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ASEP

ASEP (asymmetric simple exclusion process) is a continuous
Markov process, whose transition rates depend on an asymmetry
parameter g. The model is called T(totally)ASEP when g = 0.
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Figure 1: The ASEP on Z with jumping rate
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Figure 2: Open ASEP with injection rate « and extraction rate (8
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The ASEP with step initial condition
The step initial condition:
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Figure 3: The ASEP on Z with step initial condition

Theorem (Rost '81)

The TASEP configuration o9 with step initial condition converges
to Burgers equation

o1 : v
im 3 A= [ e

ut<j<vt
1, if x < -1,
h(x) =< L% if —1<x<1,
0, ifx > 1.

)
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ASEP with a second class particle
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Figure 4: The ASEP on Z with a second class particle
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ASEP with a second class particle
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Figure 4: The ASEP on Z with a second class particle

Theorem (Mountford-Guiol '05; Ferrari-Pimentel '05;
Aggarwal-Corwin-Ghosal '23)

Let Yy (t) be the position of the second class particle at time t,

then v
t
lim _0 (t)

a.s. L
e v U[-1,1] := U.

U is called the speed of the second class particle.
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ASEP with a second class particle
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Figure 4: The ASEP on Z with a second class particle
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Figure 5: The speed of the second class particle
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The Multi species ASEP
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Figure 6: The multi-species ASEP with swap rate (j < /)
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Color projection

Denote the position of particle 0 at time t as X:(0), consider the
following color projection:

= an anOSIOSIOS O

Figure 8: Projection regarding O as the second class particle
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Color projection

Denote the position of particle 0 at time t as X;(0), consider the
following color projection:
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Figure 8: Projection regarding 0 as the second class particle

As a corollary of the speed of the second class particle,

jim 20()_as,
oo (1—q)t
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Color projection

More generally, denote the position of particle i at time t as X;(i),
consider the following color projection:
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Figure 9: Projection regarding i (i = 1) as the second class particle

Similarly,
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The ASEP speed process

Definition (Amir-Angel-Valké '11)
Considering the color projection at each site, we get a family of
uniform random variables {U,, n € Z}, which is called the ASEP

speed process .
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The ASEP speed process

Definition (Amir-Angel-Valké '11)

Considering the color projection at each site, we get a family of
uniform random variables {U,, n € Z}, which is called the ASEP
speed process .
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Figure 10: TASEP Figure 11: ASEP (g = 0.8)
The (T)ASEP speed process, images from [Martin '20].
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The convoy of the ASEP speed process

Definition (Amir-Angel-Valké '11)

The convoy of particle 0 is the random set of indices corresponding
to particles that have the same speed as particle 0. Formally,

C={jeZ: U =U)
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The convoy of the ASEP speed process

Definition (Amir-Angel-Valké '11)

The convoy of particle 0 is the random set of indices corresponding
to particles that have the same speed as particle 0. Formally,

C={jeZ: U =U)

> The system is translation invariant, so we only study the
convoy of particle 0.

» To study the asymptotics, we also define
Cn:{jE[l,n]ZZ/{j:Z/[o} CZ+:{j€Z+IZ/[j:Z/l0}.

» Combinatorial representations are constructed in
[Amir-Angel-Valké '11] and in [Martin '20].

‘Question: How large is the set C" for large n ?‘
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Digression: the mixing time for open TASEP

It was shown in [Schmid '23] that the mixing time for open TASEP
on a segment of size N at maximal current (o, 8 > 1/2) is of order

3 . 3
N2. The convoy was used to explain the appearance of N2.

o B

Figure 12: The disagreement process of two open TASEP
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The g-Genocchi number

Definition (Han-Zeng '99)
The g-Gandhi polynomials B, (x, q) are defined by the following
recurrence, with By (x,q) =1, and for n > 2,

Bn(x,q) = Aq (X2Bn—1 (x,9)),

where f1 )= F ()
+gx) — 1 (x
A, f = .
q (X) (1 + qX) — x
The g-Genocchi number is defined as the g-Gandhi polynomials at
x=1. y
Example

Bi(1,9) =1 Bx(1,q) =2+¢q, B3(1,q) =5+7q9+4¢° + ¢°,
Bs(1,q) = 14 + 36q + 45¢° + 35¢° + 18¢* + 64° + ¢°.
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Main results: An exact formula

Notation: v is the speed of particle 0, x = 3%, ¢ = x(1—x)
B[] = B[ be = H54]

Theorem (T. '25)

The expected size of the convoy can be expressed explicitly.

B O = (1 - P —) ([1) Bla) ()
k=0
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We compute:
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Main results: An exact formula

Theorem (T. '25)

The expected size of the convoy can be expressed explicitly.

