On Fredholm Pfaffians
and Riemann-Hilbert Problems

A. Jaconelli

Amari Jaconelli
In Collaboration with Thomas Bothner
arXiv:2511.23362

On FP & RHPs University of Bristol

1/50



N
Table of Contents

@ Background

© Construction

@ Matrix Reductions
@ Hankel Composition
© Asymptotics

@ Wiener-Hopf

@ Conclusion

A. Jaconelli On FP & RHPs University of Bristol 2 /50



Table of Contents

Background
o g

A. Jaconelli On FP & RHPs University of Bristol 3 /50



Background

Scalar-Valued Kernels

‘A Riemann-Hilbert approach to
Fredholm determinants

of Hankel composition operators:
Scalar-valued kernels’

Bothner, 2023

https://doi.org/10.1016/j.jfa.2023.110160
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Background

Hankel Composition

For an integral operator acting on L?(A)

(K f)(x) = /A K (. 9)(4)dy,

we consider kernels of the form:

o Additive; A =Ry

K(ry) = /0 " o+ 0t + y)de

e Multiplicative; A = [0, 1]:
1
Kla) =t [ otatoity)a
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Background

Aims

1. We wish to create (as large as possible) a class of Fredholm
determinants of integral operators induced by 2 x 2 matrix-valued
kernels which can be reduced to scalar-valued kind.
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Background

Aims

1. We wish to create (as large as possible) a class of Fredholm
determinants of integral operators induced by 2 x 2 matrix-valued
kernels which can be reduced to scalar-valued kind.

2. We want to identify what further assumptions are needed about
these kernels such that their associated determinants admit a
Riemann-Hilbert characterisation, such that we can obtain
asymptotic results.
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Construction

Fredholm Determinants

Consider an integral operator M acting on L2(A) @ L?(A),
A= U;.n:l(agj_l,agj) CRmeN, —co<ar <...<agm <o,

defined by the 2 x 2 matrix-valued kernel

Mll(xvy) M12(x,y

B )
M(z,y) = Moy (z,y) Maa(x,y)

e M1, Moy = trace class integral operators on L?(A)

e M3, Moy = Hilbert-Schmidt class integral operators on L%(A)
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Construction

Regularised 2-Determinant

The reqularised 2-determinant of M is then

DM,2(A) = det ((I — M)eM) e—tT(M11+M22)’
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Construction

Regularised 2-Determinant

The reqularised 2-determinant of M is then

Dir2(A) = det (I — M)eM) e~ tr(MutMz)

where ‘det’ is the ordinary Fredholm determinant

Dy (A) = det(I — M)

1"
13

at,...,an=1
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Construction

Fredholm Pfaffian

Consider a 2 x 2 matrix-valued skew-symmetric kernel

_ | Ku(ry) Kia(z,y)
K@= r(ary) Knloy)’

that induces an integral operator K on L?(A) @ L?(A) and where
skew-symmetry of K(x,y) means

Kz, y) = —Kn(y,z), Ka(r,y) =Ky, z),
Ko (z,y) = —Ki2(y,z) on A xA.
e K15, K91 = trace class integral operators on L?(A)

e K11, K25 = Hilbert-Schmidt class integral operators on L?(A)
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Construction

Regularised 2-Pfaffian

We define the reqularised 2-Pfaffian of K as

Pra(A) = pf(e*%‘”‘(J 0 JKJ)e*%KJ)e%twKerlz),

A. Jaconelli On FP & RHPs
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Construction

Regularised 2-Pfaffian

We define the reqularised 2-Pfaffian of K as

Pg2(A) = pf(e*%JK(J + JKJ)ef%KJ>e%tr(K21—K12), J

where J is the integral operator on L?(A) @ L?(A), with distributional
kernel

J(x,y) = {_55@) %(()a;)} , /Af(x)éy(m)dx = f(y), y € AUOIA,

A. Jaconelli On FP & RHPs University of Bristol 11 /50



Construction

Regularised 2-Pfaffian

We define the reqularised 2-Pfaffian of K as

Pg2(A) = pf(e*%JK(J + JKJ)ef%KJ>e%tr(K21—K12), J

where J is the integral operator on L?(A) @ L?(A), with distributional
kernel

J(x,y) = {_55@) %(()a;)} , /Af(x)éy(m)dx = f(y), y € AUOIA,

and ‘pf’ is the ordinary Fredholm Pfaffian

Pr(A) =pf(J - K) = Z (—nl')" /A" pi(K (zi,25)); ., dxy - day,.

