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JEAN-CLAUDE’S IDEAS USED IN MY WORK

PROJECTION METHOD
» Estimate of the splitting error for non conformal finite element

» Algebraic formulation of the pressure elliptic operator
¢ Finite volume scheme

+ Relaxation of Dirichlet boundary conditions on the pressure
for outflow boundary conditions

[Dardhalon, Latché, Minjeaud, 2013]

STAGGERED SCHEME FOR EULER SYSTEM
» Discretization of a non-conservative version + corrective terms
Buo 2 i (pu) —0, [Herbin, Kheriji, Latché, 2013]
Bt(pu)+div(pu®u)+Vp:(), p=(y—1)pe, v>1
O¢(pe) + div (peu) = —pdiv u.
» Transfert of discrete fields and operators between the different grids
~+ ad hoc averaged quantities and operators

[Goudon, Krell, Llobell, Minjeaud, 2021]
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APPLICATION TO INCOMPRESSIBLE MULTIFLUID FLOWS

» Incompressible “multifluid” flows (a dispersed phase in a fluid phase)
Orap + div (apup) =0,
. «@
Oi(opup) + div (apup ®@up + W(ap)) = Dpop(uy —up) — mipvl) T apg,
P
Oray + div (apuy) =0,
. 1 . mp af
O(asuy) +div(asur @uy) — —div(asry) = —Dpap(u, —uy) — —Vp + ayg,
my my my
af+ap =1 <~ div(ozpup+anf):O.
[Berthelin, Goudon, Minjeaud, 2016] [Ghosn, Goudon, Minjeaud, soumis]

B
a
» close packing term: 7(ap) =¢c —2—, ¢>0, 8> 1.

*
o — oy

» Viscous tensor: T = juy (Vuf + (Vuy)" - g(div Uf)Id).

» Fluid-particle interaction modeled by a drag force o« (uy — uy)
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DISCRETE TIME MARCHING 1/2
INSPIRED BY PROJECTION METHODS — PREDICTION STEP

Assume (o, af, up, uyr,p) given (by previous time step) s.t. :

div (apup) + div (apuy) =0, op +ay =1.

EXPLICIT COMPUTATION OF VOLUME FRACTIONS Qap AND Qi

7O‘fA_t0‘f + div (afuf) = 0.

= a,tas=1.

%A;;«p + div (apup) =0,

PREDICTION OF VELOCITIES U, AND Uy

QpUy, — QpUp Op

+div (apup ®up + W(D‘p)) = Dap(uy —up) — —Vp + g,
At mp
== 1 B L _
afuthafuf-i-div (juy @uy)— m—fdiv (aruy) = %Dap(up —uyp)— %Vp-i—afg,
» No divergence free constraint » Explicit pressure p
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DISCRETE TIME MARCHING 2/2
INSPIRED BY PROJECTION METHODS — CORRECTION STEP

CORRECTION OF VELOCITIES Uy, Uy ; PRESSURE COMPUTATION D

-l _ 1 gpo UG-ty 1o
o mpV(p p), AT me(p p),

div (@puy,) + div (ayuy) =0
OR EQUIVALENTLY

PRESSURE COMPUTATION p

(= At o At
div (ap(up — m—pV(p —p))) + div (af (uf — m—fV(p —p))) =0
CORRECTION OF VELOCITIES Up, ﬁf

_ ~ At _ _ _ At _
u, =up — m—V(p - D), uy =uy — Ev(p -p)
P
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MESHES AND NOTATION 1/2

» The discrete unknowns are constant on different meshes

Al
A

Primal Mesh Dual mesh Diamond mesh.

e Density ps,o+ and internal energy ey o+ on the diamond cell Dy o+

Po,o* = (’Y - 1)00,0*60,0* .
e Velocity fields (ux,ux~+) on the primal cell K and on the dual cell K*.

e ‘7 XL*

XL
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DISCRETE OPERATORS AND DUALITY RELATIONSHIP

DISCRETE OPERATORS
» discrete pressure gradient (on primal and dual cells)

1
(Vo) = [y 2 lolposnie N
Dy ox €D 4
1 * v
(Vp)r» = ] Z |0" |po,o* K> ox ’

D ox €D g
» discrete divergence operator (on diamond cells)

1
(V‘u)a,a*:m > Islup,.,,

S€EOD, ,*

with uUp, 5::%‘“Dg .-
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DISCRETE OPERATORS AND DUALITY RELATIONSHIP

