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FIGURE 1. (a) Stability boundary for ideal fluids. The tongues correspond alternately to subharmonic 
(SH) and harmonic (H) responses. Fluid parameters are p1 = 519.933 Kg m-j, p2 = 415.667 Kg m ', 
v = 2.181 x 11 m-' and 2n /w  = 100 Hz. (b)  Stability boundary for FHS. ql = 3.908 x lo-' Pa s, 

= 3.124 x Pa s, and other parameters are as in (a). Inset: Comparison of the lowest tongues 
for the model (dashcd line) and the FHS (solid line). 

History -- Theory & Numerics
Benjamin & Ursell 1954 Linear stability analysis (inviscid)

Kumar & Tuckerman 1994 Linear stability analysis (viscous)
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History -- Theory & Numerics
Benjamin & Ursell 1954 Linear stability analysis (inviscid)

Kumar & Tuckerman 1994 Linear stability analysis (viscous)
Chen & Wu                   2000 2D numerical simulation

Périnet, Juric & Tuckerman    2009 3D numerical simulation
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FIGURE 1 1. Patterns arising near the primary instability. For each point in this plane, i.e. for fixed $ 
and x of the vertical accelerationflt) = a[cos h) cos ( 4 4  +sin h) cos (5wt + $)] with w / 2 x  = 14.6 Hz, 
instability of the flat surface is obtained by slowly increasing the amplitude a. This figure shows which 
pattern is observed just above the primary transition from the flat surface: L1, lines with k z 
8.8 m-l; Q, twelvefold quasi-pattern; H, hexagons; L2, lines with k x 7.5 cn-l; D, dynamic states 
including breaking of the surface. The quasi-pattern is found only very near the bicriticality (the 
horizontal line) for $ near 75". The figure is compiled from observations on a 16 x 17 grid of ( 6 , ~ )  
values. Thick grey lines indicate regions where two patterns are in competition or are simultaneously 
present near the primary transition. 
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FIGURE 12. Stability boundaries for $ = 75" in the (a, ,$-plane, showing the primary transition from 
the flat surface (solid line), hysteresis (dashed line), and the pattern which develops just above a = 
a,(x). The instability is produced by fixing x and increasing a as shown by the arrow. Dashed boxes 
correspond to figures 14 and 16. 

ordered pattern is observed only when the nonlinear effects which select the pattern are 
strong enough to compete with boundary effects and inhomogeneities. When p > 0.01, 
an ordered pattern is usually observed. 

For small x, hexagons are not observed at the primary instability. The minimum 
value of x necessary to produce hexagons is a function of q5 as shown by the grey band 

Two-frequency forcing

Several conditions must be imposed at the interface. Con-
tinuity of velocity and of tangential stress imply that

◆w⇤◆↵zw⇤0, ⌃2.4a�

◆�⌘⌃�H
2 ⇥↵zz�w⇤0, ⌃2.4b�

where � H
2 is the horizontal Laplacian, � is the density, and ◆

denotes the difference in the given quantity across the inter-
face ⌃e.g., ◆�⌘↵zzw��2⌘2↵zzw2uz⇤✓⇥�1⌘1↵zzw1uz⇤✓�.
Curvature of the interface yields a normal stress disconti-

nuity of ⇥⌦� H
2 ✓ , where ⌦ is the surface tension. The total

balance of forces normal to the interface is

◆�⇣↵ t⇥⌘⌃3�H
2 ⌅↵zz�⌅↵zw⇤◆�⇣g⌅ f ⌃ t �⌅�H

2 ✓⌅⌦�H
4 ✓ ,
⌃2.4c�

where g�980.665 cm/s2 is the usual gravitational accelera-
tion and f (t) is its effective modulation by the imposed ver-

tical oscillation. ⇣Although the full hydrodynamic problem
would require the interface conditions ⌃2.4a�–⌃2.4c� to be
applied at z⇤✓(x ,y ,t), linearization justifies the more trac-
table use of z⇤0.⌅
The linear system ⌃2.1–2.4� is homogeneous in the hori-

