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1. Temperley-Lieb algebras in
2d Statistical Mechanics



Critical random curves

» Classical 2d critical system — random fractal curves

» Examples: domain walls of a ferromagnet, contours of
percolation clusters, configuration of a self-avoiding walk

pictures courtesy of Tom Kennedy (University of Arizona)

> At criticality: non-trivial fractal dimensions
[# disks of radius € needed to cover the curve : N. ox 1/e%]

dlsing—DW - 11/8 dperco—contour - 7/4 dSAW - 4/3



The dense O(n) loop model
[Nienhuis 1982]

» Configurations:

.. . n=—2cosmw
» Partition function: Z = Z p# closed loops 1o, o 1g
config 2 £
1
» Thermal average: (X) = > Z pt closed loops x
config

» Correlation functions:
P(r1, ra, r3 sit on same loop), P(r, r» separated by j loops),

» Scaling limit = CFT c¢c=1-— 76(1;@2 hem = —(e*mg)z;(lfgy

Example: fractal dim of a loop df =2 — 2hg1 =1+ i

v



The affine Temperley-Lieb algebra T?(N)
» Parameter= loop weight n=—q— g !, g€ C*

» Diagrams of T?(N)= non-intersecting pairings inside annulus
1 23 456 738

| N\ o ]
Example: ANV T?(8)

123 456 7 8

» Generators= {er,...,en,Q2, Q7 1}

I jj#l . N

¢ =TIXIIT Q=7///7/77; =N\

: (&
» Composition: Ap= A
> Relations:
2 o
e =nej, ejej+16 = €, eief =eje |i—j|>1,

Qe t=¢ 1, QQT=0710=1, ey ;i...001 = Ve



Other applications
» Statistical Mechanics in 2d

B - Solid-On-Solid (Andrews-Baxter-Forrester/Pasquier)

EXACTLY

R Smsca. - Ising and Potts models

MECHANICS

- Fortuin-Kasteleyn clusters, percolation
- dense polymers . ..

» Quantum integrability Ri(z) = (qz — —)1 +(z—1)g
Ri(2)Rpa (zw) Ry(w) = Resa (w) Ry (zw) R (2)
» XXZ spin chain, A=(q+q1)/2
H= Z ofofi+ojof, + Aofofiy) =

eJ_1® 1 ((0)0)el®-- -1
0) = /—q| )+ /—1/q| I1) g-deformed singlet

L=
o

Jj=



Connectivity correlations

)

ra sit on same loop

]P)(r17 ra, r3,

> Example:




Representations of the affine Temperley-Lieb algebra

» dim T?(N) =00 = non-trivial representation theory
» Irreducible reps classified in [Graham-Lehrer '98]

» Fusion (or tensor) product of reps:  (A,B) — A B?
— Several proposals: [Rasmussen-Pearce '07]
[Gainutdinov-Vasseur '13] [Gainutdinov-Saleur '16]
[Gainutdinov-Jacobsen-Saleur '17] [Belletéte,Saint-Aubin '18]
[Y1,Morin-Duchesne '22-25]

> Properties of ® ——  braided monoidal category
» Fusion rules between irreps

» Scaling limit



2. A tensor product for affine
TL representations



The affine Temperley-Lieb category
[Graham-Lehrer 1998]

v

Generalise T?(N) to T?(N, N')

» Diagrams of T?(N, N')= non-intersecting pairings inside

annulus
1 23 45 6 78
| \ w/:
Example: X 7~ € T(6,8)
1 2 3 4 56
» Generators= {co,...,cN_l,cg,...cNH}
1. g+l

TN, N') x T2(N', N") — T3(N,N")

> o
Composition: { O\ ) s Ao

» Relations: CJ'CJTH =1, cij.T =nl,



Modules over the affine TL category
[Graham-Lehrer 1998]

» A T2 module A is a pair of maps  [functor]

A { N = Vee(C) Ta(N,N') = L(AN'), A(N))
'{N —  A(N) { A = AN

such that A(A - u) = A(N) - A(p) -

» A = collection of representations {A(0), A(1), A(2) ...}, with
a linear action T?(N, N') : A(N') — A(N) .