DISCRETE OPERATORS
» discrete pressure gradient (on primal and dual cells)

1
(Vo) = [y 2 lolposnie N
Dy ox €D 4
1 * v
(Vp)r» = ] Z |0" |po,o* K> ox ’

D ox €D g

» discrete divergence operator (on diamond cells)

1 *
(V-u), oo =575 (|0|(uL—llK)-nK,a+|U |(ur- _uK*)'nK*,a*>7

2|Dg,o+|
[Domelevo, Omnes 2005]
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DISCRETE OPERATORS AND DUALITY RELATIONSHIP

DISCRETE OPERATORS
» discrete pressure gradient (on primal and dual cells)

1
(Vok =G 2 lolprorne, A
Dy ox €D 4
1 * v
(Vp)r» = ] Z |0" |po,o* K> ox ’

Dy g% €D g

» discrete divergence operator (on diamond cells)

1
(V-u), .= 3ADyor] (\0\(uL—UK)~nK,a+|0*|(uL*—uK*)-nK*,a*>,
o,0*
[Domelevo, Omnes 2005]
LOCAL DUALITY RELATIONSHIP

There exists conservative fluxes ¢p, s for all D,, for all s, (c = K|L),

o5

|K N Doluk - (Vp)k +|L N Dolur - (Vp)L

+Poorlol(ur —uk) nxo= Y lslap, .
s€EOD

[Goudon, Krell, Llobell, Minjeaud, 2020]
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DISCRETE OPERATORS AND CONSISTENCY 1/3

» If x, is the middle point of o, for an affine function p,

1

K] > lolp(xo)nk,. = VP

oS [Eymard, Gallouet, Herbin 2006]

» Weak consistency of V (deiagp)

» Strong consistency of V ('Px(, p) only
+ on triangle meshes
+ using the barycentric dual mesh

¢ if zx is the center of mass of K
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DISCRETE

OPERATORS AND CONSISTENCY

2/3

gradient error

Gradient error in L2 discrete norm

Primal

Dual Direct, no corr.
Dual Direct, corr.
Dual Bary, no corr.
Dual Bary, corr.

memex

mesh size
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gradient error

Gradient error in L2 discrete norm

Primal

Dual Direct, no corr.
Dual Direct, corr.
Dual Bary, no cor.
Dual Bary, corr.

slope = 1.00
slope = 0.14
slope = 1.10
slope = 0.20
slope = 1.14

mesh size

107!
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DISCRETE

OPERATORS AND LAPLACE OPERATOR

By

H1 error

107

Discrete H1 error norm

® Direct, no corr. slope = 0.20
= Direct, corr. slope = 1.19
® Bary, nocorr. slope = 1.16
m Bary, corr. slope = 1.19
102 101
mesh size
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Discrete H1 error norm

® Direct, no corr. slope = 0.06
®  Direct, corr. slope = 1.07
® Bary, nocor. slope = 0.09
= Bary, corr. slope = 1.10
1072 10!
mesh size
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COMPUTATION OF VOLUME FRACTIONS

» The particle volume fractions are updated as follows

. = Q - 1
nol SRS o 3 BiFR =0,
T S€EOD, ,*

where the volume fluxes F2, = F2:F + F2'7 (~ apu, - n) with

p,+ _ P+ P, — _ TPi—
Fos =F (Oép,fno'*a“p,ms) and JFg, =F" (O‘p,a’,a*’v“p»o,s)~

1

» Normal velocity: up,o,s = = (up,K + up,K*) ‘Do s With 5§ =[xk, XK.

2
» “Sound” speed c(ap) = /7' () linked to close packing term 7.

» Flux splitting functions F?* and FP~ inspired from the kinetic
framework

Foot / Eleuco()de
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COMPUTATION OF VOLUME FRACTIONS

» The particle volume fractions are updated as follows

. = Q - 1
nol SRS o 3 BiFR =0,
T S€EOD, ,*

where the volume fluxes F2, = F2:F + F2'7 (~ apu, - n) with

p,+ _ P+ P, — _ TPi—
Fos =F (Ofp,fno*a“p,ms) and JFg, =F" (O‘p,a’,a*’v“p»o,s)~

1
» Normal velocity: up,0,s = 5 (up,K + up,K*) ‘Do s With 5§ =[xk, XK.