zontal directions and periodic in time. With the assumption
of boundedness ⌃as x ,y!���, the solutions are of the
Floquet-Fourier form

wj⌃x ,y ,z ,t �⇤sin⌃kxx⌅kyy �e ⌃�⌅i✏�t
n
w jn⌃z �ein⇥t⌅c.c.,

⌃2.5a�

✓⌃x ,y ,t �⇤sin⌃kxx⌅kyy �e ⌃�⌅i✏�t
n
✓nein⇥t⌅c.c.,

⌃2.5b�

where 2⇤/⇥ is the period of the vertical acceleration f (t),
k⇤Akx2⌅ky

2 is the horizontal wave number, and �⌅i✏ is the
Floquet exponent, with 0 ✏ ⇥/2. The z dependence of w is
determined by substituting ⌃2.5a� into ⌃2.1�:

wjn⌃z �⇤a jnekz⌅b jne⇥kz⌅c jneq jnz⌅d jne⇥q jnz,
⌃2.6a�

where

q jn
2 �k2⌅

�⌅i⌃✏⌅n⇥�
⌘ j

. ⌃2.6b�

Equations ⌃2.2� and ⌃2.3�, which do not couple the different
temporal Fourier components, allow the four coefficients in
⌃2.6a� to be expressed in terms of ✓n .
The remaining equation ⌃2.4c� can then be written as

An✓n⇤2⇣ f ✓⌅n , ⌃2.7�

where An is an algebraic function of the physical parameters
and � ,✏ ,k and [ f ✓]n is the nth Fourier component of the
product of f (t) and n8✓n8e

in8⇥t. With the two-frequency
vertical acceleration given by

f ⌃ t �⇤a⇣cos⌃⇧�cos⌃m⇥t �⌅sin⌃⇧�cos⌃ l⇥t⌅⌥�⌅ ,
⌃2.8�

we have

⇣ f ✓⌅n⇤
a
2 ⇣cos⌃⇧�⌃✓n⇥m⌅✓n⌅m�

⌅sin⌃⇧�⌃ei⌥✓n⇥l⌅e⇥i⌥✓n⌅l�⌅ , ⌃2.9�

with appropriate modifications to ensure that ✓ is real and is
represented by a truncated Fourier series in ⌃2.5b�. Equation
⌃2.7� can therefore be written as

A✓̂⇤aB✓̂ , ⌃2.10�

where ✓̂ is the vector of temporal Fourier coefficients ✓n , A
is the diagonal matrix of An , and B is a banded matrix con-
taining ⌃in the present case of two-frequency forcing� four
super- and subdiagonals. ⇣Beyer and Friedrich ⇣9⌅ derive an
equation equivalent to ⌃2.10�, using an integro-differential
equation for ✓.⌅With A or B invertible, Eq. ⌃2.10� constitutes

FIG. 1. ⌃a� Hexagonal and ⌃b� dodecagonal patterns produced
somewhat beyond the critical acceleration for two-frequency forc-
ing. Parameter values leading to these states are given in Ref. ⇣4⌅.
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an eigenvalue problem for the forcing amplitude a and can
be solved by calling a standard subroutine, in this case RG
from EISPACK. At most 20 temporal Fourier coefficients suf-
fice to resolve ✏̂ for typical calculations such as (m ,l)⇤(4,5)
and a 30g .
With fixed physical parameters, the solution of ⇧2.10⌦

yields a set of amplitudes a that depend on �, �, and k . To
obtain marginal stability curves, we fix k and �, set the
growth rate � to 0, and select the smallest real positive a
obtained. We find that setting the imaginary part � of the
Floquet exponent to any value other than 0 and �/2 yields
only physically unrealizable complex values of a , indicating
that the time dependence of the marginal modes is always
either harmonic ⇧�⇤0⌦ or subharmonic ⇧�⇤�/2⌦. ⇧We have
not determined rigorously that this is true in all cases.⌦
Figure 2 presents marginal stability curves in the (k ,a)

plane for selected values of the mixing angle ⌅ of ⇧2.8⌦ with
(m ,l)⇤(4,5). The curves delineate tongues, inside of which
the growth rate � is positive. We wish to understand how the
structure of these tongues evolves as ⌅ varies from 0° to 90°,
i.e., as one interpolates between pure 4� and pure 5� forc-
ing.