1,j=1
n=0
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Construction

Extensions

If M;; € trace class on L?(A), then
Dirp(A) = det(I — M) = Dy (A),
Furthermore, if K;; € trace class on L?(A),
Pro(A) = pf(J + JKJ) = pf(J — K).

So Dy and Pk o are legitimate extensions of Djs and Py,
respectively.
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Construction

Pfaffian « Determiant

If we craft M such that it is of the form

)=~ = [ S

we then have the equivalence

(Pra(A))? = Dara(A). ]
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Construction

Pfaffian « Determiant

If we craft M such that it is of the form

)=~ = [ S

we then have the equivalence

(Pra(A))? = Dara(A). ]

This is a generalisation of Cayley’s theorem: ‘Pfaffians are square roots

of determinants’. Specifically, that this is also true for their regularised
counterparts.
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Construction

The Symplectic Derived Class

We say K is of symplectic derived type if the elements K;; are of the
form

0
KZl(may) = —S(l',y), K22($ay) = @S($ay)a

axKll(‘T,y):S(:’Uay) on AXAa

in terms of a function S : A x A — R, the main kernel, that is

continuously differentiable on A x A, and that obeys the dominance
assumptions

Sl < al), |5oS0e)

<gy) V(z,y) € AxA,

with gx € L?(A).
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Construction

The Symplectic Derived Class

In turn, this leads to the operator M in (1) being of the form

S G

M:[H S*

] : L2(A) @ L2(A) — LE(A) @ L3(A),

where G, H : L?>(A) — L?(A) have skew-symmetric, trace class kernels
G(z,y) = —ES(x ) zH(a: )=S(z,y) onAxA
YY) = ay ' Y)s 8x yY) = Y )

and S* is the real adjoint of S.
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Construction

The Orthogonal Derived Class

We say K is of orthogonal derived type if it is of the same form as the
symplectic derived type, with a slight modification to Kii:

8(93:K11(93,y) = S(z,y) — Ku(r,y) = H(z,y) — e(z — y),

where
1 +%, x>0
€(x) := =sgn(z) = , €(0) :=0.
(¢) == sen(a) {_%7 BRI C)

This then leads to the form of M in (1) being

_ S G .72 2 2 2
M_{H_€ SJ.L(A)@L(A)%L(A)@L(A). J
PR—
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Matrix Reductions
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Matrix Reductions

Symplectic Reductions

If I — 28 is invertible on L?(A),

2m

Dur(A)2(a)sr2(a) = D2s(A)|r2(a) det (655 — Fjr(A)): oy
Js

with
Fir(A) = (—l)k((I — 25*)*1H)(ak,aj).
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Matrix Reductions

Orthogonal Reductions

If I — S is invertible on L?(A),

Dara(B)]z2(a)er2(a) = Ds(A)|p2(a) det (555 — Gir(A)) ),

with

Gjr(A) :z(—l)k((l S*)” 1H)(aj,ak)

where o;(k) € {£1}.
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Matrix Reductions

Commutation Identities

How can we prove these reductions? If D denotes the weak derivative,
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Matrix Reductions

Commutation Identities

How can we prove these reductions? If D denotes the weak derivative,

2m

S*H=HS - (~1)"H(ba, ® 00,)H
k=1

= (5%) +Z D*H (64, ® 64,)57,
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Matrix Reductions

Commutation Identities

How can we prove these reductions? If D denotes the weak derivative,

2m

S*H=HS - (~1)"H(ba, ® 00,)H
k=1

G=(5")2+ zm:(—nkH(aak ® 0a;, ) S,

DS*=G, SD=DS*+ Z DEDH (64, ® ba,),
k=1

HD = S*+Z H (34, ® da,)-
k=1
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Matrix Reductions

For the Symplectic Case

With o3 := [§ ° ], we have that o(M) \ {0} C o(N), where

§* =8 = i (=) H (8, @ b,)

N =
s 8 S (1) H (b0, © 8,)
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Matrix Reductions

For the Symplectic Case

With o3 := [§ ° ], we have that o(M) \ {0} C o(N), where

N:i=o; [S* —5* = 3 (1) H (b0, @ 5%)]

S* =8 = (—1)FH(6,, © )

Proof Sketch.

