 if u ⩽ −c,
α

4c

(
u+ c

)2
if |u| ⩽ c,

ρu if u ⩾ c,

and Fp,−(ρ, u) = −Fp,+(ρ,−u).
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Computation of volume fractions

▶The fluid volume fractions are updated as follows

αf,σ,σ∗ − αf,σ,σ∗

δt
+

1

|Dσ,σ∗ |
∑

s∈∂Dσ,σ∗

|s|Ff
σ,s = 0,

where the volume fluxes Ff
σ,s = Ff,+

σ,s + Ff,−
σ,s (∼ αfuf · n) with

Ff,+
σ,s = αf,σ,σ∗

[
uf,σ,s

]+
and Ff,−

σ,s = −αf,σ′,σ∗′
[
uf,σ,s

]−
.

▶Normal velocity: uf,σ,s =
1

2

(
uf,K + uf,K∗

)
· nσ,s with s = [xK ,xK∗ ].
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Prediction of momentum
Transfer of mass balance equation

▶Transfer of volume balance equations on primal and dual cells
[Ansanay, Babik, Latché, Vola, ’11][Goudon, Krell, Llobell, Minjeaud, ’20]

• Average volume fractions on a primal cell K

αK =
∑

Dσ,σ∗∈DK

|Dσ,σ∗ ∩K|
|K| ασ,σ∗ ,

• Average volume fluxes FK,σ outgoing from a primal cell K

FK,σ = F+
K,σ + F−

K,σ,

with

F±
K,σ =

|Dσ,σ∗ ∩K|
|Dσ,σ∗ |

∑
s∈∂Dσ,σ∗

s⊂L

|s|
|σ|F

±
Dσ,s

− |Dσ,σ∗ ∩ L|
|Dσ,σ∗ |

∑
s∈∂Dσ,σ∗

s⊂K

|s|
|σ|F

∓
Dσ,s

.

[Goudon, Krell, 2014]

• The fluxes FK,σ are conservative.

• The average densites αK satisfy the following conservative equations

αK − αK

δt
+

1

|K|
∑

Dσ,σ∗∈DK

|σ|FK,σ = 0.
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Prediction of particle momentum

▶The velocities are updated as follows

αp,K ũp,K − αp,Kup,K

δt
+

1

|K|
∑

Dσ,σ∗∈DK

|σ|Gp
K,σ

+Dp

(
αp,K ũp,K − αf,K ũf,K

)
= −αp,K

mp
(∇Φ)K + αp,Kg.

αp,K∗ ũp,K∗ − αp,K∗up,K∗

δt
+

1

|K∗|
∑

Dσ,σ∗∈DK∗

|σ∗|Gp
K∗,σ∗

+Dp(αp,K∗ ũp,K − αf,K∗ ũf,K∗) = −αp,K∗

mp
(∇Φ)K∗ + αp,K∗g

where the momentum fluxes Gp
K,σ and Gp

K∗,σ∗ (∼ αp(up · n)up) are defined by

Gp
K,σ = Fp,+

K,σup,K+Fp,−
K,σup,L and Gp

K∗,σ∗ = Fp,+
K∗,σ∗up,K∗+Fp,−

K∗,σ∗up,L∗ .
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Prediction of fluid momentum

▶The velocities are updated as follows

αf,K ũf,K − αf,Kuf,K

δt
+

1

|K|
∑

Dσ∈DK

|σ|Gf
K,σ − αf,K

mf

1

|K|
∑

Dσ∈DK

|σ|(τ̃ f )σ,σ∗nK,σ

+
mp

mf
Dp

(
αf,K ũf,K − αp,K ũp,K

)
= −αf,K

mf
(∇Φ)K + αf,Kg.

αf,K∗ ũf,K∗ − αf,K∗uf,K∗

δt
+

1

|K∗|
∑

Dσ∗∈DK∗

|σ∗|Gf
K∗,σ∗−

αf,K∗

mf

1

|K∗|
∑

Dσ∗∈DK∗

|σ|(τ̃ f )σ,σ∗nK∗,σ∗

+
mp

mf
Dp(αf,K∗ ũf,K − αp,K∗ ũp,K∗) = −αf,K∗

mf
(∇Φ)K∗ + αf,K∗g.

▶The fluxes Gf
K,σ and Gf

K∗,σ∗ (∼ αf (uf · n)uf ) are defined by

Gf
K,σ = Ff,+

K,σuf,K+Ff,−
K,σuf,L and Gf

K∗,σ∗ = Ff,+
K∗,σ∗uf,K∗+Ff,−

K∗,σ∗uf,L∗ .