To understand Fig. 2, it is helpful to recall the undamped,
single-frequency case, in which the equation governing the
interface between two ideal fluids forced at the single angu-
lar frequency � reduces to the classic undamped Mathieu
equation �11⇤. One finds tongues in the (k ,a) plane extend-
ing down to a⇤0. As a�0, the temporal response within
each tongue approaches ✏⌥cos[(n/2)�t], where n⇤1,2,.. .
indexes the tongues as k increases. Thus subharmonic ⇧n
odd⌦ tongues alternate with harmonic ⇧n even⌦ tongues. For
a finite, ✏ contains a mixture of frequencies that are either all
odd multiples of �/2, for a subharmonic tongue, or all even,
for a harmonic tongue. The tongues widen with a , the
boundary of one tongue becoming nearly tangent to that of
the next as a�↵ .
For fixed values of (k ,a), there are only two Floquet ex-

ponents, and their sum is zero because the system is nondis-
sipative. On the tongue boundaries, the real part � and the
imaginary part � of both Floquet exponents vanish. Inside
the tongues, the exponents are real and of equal magnitude
and opposite sign, whereas outside the tongues, the two ex-
ponents form a complex conjugate imaginary pair. This is
best understood in terms of the Floquet multipliers, defined
as exp[(�⌅i�)(2⇥/�)], which are real or a complex con-
jugate pair and whose product is one. Let us consider the
behavior of the multipliers for some fixed finite a as k is
varied. As a subharmonic tongue is encountered, the multi-
pliers, both initially ⇥1, travel in opposite directions along
the real axis, but eventually reverse directions to meet again
at ⇥1 as the tongue is exited. Between tongues, the multipli-
ers become complex and travel in opposite directions along
the unit circle, coalescing at ⌅1 when a harmonic tongue is
entered. They travel in opposite directions along the real axis
as the harmonic tongue is traversed, returning to ⌅1 as the
tongue is exited. They then travel along the unit circle to ⇥1,
where a new subharmonic tongue is entered and the whole
process repeats.
With the inclusion of viscosity in the hydrodynamic equa-

tions or of damping in the Mathieu equation, the tongues
become rounded, as can be seen in Fig. 2, or in more detail
in �7⇤ and in �8⇤. Their minima are no longer at a⇤0; the
lowest minimum defines the critical amplitude and wave
number. The critical tongue is usually that corresponding to
the lowest k and is subharmonic. ⇧An exception to this rule
has recently been discovered by Kumar �12⇤ for very shallow
or very viscous fluid layers.⌦ Damping decreases �(k ,a) so
that the curves on which the Floquet multipliers become
complex no longer coincide with the tongue boundaries, but
are located outside the tongues, where ��0, as can be seen
in �9⇤. For the hydrodynamic problem, there is a countable
infinity of Floquet multipliers for each (k ,a) pair.
Returning to Fig. 2, the case ⌅⇤0 shows the instability

tongues for a viscous ⇧�⇤20 cS⌦ fluid layer forced at the
single frequency 4�. The tongues can be labeled as corre-
sponding roughly to 2�,4�, . . . ⇧their temporal responses
would approach these pure frequencies as � was decreased⌦.
Thus, although the tongues follow the classic alternation be-
tween subharmonic and harmonic with respect to the period
2⇥/4�, they are all harmonic with respect to the period 2⇥/�
of the two-frequency functional form ⇧2.8⌦. The critical wave
number is k⌅⇤8.15 cm⇥1 and the critical amplitude
a⌅⇤1.62g .