H S H &
B Sl 5

P R o P e B A 1 14
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Matrix Reductions

Matching Spectra

Similarly, we show that o(N)\{0} C o(M).
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Matrix Reductions

Matching Spectra

Similarly, we show that o(/N)\{0} C o(M). We can then deduce
Dar(8) = [T = (0) = [J(1 =2

Jj=1 J=1
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Matrix Reductions

Matching Spectra

Similarly, we show that o(/N)\{0} C o(M). We can then deduce
Dar(8) = [T = (0) = [J(1 =2

j=1 7=1

Proof Sketch.

Need to establish that

algebraic multiplicity of A for M = rank(PA, M)
= rank (PA, N) = algebraic multiplicity of A for N

VA€ o(M)\{0},

where P 7 is the spectral projection of a bounded operator 7" on a
Banach space at A.
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Matrix Reductions

Determinantal Manipulations

It remains to perform some determinantal operations,

Dy(A) = det [I =5 S+ T (~ 1) H (b, ®0a,) ]

§* T8 = X3 (-1 H (S, © b,)

— det [I —S St Ziﬂ(l})kmaak ® 5%)]

2m
= det (I —28* = (-1)*H(b,, ® 5ak)>
k=1
2m

= Dyg(A) det <I =) (~1F(I = 25%) ' H(ba, ® 5%)),
k=1

where ‘det’ here is an ordinary 2m x 2m matrix determinant.
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Matrix Reductions

For the Orthogonal Case

The derivation of the orthogonal reduction results proceeds similarly
with one extra complication. If one attempts to construct directly a
version of N, now accounting for the added e, terms appear which are
not Hilbert-Schmidt and so the Fredholm determinant is undefined.
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Matrix Reductions

For the Orthogonal Case

The derivation of the orthogonal reduction results proceeds similarly
with one extra complication. If one attempts to construct directly a
version of N, now accounting for the added e, terms appear which are
not Hilbert-Schmidt and so the Fredholm determinant is undefined.
To overcome this, one instead replaces the discontinuous kernel of e
with a smooth, skew-symmetric kernel 7, (x — y), which converges
pointwise to e(x —y) as n — 0.
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Matrix Reductions

For the Orthogonal Case

The derivation of the orthogonal reduction results proceeds similarly
with one extra complication. If one attempts to construct directly a
version of N, now accounting for the added e, terms appear which are
not Hilbert-Schmidt and so the Fredholm determinant is undefined.
To overcome this, one instead replaces the discontinuous kernel of e
with a smooth, skew-symmetric kernel 7, (x — y), which converges
pointwise to e(x —y) as n — 0.
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Matrix Reductions

For the Orthogonal Case

The derivation of the orthogonal reduction results proceeds similarly
with one extra complication. If one attempts to construct directly a
version of N, now accounting for the added e, terms appear which are
not Hilbert-Schmidt and so the Fredholm determinant is undefined.
To overcome this, one instead replaces the discontinuous kernel of e
with a smooth, skew-symmetric kernel 7, (x — y), which converges
pointwise to e(x —y) as n — 0.

NM:{ HD S}

HD —n,D S*

One then simply needs to establish that the norm on L?(A) of
(n, —€)Df — 0 as n — oo, and then perform similar determinantal
manipulations as for the symplectic case.
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Matrix Reductions

Onto Step 2!

We have four distinct cases:
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1. Symplectic derived with additive Hankel composition main kernel
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Onto Step 2!

We have four distinct cases:

1. Symplectic derived with additive Hankel composition main kernel

2. Orthogonal derived with additive Hankel composition main kernel
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Matrix Reductions

Onto Step 2!

We have four distinct cases:
1. Symplectic derived with additive Hankel composition main kernel
2. Orthogonal derived with additive Hankel composition main kernel

3. Symplectic derived with truncated Wiener-Hopf type main kernel
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Matrix Reductions

Onto Step 2!