» Example: Ay, (N) = T?(N, N;) defines a T? module.

» A morphism of T? modules ¢ : A — B is a collection of linear
maps ¢n : A(N) — B(N) such that

VAETAN, N, ue AN'),  on(A-u) =X on(u).

[natural transformation]



Link-state modules
[Graham-Lehrer 1998]
» Vacuum module V: simple link states. Example:

AP A

» Standard module W ,: link states with 2k defects attached
to a marked point (k € N/2).

WZ,X : : b=

Wox : @_(X+X) AN

» Theorem. Let m € k+ Z~g and £,0 € {—1,+1}. Then
Wy eqom has a submodule isomorphic to W, .o« Otherwise,
W x is irreducible. All irreducible T¢ modules are of the form
Lk,x = Wk,x/Rk,x-

» Example: k=0,m=1 = V = W07_q/W17_1. If g is not a
root of 1, then V is irreducible.



Tensor product of T? modules
[YI,Morin-Duchesne '25]

>

If A, B are two T? modules, then in general A®¢ B is not a

T2 module... (# Lie algebras)

Diagrams in annulus: category T?

Diagrams in a rectangle: subcategory T

Horizontal composition
® : T(Ny, Nj) x T(No, Nj) — T(Ny + Nop, Ny + N)

(A lelel=[x u]

Definition: A, B two T2 modules

(A@B)(N) = 3 T*(N,Na+Np)- (A(Na) @c B(Ns)) / _

Na,Ng

with

{ Aop)-(uev)=duouv VXeT(Ny, Na),ue T(Ng, Ng)

Q-(u®v)EcNA-(Qu®cgv)



Rules of the tensor product

> (A@p)-(uev)=Au@uv YA€ T(Ny, Na), n€ T(Ng, Ng)

u 4 u 14

B =ELA | M

> Q-(u®v)EcNA-(Qu®cgv)




Properties of the tensor product

> If A B are T? modules, then A® B is a T? module.

» Respects composition of morphisms.  [bifunctor]
If¢: A— A and ¢ : B — B’ are morphisms then the map

' A® B - AgB
¢®¢-{A_(u®v) oA (6(0) @ B(v))

is a morphism. Moreover, 14 ® 15 = 1455.

Ap(B®C) — (A®B)®C
uR(vew) — (Uev)®w
(proof is non-trivial!)

> Associative: {

ARB — B®A

> ive:
Commutative: {u@v s QN (QNey © u)

A —- ARV

» Unit element = Vacuum module V:
u — uURw

vo = unique link state of V/(0).



Coherence equations

» Structure maps:

appc AR (B®C)— (A B)® C
EA VRA— A
ARV — A

» Triangle and pentagon equations:
A® ((B® C)® D)

(A2 V)® B / \
QAV‘ %@13 A®(B® (C® D)) (A® (B® C)®D

AR(Ve®B) ——— > A®B
o | |

(AB)®@(CeD)—> (A B)®C)®D

» = [T? modules with ®, a, r, £] = monoidal category



Braiding of T? modules

AB — B®A
uv = QVe . (Q Ny © u)

vev= 4 g o(u®v)= %%

» Isomorphisms oap: {

P> Hexagon equations
acaB © 0AgB,c © @aBc = (0ac ® 1g) o aac o (1a® oBc)

Qpea © 0ABaC © Aape = (13 ©® 0ac) 0 agsc o (048 © 1¢)
» = o satisfies braid relations (=Yang-Baxter)
» Monodromy: Mag = oga©oag = Oass © (0;1 ® 951)
Oany = [u — QN u] = twist automorphism

» [T? modules with ®, «, r, ¢, 0] = braided monoidal category



Fusion of T? diagrams

» We recover the planar algebras [Jones '99]

vV

)

® 0 @

» Fusion of T2 modules
AR B~ > Ay,ng - (A(Na) ®c B(Ng))
Na,Ng

A(BRC) = Y Anyng e (A(Na)@cB(Ng)@c C(Nc))
Na,Ng,N¢

ANlN T? NN1 /\NlNz_AN1®AN2"'