FIG. 2. Stability tongues for a 20-cS fluid ⇧PS039.5 of Table I⌦
layer of depth h⇤0.3 cm for two-frequency forcing of the form
f (t)⇤a�cos⇧⌅⌦cos(m�t)⌅sin⇧⌅⌦cos(l�t⌅⌃)⇤, with (m ,l)⇤(4,5),
4�/2⇥⇤44 Hz, and ⌃⇤0°. Solid ⇧dashed⌦ curves correspond to a
temporal response that is harmonic ⇧subharmonic⌦ with respect to
the period 2⇥/�. Dots represent critical wave numbers and ampli-
tudes. The amplitude mixing angle ⌅⇤0° corresponds to pure 4�
forcing. At ⌅⇤25°, another system of narrow tongues has de-
scended from high a . Intermediate values ⌅⇤30°,40°,45°,50°,55°
depict a complicated process involving the appearance of ‘‘islands’’
and their growth into tongues. At the bicritical value ⌅⇤60°, two
wave numbers k⇥⇤10.05 cm⇥1 and k⌅⇤7.76 cm⇥1 share the same
critical amplitude a⇤2.70g . At ⌅⇤80°, narrow tongues retreat to
high a . The value ⌅⇤90° corresponds to pure 5� forcing.
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Several conditions must be imposed at the interface. Con-
tinuity of velocity and of tangential stress imply that

◆w⇤◆↵zw⇤0, ⌃2.4a�

◆�⌘⌃�H
2 ⇥↵zz�w⇤0, ⌃2.4b�

where � H
2 is the horizontal Laplacian, � is the density, and ◆

denotes the difference in the given quantity across the inter-
face ⌃e.g., ◆�⌘↵zzw��2⌘2↵zzw2uz⇤✓⇥�1⌘1↵zzw1uz⇤✓�.
Curvature of the interface yields a normal stress disconti-

nuity of ⇥⌦� H
2 ✓ , where ⌦ is the surface tension. The total

balance of forces normal to the interface is

◆�⇣↵ t⇥⌘⌃3�H
2 ⌅↵zz�⌅↵zw⇤◆�⇣g⌅ f ⌃ t �⌅�H

2 ✓⌅⌦�H
4 ✓ ,
⌃2.4c�

where g�980.665 cm/s2 is the usual gravitational accelera-
tion and f (t) is its effective modulation by the imposed ver-

tical oscillation. ⇣Although the full hydrodynamic problem
would require the interface conditions ⌃2.4a�–⌃2.4c� to be
applied at z⇤✓(x ,y ,t), linearization justifies the more trac-
table use of z⇤0.⌅
The linear system ⌃2.1–2.4� is homogeneous in the hori-

zontal directions and periodic in time. With the assumption
of boundedness ⌃as x ,y!���, the solutions are of the
Floquet-Fourier form

wj⌃x ,y ,z ,t �⇤sin⌃kxx⌅kyy �e ⌃�⌅i✏�t
n
w jn⌃z �ein⇥t⌅c.c.,

⌃2.5a�

✓⌃x ,y ,t �⇤sin⌃kxx⌅kyy �e ⌃�⌅i✏�t
n
✓nein⇥t⌅c.c.,

⌃2.5b�

where 2⇤/⇥ is the period of the vertical acceleration f (t),
k⇤Akx2⌅ky

2 is the horizontal wave number, and �⌅i✏ is the
Floquet exponent, with 0 ✏ ⇥/2. The z dependence of w is
determined by substituting ⌃2.5a� into ⌃2.1�:

wjn⌃z �⇤a jnekz⌅b jne⇥kz⌅c jneq jnz⌅d jne⇥q jnz,
⌃2.6a�

where

q jn
2 �k2⌅

�⌅i⌃✏⌅n⇥�
⌘ j

. ⌃2.6b�

Equations ⌃2.2� and ⌃2.3�, which do not couple the different
temporal Fourier components, allow the four coefficients in
⌃2.6a� to be expressed in terms of ✓n .
The remaining equation ⌃2.4c� can then be written as