We have four distinct cases:
1. Symplectic derived with additive Hankel composition main kernel
2. Orthogonal derived with additive Hankel composition main kernel
3. Symplectic derived with truncated Wiener-Hopf type main kernel

4. Orthogonal derived with truncated Wiener-Hopf type main kernel
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Hankel Composition
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Hankel Composition

Symplectic Main Kernel

Set A = (t,00) C R and

(o) = ([ ot +u)otu-+ y)du— ota) /yw¢(z)dz), J

with ¢ : R — R continuously differentiable, both ¢ and its derivative
D¢ decaying exponentially fast at +0o0 and D¢ obeying the dominance
assumption

|Dé(x +y)| < gs(x) V(x,y) € (0,00) xR with g3€ LQ(O,OO).
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Hankel Composition

Further Algebraic Manipulations

Let Dps(t) = limg,—00 Dar((t,a2)),t € R denote the Fredholm
determinant of M, with the aforementioned assumptions placed on ¢.
Then (matching Krajenbrink)

Du(0) = Da(®) 145 [ (17 - Q) 0) @)2(w)as]. |

with ®(z) := [ ¢(z)dz and provided I — 2S5 and I — Q are invertible
on L?(t,00). Here Q : L?(t,00) — L?(t,00) is the integral operator
with trace class kernel

Qay)i= [ blatudutpdu,  wye (6,0,
0
and Dg(t) is the Fredholm determinant of @ acting on L?(t,00).
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Hankel Composition

Proof Sketch.

Dir(A) = Das(A) det (85 — Fii(A))*r_,

lmzl; ar =t, ag =0
D ((t,00)) = Das((t,00))(1 + 7(t)),
where 7(t) == ((I —25*)"'H)(t,t), and using that

(I —2S*)"'H)(x,as) — 0 pointwise in = € (t,00) as ag — 0o, due to
the decay properties of ¢ at +oo.
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Hankel Composition

Infinite-Dimensional Sherman-Morrison Identity

Proof Sketch.
If I — K+ a® p is invertible, then

I-K+a®B) '=I-K)'- (I_K)_I(O‘@ﬁ)(f—f()_l.

14+ (8,(I - K)~'a)
So we can show that 7 := 7(t) satisfies

272

T T e

and we chose the solution which satisfies the boundary condition
7(400) = 0, and then factor out (I — Q) of Dag.

University of Bristol
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Orthogonal Main Kernel

St = [ ot -+ motu )du+ go6e) (1= [T ote1az)

|

Dasa(t) = Do(® [1 - [Cw-o 9w - fb(:c))dx}

where ®(z) = [ ¢(z)dz.
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Asymptotics

Riemann-Hilbert Problem

Let t € R and ¢ € WHL(R) N L>®(R). Find X(2) = X (z;t,¢) € C**Z 50

that
(1) z+— X(z) is analytic for z € C\ R.

(2) z+— X(z) admits continuous pointwise limits
X4 (2) :=lim. o X (2 i€), 2 € R that satisfy

r(E)P (e

1—
X0 = x-() [1 BEE @

re)i=—i [ " p(y)e vy,

(3) Asz = o0oin C\ R, X(2) =14+ 1X; +o0(271)

A. Jaconelli On FP & RHPs University of Bristol
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Asymptotics

What We Gain

Provided I — @ is invertible on L?(¢, ), the above problem is uniquely
solvable and we have
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Asymptotics

What We Gain

Provided I — @ is invertible on L?(¢, ), the above problem is uniquely
solvable and we have

d
G Da(t) = X (t.0). |
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Asymptotics

What We Gain

Provided I — @ is invertible on L?(¢, ), the above problem is uniquely
solvable and we have

d
G Da(t) = X (t.0). |

and

(I - Q'o)(t) = Xi*(t, ¢) = X7'(t, 9). )
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Asymptotics

t — —oo Result
Suppose ¢ € WHL(R) N L>®(R) satisfies
o) < e, |De(x)| <e Wl VreR,

with a > 2 + € for some € > 0.
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Asymptotics

t — —oo Result
Suppose ¢ € WHL(R) N L>®(R) satisfies
o) < e, |De(x)| <e Wl VreR,

with a > 2 4 € for some € > 0. If ||Q]| < 1 in operator norm on
L?(t,00), then Dy;(t) is given asymptotically as t — —oo by