Fusion of standard modules
» Standard modules W  (one marked point, 2k defects)

> Wi(N) = To(N,2K) -tk ux = A
1 2k
dim WkX(N):[ ,\,'X ]forN€2k+2N

> Generic case: if x gé +q%+k then Wi , irreducible [GL '98]

» Braid transfer matrices (75 braiding o): F, F € center of T?(N)
= k
In Wi x: F= (q X + )1 = ka F= (7 ?)1 = fk,x

X

» (Wi x ® Wy, ) = link diagrams with two marked points
> dim (W x ® W, )(N) = o0 [QP - (ux ® wp), p € Z]

> If z ¢ £qZM then (Wi ® Wp,) /{ (fmzfmz)}_WmZ

Wk,x ® Wﬁ,y — Wm,z

u®v =W (W, u @)
{w;j} = o.n. basis of W, ,(N)
(, ) = generalised Gram form

» Surjective morphism {



Fusion with quotient modules

when ¢ is not a root of unity

> Quotient modules: Qp_gm = W,_gm/W,, _q¢ MeLl+Zxo
» Fusion rules
m+l 1
Wk,x & Ql,fqm =~ @ @ Wk+/+1,xq’ —J
j=— m+€ 1
= Jj=
ptv—1 a+o—1
2 2

N o pu=m+~L, v=n+k
Qu,—qn®Qp,—gm @ @ Qi_j’_q'+j { f=m—~£, b=n—k

i lp—v|+1 . |A—D|4+1
=" J="=

> Examples

> Wk,x ® QO,fq ~ Wk,x [QO,fq = V]
> Wix ® Qo—q2 = Wixg © Wi x/qg ® Wir1x © W1«
F24nfi F+2, +(q—q1)?1=0
> In Wk,x® Qo —q2t =5 _k, _ _k2’ (q 9 1)2
’ F—&—nfk’XF—&—fk’X—l—(q—q*)l:O



3. Scaling limit of the dense
O(n) model



Scaling limit

| 2

Dense O(n) loop model
n=—2cosmg g¢Q
q = exp(—ing)

Scaling limit = CFT c¢=1-— 6(1;7@2 hys = w

P c
e2l‘rr7'(h— 57)

T Xrs = X(hrs) = x(hr,—s)

Vir. characters: x(h) =

Lattice characters: xn(A) = Tragy) (QUVRe7) TINIm7])

> Std modules: xn (Wi exp(ina)) = > X(hatpk) X(hatp,—k)
pEZ
» Quotient modules:

o0
XN(QK,—qm) = XN(WL—CI’")*XN(Wm,—qZ) - ZXp,m+€ Xp,m—é
p=1



Fusion rules

» Scaling limits
Wy eime = [ha k] [Pa,—k] + - - Witiyjeimagi-i = [hak+2i] [Pa,—k—2j] + - -

Qr—gm — PLmit P1m—t+ - .. Qij—giti = P12i P12j + -+

» Virasoro fusion rules:

p—1 ptr—1
2 2
lhasl@d1p~ €D lhapta]l  1o@d1,~ P bra
1= qul izi‘uiéjH»l
» T2 fusion rules
m+£—1 m—~e0—1
2 2
Wix @ Qp,—gm ™ @ @ Wictisj, x qi—i
i:7m+§7lj:7m7§71
ptv—1 a+o—1
2 2 =m-+£{, v=n+k
N S p=m+t, v=
Qk,—qn®@Qp,—qm =~ @ @ Qij - g+ { f=m—¢, b=n—k
vl . |a—Bl41



Conclusion

» Summary
» Constructed ® and structure maps = (T? modules)=braided
monoidal category, similar to fusion categories of CFT
» Computed W@ W, W®Q, Q® Q
» In scaling limit, T2 fusion rules — Virasoro fusion rules

» Open questions
» |attice analogs of conformal blocks ? 6j-symbols, etc 7
» Bootstrap of lattice correlation functions ?
» Modular structure ?
» Case when g is aroot of 17



Thank you!