An✓n⇤2⇣ f ✓⌅n , ⌃2.7�

where An is an algebraic function of the physical parameters
and � ,✏ ,k and [ f ✓]n is the nth Fourier component of the
product of f (t) and n8✓n8e

in8⇥t. With the two-frequency
vertical acceleration given by

f ⌃ t �⇤a⇣cos⌃⇧�cos⌃m⇥t �⌅sin⌃⇧�cos⌃ l⇥t⌅⌥�⌅ ,
⌃2.8�

we have

⇣ f ✓⌅n⇤
a
2 ⇣cos⌃⇧�⌃✓n⇥m⌅✓n⌅m�

⌅sin⌃⇧�⌃ei⌥✓n⇥l⌅e⇥i⌥✓n⌅l�⌅ , ⌃2.9�

with appropriate modifications to ensure that ✓ is real and is
represented by a truncated Fourier series in ⌃2.5b�. Equation
⌃2.7� can therefore be written as

A✓̂⇤aB✓̂ , ⌃2.10�

where ✓̂ is the vector of temporal Fourier coefficients ✓n , A
is the diagonal matrix of An , and B is a banded matrix con-
taining ⌃in the present case of two-frequency forcing� four
super- and subdiagonals. ⇣Beyer and Friedrich ⇣9⌅ derive an
equation equivalent to ⌃2.10�, using an integro-differential
equation for ✓.⌅With A or B invertible, Eq. ⌃2.10� constitutes

FIG. 1. ⌃a� Hexagonal and ⌃b� dodecagonal patterns produced
somewhat beyond the critical acceleration for two-frequency forc-
ing. Parameter values leading to these states are given in Ref. ⇣4⌅.
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Two-frequency forcing 

near !c . One pattern, which we call the double hexagonal
state "DHS# is formed by two sets of hexagonally arranged
wave vectors "of length k1# with a finite angle $ between
them. In the phase space shown in Fig. 4, $%22°. In con-
trast to the SSS, this state does not break the temporal sym-
metry of the harmonic hexagon state. Depending on various
system parameters, DHS’s are sometimes formed by a first-
order bifurcation. Perhaps their most outstanding character-
istic is their very high amplitude. The surface wave maxima
can reach amplitudes much higher than the fluid layer’s

height. In &19' we have shown how the DHS’s can form
oscillons, a highly localized large-amplitude nonlinear state
that has been observed &19,20,38' in a number of periodi-
cally driven systems.
A special case of the DHS occurs for $!30°, whence

one obtains 12-fold quasipatterns such as first observed in
&16'. We have seen the formation of such patterns for 45 driv-
ing in the same region where the DHS with $!22° appears
for 2

3 driving.
Let us now move to the vicinity of !c both on the border

FIG. 4. Two typical phase diagrams of two-frequency experiments obtained for 2:3 driving with different system parameters: (0
!20 Hz and h!0.155 cm "left# and (0!25 Hz and h!0.2 cm "right#. In both experiments )!23 cS and *!0°. Square regions exist in the
near vicinity of single-frequency forcing. The square symmetry dominates in the subharmonic regime to near !c while throughout most of
the harmonic region the hexagonal symmetry dominates. In the vicinity of the codimension-2 point we observe three new states that exist for
many combinations of the driving ratio. These states are two-mode superlattices "2MS#, with underlying square or hexagonal symmetries and
spatially and temporally unlocked states "‘‘Unlocked’’ states#. A resonant state that consists of a rhomboid unit cell (2kR) was also observed
"right#. Unlike the 2MS and unlocked states, which appear for many different driving ratios "odd/odd, odd/even, and even/odd#, this state was
observed for only for 2

3 and
4
5 driving. In the harmonic region of phase space where hexagons are initially dominant, a second bifurcation

occurs to either temporally subharmonic states "subharmonic superlattice state, SSS# or high-amplitude waves "as well as, at times, localized
‘‘oscillon’’ waves# that appear on a double hexagonal superlattice "DHS#. Symbols in the phase diagram describe measured transitions for
fixed !. Bottom: typical photographs of these states.

