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the incompressible Navier—Stokes equations

Ou+ (u-Vu—Au+Vp=Ff in(0,T)xQ
divu =0 in (0, T) x Q

e QCRY de {2,3}, Lipschitz boundary
° ulpa =0, u(0)=up
o Fe 20, T;HY(Q)Y), wge L2(Q)
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objective: convergence of an approximate solution to a
weak solution

divergence-free space

V(Q)={vel?)(Q): [v Vidx =0, V¢ e H(Q)}
={veL?(Q):divv =0, v-nlypo =0}

u e [X0, T; H} ()4 N V(Q)) N L0, T; L(Q)9) such that

for all v € C°(Q x [0, T))9 such that divv = 0 a.e. in Q x (0, T)
T T T
—/ (u,8tv)dt+/ ((u-V)u, v)dt—i—/ /Vu : Vvdxdt
0 0 0 Ja
T

= (u, v(0,)) + / (f, v)dt

0

v
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use of projection scheme

@ coupled velocity—pressure systems: expensive, ill-conditioned

@ projection schemes (Chorin 1969, Temam 1969):
decoupled elliptic solves

@ incremental version (Goda 1979): better pressure accuracy
@ many results of convergence under additional regularity hypotheses

@ G.H.L.M.: convergence of the fully discrete incremental projection
scheme for incompressible flows.
J. Math. Fluid Mech. 25 (2023)

@ E.M.: convergence of the incremental projection method using
conforming approximations.
Comput. Methods Appl. Math. 24 (2024)
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remaining of this presentation

e study of discrete-in-time incremental projection scheme (G.H.L.M.)
convergence owing to Gallouét's trick on time translate

@ extension to MAC scheme (G.H.L.M.)
use of discrete functional analysis tools

@ extension to conforming scheme (E.M.)
inf-sup condition replaced by Fortin-type operator on regular functions
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the discrete-in-time incremental projection scheme

time partition: 6ty = T/N, ty, = ndty

prediction — find @iy € H}(Q)?:

~n+1 n

u
N 5 N 4 div(ah™ @ ufy) + Vpy — Aaitt = Frft
N

correction — find pi"t € HY(Q), then uf™:

1
/v "+1—pR,)-qux:&/ﬂ’,(,+1-qux Vg € HY(Q)
N

nN+1 fl — 5ty V( n+1 PRI)

° u’,(,“ is L2—divergence free with no boundary flux: u"Jr1 € V(Q)

o Dirichlet condition on @i € H3(R)9, not on uf™
goal: prove that both converge to the same weak solution
without more regularity assumption on this weak solution
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a priori estimates

n+1

key identity (test prediction with &y,"", add correction):

g™ 1% —

20ty

HUNH2 oty n+1y2 Frl2 — (ol gt
— - (IVeN IP=IVAR HIvayT? = (R agt)

Cauchy—Schwarz + Poincaré, summing over n

lanll 20,7, 12y < € lunllroe(o,1:2) < €

. 1/2
lun = Nl 20,7, 12) < C5t/v/
= existence of the discrete solution at each step

= compactness properties of approximate solution
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weak convergence

from the a priori estimates (up to a subsequence) and ||uy — @iy|[;2 — 0

iy — o in 20, T; H}(Q)Y)

<

*

uy =@ in (0, T; L2(Q)9)

limit u is divergence free since
/ nl.Vgdx =0 — / i-Vgdx=0 VYqe HYQ)
Q
limit & satisfies B.C. since o € L2(0, T; H}(Q)9)

weak convergence alone is not sufficient to pass to the limit in
the nonlinear term div(iy ® uy)
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Gallouét's trick: time translate estimates

discrete dual norm:

V)1 = sup{(v.0) 2y : ¥ € W ()N V(Q), [lellwrs =1}

estimate (using Sobolev inequalities):

T—71
/ lin(t +7) — Bn(D)|2y dt < Cr(r+ tn)
0

(pressure term vanishes for v € H}(Q)? N V(Q) in the prediction step)
apply Lions-type lemma: [[Pyqvi2 <ellv|im + Cllv]l«1

. 1/2
and use uy € V(Q) and [luy — iin[12(0,7: 12) < C(StN/

then apply Kolmogorov theorem

bounded sequence in L?(H}) + time-translate estimate in L2
= relatively compact in L2(0, T; L2(Q)9)
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strong compactness and passage to the Limit

From weak and strong convergence properties, each term in the scheme
converges:

e time derivative: ||uy — @iy|[;2 — 0 + weak conv.