In Dy (t) =ts(0) + OOO s(z)s(—z)dx
o0 ,r,/ )\
—é% 'xf3{7éx;}ln 1—|r( )dA
1,/1+ir(0) r(0) .
20 <2\/1—17‘(0) \/1+1 (0)>+O(t )
—|

r(A)[?)eiAdA.
On FP & RHPs University of Bristol
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Asymptotics

Bounds on r(z)

Consider a region

Q:={ze€C:|3¥z] <€}

On FP & RHPs
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Asymptotics

Bounds on r(z)

Consider a region
Q:={ze€C:|3¥z] <€}

From our assumptions about the growth of ¢, we can show that for
z €8

> Sz 2a
Rl [ ol ay < 2 <

—00

Doing similarly with the bound on D¢, we have that for z € ), both
|r(2)| and |zr(z)| are less than one.

As such, we can move our RHP off R, so long as we remain in €.
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Asymptotics

Deift-Zhou Non-linear Steepest Descent
Setting r(z) = r1 and 7(z) = ro, we recognise

L=r1rs —roe iz — l.t O {1 =rir2 0 1 _?—er_:rt:
rleztz 1 riet” 1 0 — 0 1

1—rira 1—-ri7m2
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Asymptotics

Deift-Zhou Non-linear Steepest Descent

Setting r(z) = r1 and 7(z) = ro, we recognise

1—1riry —T26_itz:| [ 1 0] [1—T1T2 0 :| [1
== itz 1

itz rie
rie 1 s 1 0 5] |0

Define
( 1 ,r,2e—itz
l-rirz | 3z € (0,¢)
0 1
Y(2) = X(z) 1 0
ryeits Sz € (—¢,0)
1—riro
I o/w

. T2e—itz
1—rirg

1

A. Jaconelli On FP & RHPs University of Bristol
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Asymptotics

Jumps for Y
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Asymptotics

Jumps for Y

A. Jaconelli On FP & RHPs

<
I3
I
|
a

University of Bristol

38 /50



Asymptotics

Jumps for Y

1 _7’26_“2
Yi(z) =Y_(z) 1—ri72 Sz =¢
0 1
1 0
Yi(2) =Y_(2) | ,eit= , Sz = —€
1—rire 1
1-— 0
O e A R
1—riro

A. Jaconelli On FP & RHPs University of Bristol

38 /50



Asymptotics

Model of Y

1—rir 0
P =r [T ] er
—Trira

A. Jaconelli On FP & RHPs University of Bristol
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Asymptotics

Model of Y
Py(2) = P_(z) [1 _(;"””2 1_? } :

P(z)=1+4o0(1), z— o0

So we seek a function of the form:
f+(2)=f-(2)a = Infi(2) =Inf_(2) + Ina.

A. Jaconelli On FP & RHPs

z€eR
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Asymptotics

Model of Y

re [T 4

1—rire

z€eR

P(z)=1+4o0(1), z— o0
So we seek a function of the form:

f+(2)=f-(2)a = Infi(2) =Inf_(2) + Ina.

Plemelji formula —

ot [ 0

oo A— 2 2w

— P(2) = oxp [;j I =) ]

o0

A. Jaconelli On FP & RHPs
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Asymptotics

Jumps for R

Define a new function R(z) := Y (2)P~!(z)When z € R,

—1
1-— 1-—
R+(Z) — Y_t'_P_;l —Y_ |: ngZ (1) :| <P_ |: ngQ (1) :|)

1—rirg 1—rirg

=Y_P ' =R_(2).
For the jump at Sz = € (can also choose to use the jump at Sz = —¢)
) 1 _7”167“2 )
Ri(2) = Vi ()P () = R ()PG) L T | P,

A. Jaconelli On FP & RHPs University of Bristol 40 / 50



Asymptotics

Small Norm Problem

If G(z;t) = ‘Jump Matrix of R’, one can show

t—s—
IG(05t) — || 2(32=te)nr oo (Srmte) ——— O,

exponentially fast.

and
IR —T||2 < Ce™,

as t — —oo.
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Asymptotics

£ 1n Do (t)

Reversing the transformations, one finds
Xy =R+ P = X|'=P"+R},

and with the bounds on the norms for G(z;t) and R_(z), we argue
that the contribution from R is exponentially small.
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Asymptotics

£ 1n Do (t)

Reversing the transformations, one finds
Xy =Ri+P = X|'=P"'+R}

and with the bounds on the norms for G(z;t) and R_(z), we argue
that the contribution from R is exponentially small.

jtlnDQ()H—"%—/ n(1 = [r(\)*)dr + O(t™)
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Asymptotics

Constant Factor Computation

After indefinite integration in ¢
InDg(t) =ts(0)+w+ Ot ), t— —oc.