H. ARBELL AND J. FINEBERG PHYSICAL REVIEW E 65 036224

036224-8

Arbell & Fineberg, 
(2002)

Theory: Silber, Skeldon, Rucklidge, Proctor,  Vinals, van de Water... 
(1995-2012)

(m,n)=(2,3)



upper and lower fluids with nearly equal densities 
(to match refraction indices) and high viscosities

Back to single-frequency forcing

Kityk, Embs, Menkhonoshin &Wagner      2005        
                                     Quantitative measurement of surface height

eration ac !!= "a−ac# /ac=−0.02$ up to just below the accel-
eration where the interface disintegrates and droplets occur.
In the same form a ramp was driven down to check for
hysteretic effects, of which none were found. For each am-
plitude step a series of pictures were taken and then Fourier
transformed. Typically the pattern occurs in the center region
of the container first but evolves in a range of "!=0.02.
From the Fourier transformation of the pictures captured at
−0.02#!#0.1 "Fig. 2# the critical acceleration ac and the
critical wave-number kc has been determined "Fig. 3#.

They can be compared with the results from the theoreti-
cal linear stability analysis that has been performed by using
the algorithm proposed by Kumar and Tuckerman !3$. The
agreement between theory and experiment is very good,
similar to former studies at the liquid air interface !24,25$.
However, with our method we might be able to verify more
predictions from the linear theory. Linear theory only treats
transient amplitudes that are growing exponentially in time
while all experiments mentioned below have been performed
when the amplitudes were fully saturated. Their size and
their symmetry are determined by the nonlinearities of the
problem but one could speculate that near onset the influence

of the nonlinearities on the relative distribution of temporal
components in the spectrum of the basic modes is weak,
especially if the data are extrapolated to !=0.

It is a particular feature of the Faraday experiment, that at
onset only one wave-number kc becomes unstable, but the
temporal spectrum already contains multiples of the funda-
mental oscillation frequency $ at onset. We are in the regime
of subharmonic response and the fundamental oscillation fre-
quency at onset is always $=% /2 but the spectrum contains
also "n+1/2#% frequency components, where n is an integer.
Thus we write the surface deformation h"r , t# of our satu-
rated waves as

h"r,t# =
1
4%

i=1

N

%
n=−&

+&

Ai,nei!ki·r+"n+1/2#%t$ + c.c. =
1
4%

i=1

N

"Aie
iki·r

+ c.c.# %
n=−&

+&

!"'n + !Fn#ei"n+1/2#%t + c.c.$ . "2#

Here r= "x ,y# is the horizontal coordinate. The set of com-
plex Fourier coefficients 'n are the components of the eigen-
vector related to the linear stability problem and determine
the subharmonic temporal behavior. Fn are unknown contri-
butions from nonlinear interactions that can be determined
by comparing our data with linear theory. The spatial modes
are characterized by the wave-vectors ki, each carrying an
individual complex amplitude Ai that are determined by the
nonlinearities of the problem. In principle the wave-vector ki
can have any length and orientation but at onset the relation
&ki&=kc holds. The number N of participating modes deter-
mines the degree of rotational symmetry of the pattern: N
=1 corresponds to lines, N=2 to squares, N=3 to hexagons
or triangles, etc. It can be shown !27$ that the 'n and '−n are
coupled in a way such that 'n−1

* ='−n "* denotes the complex
conjugate# so that heterodyning of right and left traveling
waves always results in standing waves. Neglecting !Fn at
small supercriticality ! Eq. "2# then reads

h"r,t# = %
i=1

N

"&Ai&cos!ki · r + (i$#

) %
n=0

+&

&'n&cos!"n + 1/2#%t + *n$ , "3#

where (i and *n represent a set of the spatial and temporal
phases. The complex eigenvectors 'n can be calculated and
the ratio of the amplitudes &'n+l& / &'n& as well as the temporal
phases *n can be compared with experimental data. They are
obtained in the following way: For each step in the driving
amplitude a series of snapshots of the surface state "Fig. 2# is
taken. The primary pattern consists of squares and as men-
tioned above their formation is governed by the nonlineari-
ties of the problem for which we cannot make any predic-
tion.