@ pressure: vanishes against div-free test functions

e viscous term: weak convergence in L2(H}) suffices

@ convection: weak conv. grad. and strong conv. gives

diV(lNlN X UN) — div(l_l X l_l)

= u satisfies the Navier—Stokes weak formulation
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spatial discretization: MAC Scheme

staggered finite volumes
on non-uniform rectangular meshes

u; located at face centers L ¢;

p at cell centers

no inf-sup condition required ¢

discrete div, V, A defined by
duality ¢

[ ]
[ ]
o

up

@ non-uniform mesh allowed

Uy

fully discrete scheme: same structure,
all operators replaced by MAC
counterparts
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main convergence theorem (G.H.L.M.)

Theorem

let Q C RY be bounded Lipschitz, f € L%((0, T) x Q)9,

ug € HY(Q)9 N V(Q).

as 0ty — 0 (semi-discrete) or (0ty, hy) — O (fully discrete) with no
restriction on their ratio, there exists a subsequence and

ae 20, T; H}(Q)4 N V(Q)) N L=(0, T; L3(Q)9)

such that @iy, uy — @ strongly in L2(0, T; L?(Q)9), and @ is a weak
solution.

comparison with literature:
@ no regularity assumption on o
@ no CFL condition
o first convergence proof for the fully discrete incremental projection
scheme

@ covers non-uniform MAC meshes in 3D
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conforming approximations

o Xy C H}(Q)?  velocity (closed subspace)
o My C HY Q)N L3(2) pressure

prediction step: use skew-symmetric trilinear form b to find i’l',{frl € Xy:
~n+1 n
uy —uy

ot +b(ﬁ’,{l7fl',<l+17)+a(fl',(l+17)—|—(Vp,’<l7) = <an+17'>
N

correction step: find pi! € My:

1 .
(V(PR™ = PR, Va) = 5 (37, Va) Va e My
and set:

unNJrl — ar/(/+1 — Sty V(p,’(,ﬂ _ plr\wl)
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Assumptions on spaces My and Xy

@ uniform inf-sup condition replaced by weaker condition: existence of
family (My) of Fortin-type interpolators such that

My : C(Q)Y N V(Q) — Ey = Xy N VN L®(Q)?
where discrete divergence-free space V) defined by:
Vy={vel*(Q)?:(v,Vq)=0Vqe My}
e forall o € C(Q) N V(Q), Ny N % and

INnelle == IVNye| 2 + Myl 1~ bounded

@ pressure approximation converges:

H! 1 2
Puy(p) — p Vpe H(Q)N LG()
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example: the standard Taylor—Hood pair

on simplicial meshes Ty:
Xy = P3(Tw)9 N Hg(Q)¢

My =P (Tyn) N HY(Q) N L3(Q)
degrees of freedom:
e velocity (P?):

vertices + edge midpoints
o pressure (P):

vertices only
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inf-sup failure on a 3D mesh

pathological tetrahedron Kj:
all edges on 02, vertex yq only in Ko

eveXy=v=0o0n Ky
e g€ My: q(yy) =1+c¢,
q(y;) = c elsewhere
e (Vg,v)=0= infsup=0
standard theory fails
= this paper's 1y applies
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construction of [y for Taylor—-Hood

two-step operator inspired by: L. Diening, J. Storn, and T. Tscherpel
Fortin operator for the Taylor—-Hood element.
Numerische Mathematik, 150:671-689, 2021

Myv="Tlv+ |_|D(V — HLV)

@ IM;: nodal P? Lagrange interpolator

e Mp: divergence correction via P? bubble functions
div(Mpw) = projection of divw on P!

@ compact support of v = lMyv € Ey

Assumptions on discrete spaces satisfied
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extension: pair without inf-sup condition

near 02 (strip 2\ Qu):
use P! or transition elements Qn

(hatched triangles: 4 velocity dofs) /.v.\

VAVAVAN

interior Qp: standard P? /P! Q\Qy
RAVAVAV/

My still satisfies assumptions
even without inf-sup condition
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main convergence theorem (E.M.)

Theorem

there exists a subsequence and
€ LX0, T; H3(Q)? N V(Q)) N L=(0, T; L3(Q)7)

such that iy, uy — @ strongly in L2(0, T; L2(Q)9), and @ is a weak
solution to the Navier—Stokes equations.
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