— . n+1
B = 300 - 9P x(1 - ) (i))ewa. @

Idea 1: Writing E,[#C"] as a polynomial in g.
We compute:
[0°1Bk (1, 9) = 12 (3). ["IE[#C"] ~ 32F1 (—n,—3:1; 4c).
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Main results: An exact formula

Theorem (T. '25)

The expected size of the convoy can be expressed explicitly.

BT = 300 - 9P x(1-) (Z N 1) B(1.q). (1)

Idea 2: Using the generating function [Han-Zeng '99] of B(1, q)
to write B, [#C™(9)] as a complex integral.

. ([n]q!)* g"t"
e

where [n] =1+ q+. L.q" [n],! =TT, [,
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Main results: The asymptotic size of the convoy

Theorem (T. '25)
The asymptotic expected size of the ASEP convoy of particle 0 is
of order \/n. More precisely, for any fixed q € [0,1) and fixed

x € [0,1]
: 1 m [ Ax(1—x)
im_ 7\/EEX[#C I=y—— (2)

.
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Main results: The asymptotic size of the convoy

Theorem (T. '25)

The asymptotic expected size of the ASEP convoy of particle 0 is
of order \/n. More precisely, for any fixed q € [0,1) and fixed

x €10,1]
: 1 m [ Ax(1—x)
im —ﬁ]Ex[#C I=\—— ()

Under the same assumption,

im 72 @ A0, 2x(1 = x))].

n—o0 ﬁ

v

Conjecture

Theorem (T. '25)

The conjecture holds when q = 0.
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Main results: The g — 17 limit

Theorem (T. '25)

_0
Consider g, = e V7, we have

lim E [#\E/C_" | Up = u] =C7e.

n—o0 n
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Main results: The g — 17 limit

Theorem (T. '25)
N

Consider g, = e V7", we have

#C"
NG

lim E [ | Uo = u] =C7e.
n—oo

» The convoy does not exist when g = 1, it is interesting to
study the vanish of the convoy as g — 1.
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Main results: The g — 17 limit

Theorem (T. '25)
N

Consider g, = e V7, we have

#C"
NG

lim E [ | Uo = u] =C7e.
n—oo

» The convoy does not exist when g = 1, it is interesting to
study the vanish of the convoy as g — 1.

» Explicit formula for C7.
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Explicit formula for C7

C=E[Y" - X],

(X7,Y7) is a random vector with joint density

) _ e ¥ e LW/ P
fX,Y(X7y)_ o /0 e ‘r(zlw/,y)Pj(Xv W)j()/7 W)dW,

and the function J (z, u) is

iw I M) . )
T (z,w) =2R | (ve??) 7 - I:/> 1R (1—%;1—2'7'”;—%6772)
v
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Explicit formula for C7

C=E[Y" - X],

(X7,Y7) is a random vector with joint density

) _ e ¥ e LW/ P
fX,Y(X7y)_ o /0 e ‘r(zlw/,y)Pj(Xv W)j()/7 W)dW>

and the function J (z, u) is

iw I M) . )
T (z,w) =2R | (ve??) 7 - I:/> 1R (1—%;1—2'7'”;—%6772)
v

» lim,,0C"=0,7v—0 <= 1—qgn~ % faster than %

> limyoo C7 = /2 = E[|NV(0,2x(1 — x))],
y—=>o0 < 1—qg,— 0 slow.
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Characteristic theorem for the convoy set: Intuition
Theorem (Angel-Holroyd-Romik '09; Bufetov '20)

Let X; be the random permutation of the configuration at time t.

Then
X, (@) X1
X
P(Uo € [x,x +¢]) = P(limeoc tfo) € [x, x +¢])
(a.s. convergence) = tILm P(X:(0) € [xt, (x +£)t])
(symmetry) = tILm P(X;1(0) € [xt, (x +€)t]).
1st class 2nd class
——00 1 0 © L
e 0 Ixt] o lx+et

Figure 13: Color projection for computing P(X;'(0) € [xt, (x + ¢)t])
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Characteristic theorem for the convoy set
(a:9), = [T (1—ad') (21 9)o = 172 (1 — ad').
Definition (Martin '20)

>QN((‘;‘2 gk, k>0, x €[0,1], and U = 0,

» with probability x (1 — x), Qiy1 = Qi+ 1, i ¢ U,

> with probability x2 + (1 —x)?, Qiz1 = Q;, i ¢ U,

> with probability (1 — x)xq¥ , Qiy1 = Q;, i €U,

> with probability (1 —x)x (1 —¢%) , Q1 =Q —1, i ¢U.

v
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Characteristic theorem for the convoy set
(a:9), = [T (1—ad') (21 9)o = 172 (1 — ad').
Definition (Martin '20)

>QN((‘;‘2 gk, k>0, x €[0,1], and U = 0,

» with probability x (1 — x), Qiy1 = Qi+ 1, i ¢ U,

> with probability x2 + (1 —x)?, Qiz1 = Q;, i ¢ U,

> with probability (1 — x)xq¥ , Qiy1 = Q;, i €U,

> with probability (1 —x)x (1 —¢%) , Q1 =Q —1, i ¢U.