▶The viscous tensor is defined by

(τ f )σ,σ∗ = µf

(
(∇uf )σ,σ∗ +

(
∇uf

)⊺
σ,σ∗ − 2

3
Tr(∇uf )σ,σ∗Id

)
,

thanks to velocity gradient

(∇uf )σ,σ∗ =
1

2|Dσ,σ∗ |

(
|σ|

(
uf,L−uf,K

)
⊗nK,σ+|σ∗|

(
uf,L∗−uf,K∗

)
⊗nK∗,σ∗

)
.
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Prediction of momentum
A coupled system

▶The system for the velocities couples

Uf =

(
ũ
(1)
f,K , ũ

(2)
f,K , ũ

(1)
f,K∗ , ũ

(2)
f,K∗

)
and Up =

(
ũ
(1)
p,K , ũ

(2)
p,K , ũ

(1)
p,K∗ , ũ

(2)
p,K∗

)
.

via drag forces and viscous term.

▶Drag forces are diagonal !(
Mf,f Mf,p

Mp,f Mp,p

)(
Uf

Up

)
=

(
Sf

Sp

)
with Mf,p, Mp,f , Mp,p diagonal matrices.

▶We solve for the fluid velocity

Uf =
[
Mf,f −Mf,pM−1

p,pMp,f

]−1(
Sf −Mf,pM−1

p,pSp

)
.

▶And the particle velocity

Up = M−1
p,p

(
Sp −Mp,fUf

)
.
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Correction step

Pressure increment Φσ,σ∗ = pσ,σ∗ − p∗σ,σ∗

div

(
αp

(
ũp − ∆t

mp
∇
(
p− p

)))
+ div

(
αf

(
ũf − ∆t

mf
∇
(
p− p

)))
= 0

▶We denote[
D(p)(αk

p,u
k
p)
]
σ,σ∗
=

1

|Dσ|
∑

s∈∂Dσ

|s|Fp
σ,s,

[
D(f)(αk

f ,u
k
f )
]
σ,σ∗
=

1

|Dσ|
∑

s∈∂Dσ

|s|Ff
σ,s,

▶Pressure increment computation

D(p)
(
αp, ũp − δt

mp
∇Φ

)
+ D(f)

(
αf , ũf − δt

mf
∇Φ

)
= 0.

▶Nonlinear problem, very few iterations of the nonlinear solver (2 or 3)

Pressure and velocity correction

p = p+Φ, up = ũp − ∆t

mp
∇Φ, uf = ũf − ∆t

mf
∇Φ
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Some elements of analysis

▶Conservation of positivity of volume fraction under CFL: conditions

δt

|Dσ,σ∗ |
∑

s∈∂Dσ,σ∗

|s| [λ+(αp,σ,σ∗ , up,σ,s)]
+ ⩽ 1,

δt

|Dσ,σ∗ |
∑

s∈∂Dσ,σ∗

|s| [uf,σ,s]
+ ⩽ 1.

▶The close packing constraint, αp,σ,σ∗ < α∗, is preserved under CFL conditions

δt

|Dσ,σ∗ |
∑

s∈∂Dσ,σ∗

|s| [λ−(αp,σ,σ∗ , up,σ,s)]
− ⩽ 1− αp,σ,σ∗

α∗ ,

▶At least one solution exists for the nonlinear pressure increment problem.

▶Discrete energy estimates remain open due to numerical diffusion
(in the divergence-free constraint operator).
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Numerical simulations
Vertical sedimentation problem, equilibrium solution

c = 1 and β = 4 c = 1 and β = 5

c = 0.2 and β = 4
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Numerical simulations
Inclined sedimentation 1/4

t = 0 t = 0.5 t = 1.25 t = 1.75 t = 2.25 t = 4
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Numerical simulations
Inclined sedimentation 2/4

t = 0 t = 0.5 t = 1.25 t = 1.75 t = 2.25 t = 4
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Numerical simulations
Inclined sedimentation 3/4

t = 0 t = 0.5 t = 1.25 t = 1.75 t = 2.25 t = 4
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Numerical simulations
Inclined sedimentation 4/4

Selected points Plot over time
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Numerical simulations
Sedimentation with obstacle (hourglass) c = 1 and β = 2 1/3

t = 0.05 t = 0.083 t = 0.12 t = 0.215 t = 0.38 t = 1.6
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Numerical simulations
Sedimentation with obstacle (hourglass), c = 0.4 and β = 4 2/3

t = 0.05 t = 0.12 t = 0.15 t = 0.215 t = 0.38 t = 1.6
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Numerical simulations
Sedimentation with obstacle (hourglass) 3/3

Cutlines at time t = 0.6

Vertical cutline at x = 0.05 Horizontal cutline at y = 0.43
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Numerical simulations
Avalanche

t = 0.21
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Numerical simulations
Avalanche

t = 0.55
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Numerical simulations
Avalanche

t = 1.08
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Numerical simulations
Avalanche

t = 2
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Numerical simulations
Avalanche

t = 2.3
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Conclusion

Conclusion

▶A numerical scheme for a multifluid system
(including drag forces and close packing term)

▶Preserve the positivity of α and the close packing constraint
(under CFL conditions)

▶A global strategy inspired by the work of Jean-Claude and Raphaèle.

Perspective

▶ Second order extension
(MUSCL techniques already implemented for the Euler system)

▶Modification of the scheme to ensure compatibility with energy estimates
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