» “Sound” speed c(ap) = /7' () linked to close packing term 7.

» Flux splitting functions F?* and FP~ inspired from the kinetic

framework
0 if u < —c,
Fau) = £utd” ifful<e, and FP7(p,u) = —FPF(p, —u).
pu if u>ec,
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COMPUTATION OF VOLUME FRACTIONS

» The fluid volume fractions are updated as follows

Of,0,0% — Of,0,0% 1 f
+ 5| Fss =0
6t |Do',a'*| 568; ) ‘ | 0,5 b

where the volume fluxes ]-'(;’:5 = f(],cj;r + fi‘; (~ afuy - n) with

]—"g: = Qf 00" [u]c,a,g]jL and .7-—(];,’5_ = =0 o o [uf,a,ﬁ}_

1
» Normal velocity: uf,s,s = 3 (u_f,K -+ uf,K*) ‘N, s with § = [Xx, XK.
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PREDICTION OF MOMENTUM
TRANSFER OF MASS BALANCE EQUATION

» Transfer of volume balance equations on primal and dual cells
[Ansanay, Babik, Latché, Vola, ’11][Goudon, Krell, Llobell, Minjeaud, ’20]
e Average volume fractions on a primal cell K

Do o+ NK
ax = Z %aw*’
Dy ox €DK
e Average volume fluxes Fg ., outgoing from a primal cell K

Fro = Fhoo+ Fior

with
- |Do,ox N K| Is| -+ |Do,ox N L| Is|
Fko = ‘JDU 4 Z m}—Da,s - |cha o Z m}—go,s.
G S€OD, eAf S€OD,
sCL sCK

[Goudon, Krell, 2014]
e The fluxes Fi , are conservative.
e The average densites ax satisfy the following conservative equations

aOK — 0K 1
il S 0| Fx.0 = 0.
ot |K]| D, ;@K c
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PREDICTION OF PARTICLE MOMENTUM

» The velocities are updated as follows

Qp,kUp, K — Qp,KUp K 1 Z P
5t |K‘ |U|gK0

D, o+ €D

- o~ « _
+ D, (ap,Kup,K = Oéf,KUf,K) = —7:1’}{ (V®)k + ap, k8.
D

Qp,k*Up,K* — Qp,K*Up,K* 1 *| P
5t TR Y. 071Gk o
Dy g €D g
= ~ = ~ Qp K* -
+ Dp(ap, i+ Up i — Qg icrUpicr) = === (V) ke +apicvg
P

where the momentum fluxes Gi. , and Gf. . (~ ap(u, - n)uy) are defined by

P _ TPt Dy — P _ Tpt+ Dy —
Ko = TR oUp k+FK s up . and G o = Fpd oUp e +Fpe uUp e
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PREDICTION OF FLUID MOMENTUM

» The velocities are updated as follows

OpxUpK — OfKULK | _apk 1 -
|K| Z |a|gKU my |K| Z ‘U‘(Tf)ffﬁ nK,o

5t DseD K DseD K

m _ e _ — (e —
+ —=£D, (af,Kuf,K = %,Kup,K) = -LE(VO)k +ayxe
my mf
Qp krUg i — Qf o Uf K> 1 x|~ f af K+
5 R > lo*1Gke 5o o |K* > ol(F oo s or
D x €D pex o*ED Fcx
of K*

m. = _ P _
i #Dp(af,K*uf,K — Qp,k*Up,K*) = — (VO)k~ + T k8.
f

my
» The fluxes g{(’a and g{(*’a* (~ ay(uy -n)uy) are defined by
g};g = f;f(’;uf,KJr]:If(’;uf,L and g{(*,g* = .FI};:ig*uf,K*+ff7;a*uf,L*~
» The viscous tensor is defined by
(1) =17 (T + (T0)] . = ZTH(Vuty)oa 1),
thanks to velocity gradient

L | (|0| (uf,L*uf,K)®nK,o-+|0'*|(uf,L* *uf,K*)®nK*,a*)-

(VUf)o',a'* = m
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PREDICTION OF MOMENTUM
A COUPLED SYSTEM

» The system for the velocities couples
~(1) =2 =@ ~(2 ~(1) ~((2) =0 ~(2
1, — (e w2 mike, mife a0, — (G0 52wl w0

via drag forces and viscous term.

» Drag forces are diagonal !