v

Theorem (Martin '20; T. '25)

The random set characterizes the convoy set of particle 0. That is,

(d)

u=ct. (3)

v

Note that when g = 0, the Martin’s construction is much simpler!
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A coupling argument

>
| 2

>

Qi ~ gk, k>0, x €[0,1], and U =0, Py = Gy

with probablllty x(1-x), Q1 =Qi+1,i¢U,
Piy1i=Pi+1

with probability x2 + (1 — x)? , Qiy1 = Qi, i ¢ U, Piy1 = P;
with probability (1 — x) xq% Qi1=Qi, iel,
Pisa=Pi—1

with probability (1 —x)x (1 —q%) , Q1 =Q —1,i¢U,
P,'+1 = P,' — 1.

- 00

Figure 14: The coupling of Q; and. P;
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A coupling argument

> Qi ~ Exgk k>0, x€[0,1], and U =0, Pr = @

» with probability x (1 — x), Qi1 =Q;+1,i ¢ U,
Pisi=Pi+1

> with probability x2 + (1 —x)?, Qiz1= Q;, i ¢ U, Piy1 = P;

> with probability (1 —x)xq¥ , Q11 = Q;, i €U,

Pit1=Pi—1
> with probability (1 —x)x (1 —q%), Q1 =Q —1,i ¢ U,
Pi+1 — P,‘ - 1
Theorem

Pn is a symmetric homogeneous random walk. Under the coupling,
for all n > 1,

Un = Qntr1 — Pny1  almost surely.
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The Karlin-McGregor theory
A markov chain X, is a birth-death chain if its transition

probabilities P;; is tridiagonal; that is,
Pii=ri,Piit1 = pi, Pij—1 = q; and P; = 0,if [i—j| > 1.
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The Karlin-McGregor theory

A markov chain X, is a birth-death chain if its transition
probabilities P;; is tridiagonal; that is,
Pii=ri,Piit1 = pi, Pij—1 = q; and P; = 0,if [i—j| > 1.

Theorem (Karlin-McGregor '59)
For a birth-death chain X,, we have

1
B = P (Xosm =% = 1) = 85 [ xR 00 R (0 ()
H?:_ol Pi

where 0, = o and R; determined by the three-term recurrence
=141

xRy (x) = pnRny1 (x) + rmRn (x) + gnRn-1(x) ,

and 1 (x) is the unique reference measure of Rj,.

22/24



The continuous big g-Hermite orthogonal polynomials

Definition (Askey-Wilson '85)

Let Ho(x;a) =1,H_1(x;a) =0. |g| <1and a€[0,1). The
continuous big g-Hermite polynomials {H, (x; a)}>2, are defined
by

2xH, (x;a) = Hp1(x; @) + aq"H, (x;a) + (1 — q") Hp—1 (x; @)

The reference measure of H, is supported on (—1, 1) with density

w(x) = (49 |(e50)[°
- 2mV1 -2 |(ae;q) [P

X = cosf.

Hn(x; a) is a special case of Askey-wilson polynomials, which have
been used for the study of open ASEP [Bryc-Wesotowski '10;
Bryc-Kuznetsov-Wesotowski '25].
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Outline of our proof
» Step 1: Use the coupling argument

E [un] =E [Qn+1 - Pn+1] =E [Qn+1 - Ql] .
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Outline of our proof
» Step 1: Use the coupling argument

E [un] =E [Qn+1 - Pn+1] =E [Qn+1 - Ql] .

> Step 2: Express the transition probability

1
P(Quet = j1Qu = i) = —— /1 x"P; () P} (x) ¥ () dx.

(a:9); Ji-ac

» Step 3: Establish the local limit theorem for y € R

1 v
Jim_ VP (Qny1 = [yVn]|Q =0) = \/Ee_ﬂ'
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> Step 2: Express the transition probability

1
P(Qny1=4lQu=1i)= @),
4

» Step 3: Establish the local limit theorem for y € R
: 1 2
lim /0P (Qny1 = |yVn]|Q1=0) = e i,

n—oo

> Step 4: Upgrade it to convergence in distribution

lim Qn+1
n—o00 f

DN (0,2x(1 — X)) .

1
7) /14C x"P,' (X) PJ- (x) 1/} (X) dx.
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Outline of our proof
» Step 1: Use the coupling argument

E [un] =E [Qn+1 - Pn+1] =E [Qn+1 - Ql] .

> Step 2: Express the transition probability

1
P(Qny1=4lQu=1i)= @),
4

» Step 3: Establish the local limit theorem for y € R
: 1 2
lim /0P (Qny1 = |yVn]|Q1=0) = e i,

n—oo

> Step 4: Upgrade it to convergence in distribution

DN (0,2x(1 — X)) .

Thanks for your attention!

1
7) /14C x"P,' (X) PJ- (x) 1/} (X) dx.
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