(Recall s(z) = —5= [ In (1 —[r())[?)e**dN)

T om
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Asymptotics

Constant Factor Computation

After indefinite integration in ¢
In Dg(t) = ts(0) + @ + O(t™>), t— —oco.
(Recall S(J,‘) = —% ffooo In (]_ _ |T()\)|2)ei$>\d)\)

One evaluates @ through a ‘turn on time’ method, where a new
parameter v € [0, 1] is introduced into the RHP via ¢ — |/7¢.
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Asymptotics

Constant Factor Computation

After indefinite integration in ¢
In Dg(t) = ts(0) + @ + O(t™>), t— —oco.
(Recall S(:C) = —% ffooo In (]_ _ |T()\)‘2)eim>\d)\)

One evaluates @ through a ‘turn on time’ method, where a new
parameter v € [0, 1] is introduced into the RHP via ¢ — |/7¢.

The RHP is then solved again for ¢t — —o0, this time to find

Oy Indet(I —vQ), which can be definitely y-integrated over [0, 1] to
find terms constant in ¢.
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Asymptotics

The Orthogonal Case

The orthogonal derived class gives an almost identical asymptotic

result for ¢ - —oo, with some variation in the constant term which
comes from the matrix determinant.

One finds this from the same Riemann-Hilbert problem as the
symplectic asymptotic result.

In Dy o(t) = ts(0) + /OOC s(x)s(—z)dx
1 [ (\{7/()\)
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Wiener-Hopf

Symplectic Algebraic Result

S@y) =g [ Gy, sy e A= (-t |

where ¢ : R — R is an even function such that ¢ € L'(R) N L>(R) and
R >z~ z¢(x) € LY(R) N L¥(R).
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Wiener-Hopf

Symplectic Algebraic Result

S@y) =g [ Gy, sy e A= (-t

where ¢ : R — R is an even function such that ¢ € L'(R) N L>(R) and
R >z~ z¢(x) € LY(R) N L¥(R).

Dute) = Dolo) [1+3 [ (11~ @@ w01

[1—/ thdm—/ </ Q(z,t)d )(I—Q)lQ)(x,t)dx,

provided I — 28 is invertible on L?(—t,t).

Here, @ is the integral operator with kernel Q(z,y) := 2S(x,y).
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Wiener-Hopf

t — oo Result

Suppose ¢ € L(R) N L>(R) is an even function with
z¢ € LY(R) N L>®(R), with |¢(z)| < 1 for z € R, such that 2 — ¢(z) is
analytic in some neighbourhood U of R with lim,|_,o ¢(2) = 0.

zeU
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Wiener-Hopf

t — oo Result

Suppose ¢ € L(R) N L>(R) is an even function with
z¢ € LY(R) N L>®(R), with |¢(z)| < 1 for z € R, such that 2 — ¢(z) is
analytic in some neighbourhood U of R with lim,|_,o ¢(2) = 0.

zeU
If | Q|| < 1 in operator norm on L*(—t,t), then Dy;(t) is given
asymptotically as t — 400 by

In Dps(t) = —ts(0) + }1 /:O xs(x)s(—z)dx

—|—21n<;41—¢(0)+ >+(9(t‘°°),

L
2¢/1 = ¢(0)
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Conclusion

Summary

e We form two classes of integral operators induced by 2 x 2
matrix-valued kernels: symplectic derived and orthogonal derived.

e Suitable assumptions on the growth of the ‘main kernel” of these
classes allows us to show equivalence of the associated Fredholm
determinants to ones of operators with reducible matrix kernels.

e Once we have scalar-valued kernels, we identity two further classes
of ‘main kernels’, the associated Fredholm determinants of which
admit a Riemann-Hilbert characterisation. We consider these as
Fredholm determinants now acting on one specified interval.

e We obtain asymptotics from the associated RHP via a
transformation into a small-norm problem which can be solved via
general theory.
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Conclusion

Thank You for Your Attention!
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