(e 5E)- )
Mpp Mpp Up Sp
with My, My ¢, M, diagonal matrices.

» We solve for the fluid velocity
-1
Uy = [Mf,f - Mf,pMp,iMp,f] (Sf - /Vlf,pMp,;Sp)
» And the particle velocity

Up = M;Jlo (Sp - Mp,fo)-
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CORRECTION STEP

PRESSURE INCREMENT @y o+ = Do,o* — Piy o+

(=~ At _ o /AN
div (ap(up— m—pV(p—p))) + div (ozf(uf— m—fV(p—p))) =0 J
» We denote

1 1
[P af,uf)] =g 2 el [Pk, )] = D 2 57

S€EOD, sEOD,

» Pressure increment computation
-~ t ~ t
D (G, iy — iwb) +D (a5, 8y - 6—V¢) = 0.
g
» Nonlinear problem, very few iterations of the nonlinear solver (2 or 3)

PRESSURE AND VELOCITY CORRECTION
~ At ~ At
f

mp
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SOME ELEMENTS OF ANALYSIS

» Conservation of positivity of volume fraction under CFL: conditions

ot
|D7* Z 15| At (@tp, 0,07, Up,ors)] T < 1,
Lot SE€EOD, o

ot
B O sl unes]t <1

|Da’a* | SE€EOD, ,*

» The close packing constraint, ap,s,0x < a*, is preserved under CFL conditions

ot _ Q@ *
Dol 2 D@ )] <1 220
G S€EOD, o

» At least one solution exists for the nonlinear pressure increment problem.

» Discrete energy estimates remain open due to numerical diffusion
(in the divergence-free constraint operator).
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NUMERICAL SIMULATIONS
VERTICAL SEDIMENTATION PROBLEM, EQUILIBRIUM SOLUTION

c=02and =4
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NUMERICAL SIMULATIONS
INCLINED SEDIMENTATION 1/4

alpha_pS

5.7e01
[ 05
04
—03
- 02
[ 0.1
0.0e+00
mnEEnBR

t=0 t=05 t=125 t=175 ¢t=225 t=4
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NUMERICAL SIMULATIONS

INCLINED SEDIMENTATION 2/4

t=0 t=05 t=125 t=175 ¢t=22

Sebastian Minjeaud

5.7e01
— 04

—03

—02

0.0e+00

alpha_p$S

21/28



NUMERICAL SIMULATIONS
INCLINED SEDIMENTATION 3/4
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NUMERICAL SIMULATIONS

INCLINED SEDIMENTATION 4/4
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Selected points
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— Point 8 for 6 =35
— Point A for 6 =35
% Point B for 6 =20
== Point A for 6 =20
Point B for 6 =0
- ~Point Afor =0

5 5

Plot over time
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NUMERICAL SIMULATIONS
SEDIMENTATION WITH OBSTACLE (HOURGLASS) ¢ = 1 AND 8 = 2 1/3

I l 5.5e-01

— — - e — ] [ 05
—04

—03

—02

[ 0.1

0.0e+00

—

t=005 ¢=0.083 ¢t=0.12 ¢t=0215 +¢=0.38 t

I
—
>
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NUMERICAL SIMULATIONS
SEDIMENTATION WITH OBSTACLE (HOURGLASS), ¢ = 0.4 AND 8 = 4 2/3

8.4e01
B [07
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NUMERICAL SIMULATIONS

SEDIMENTATION WITH OBSTACLE (HOURGLASS) 3/3

CUTLINES AT TIME ¢t = 0.6

015

005

Vertical cutline at z = 0.05 Horizontal cutline at y = 0.43
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NUMERICAL SIMULATIONS
AVALANCHE

‘ [ 79601

%06

d B t=0.21

=02

’ l 00e+00
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NUMERICAL SIMULATIONS
AVALANCHE
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NUMERICAL SIMULATIONS
AVALANCHE
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NUMERICAL SIMULATIONS
AVALANCHE
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NUMERICAL SIMULATIONS
AVALANCHE
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CONCLUSION

CONCLUSION

» A numerical scheme for a multifluid system
(including drag forces and close packing term)

» Preserve the positivity of a and the close packing constraint
(under CFL conditions)

» A global strategy inspired by the work of Jean-Claude and Raphatle.

PERSPECTIVE

» Second order extension
(MUSCL techniques already implemented for the Euler system)

» Modification of the scheme to ensure compatibility with energy estimates
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