The Fourier transformation, when applied to a temporal
sequence of pictures, yields the temporal behavior of spatial
amplitudes Ai=A(k"ij#) that are shown in Figs. 4"a#–4"c#.
For the wave-vectors k"ij# crystallography notations are
used, e.g., k"10# and k"01# are the vectors that generate the

FIG. 2. Snapshots of the square Faraday pattern !"a# and "b#$
and their power spectra !"c# and "d#$ at % /2+=12 Hz and !=0.17
"a0=30.0 m/s2# for two different temporal phases corresponding to
maximum !"a#$ and minimum !"b#$ surface elevation as indicated by
arrows "t1 and t2# in Fig. 4.

FIG. 3. Critical acceleration ac !"a#$ and critical wave number kc
!"b#$ for different driving frequencies %. The symbols are the ex-
perimental data, the lines are theoretical calculations based on the
linear stability analysis. The size of the symbols coincides with the
size of the error bars.
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than the noise. The square of the sum of the amplitudes As
=A!! /2"+A!3! /2" yields a straight line if plotted versus
the driving strength " #Fig. 6!c"$ as would indeed be ex-
pected for the case of a pitchfork bifurcation. Since As

2

=" /# one can extract the cubic coupling coefficient from the
slope, and we find #=0.179 mm−2.

Now we can inspect the next higher harmonic spatial
modes A(k!11") and A(k!20"). Their temporal behavior is
shown in Figs. 4!b" and 4!c", respectively. Both modes are a
result of an interaction of three modes related to the wave
vectors which satisfies the spatial resonant condition, e.g.,
k!11"+k!1̄0"+k!01̄"=0 and k!20"+k!1̄0"+k!1̄0"=0. As a
natural consequence of such nonlinear spatial wave interac-
tion they obey harmonic oscillations, shown in Figs. 5!b" and
5!c". The striking result of our analysis is rather the constant
offset that we find in the A(k!11") and A(k!20") spectrum
#see Figs. 4!b" and 4!c"$ resulting in zero frequency contri-
butions in the temporal spectra presented in the Figs. 5!b"
and 5!c". This means that in addition to the oscillatory part
the interfacial profile contains always contributions of static
deformations of the form h!r , t"= %Ai%cos!ki ·r", with ki
=k!11" ,k!20". This might be a surprising result, even if the
mass conservation is not violated. In fact, this is just a simple
consequence of the quadratic coupling of a real standing
surface wave oscillation #5$, i.e. #A1cos!!t /2"cos!ki ·r"$2

gives in particular contribution $A1
2!1+cos !t"cos!2ki ·r"

#compare also with Fig. 14!c"$.
This quadratic coupling scheme can be verified by plot-

ting A(k!20") and A(k!11") versus the square of the ampli-
tude of the fundamental mode A(k!10") !or versus the prod-
uct of symmetry equivalent modes, i.e. A(k!10")
%A(k!01")=A(k!10")2 within the experimental resolution".
The data can be perfectly reproduced by a linear fit !see Fig.
9". From the slope one gets the efficiency & of this nonlinear
coupling which we find to be nearly the same in value for all
frequencies !! /2'=12, 16, 20, and 29 Hz" where square
patterns were observed. Finally our Fourier analysis yields
that the imaginary part of the coupling scheme obeys the
same resonance conditions, and the spatial phases of the
higher harmonic modes are given by ((k!20")=2((k!10")
and ((k!11")=((k!10")+((k!01").

B. Hexagonal state

In the range !0.20)")0.28" the pattern becomes disor-
dered and at higher driving accelerations transforms to a hex-
agonal state !see Fig. 10" that consists of three fundamental
spatial Fourier modes k1,2,3. It should be mentioned that for
the construction of the crystallographic unit cell two basis
vectors k!10" and k!01" are sufficient thus k1=k!10", k2

=k!1̄1", and k3=k!1̄1"+k!10"=k!01̄", as indicated in Fig.
11.

The surface elevation profile in the hexagonal state also
reveals the striking offset of static sinusoidal surface defor-
mation, but in contrast to square patterns, both harmonic and
subharmonic responses contributions are presented in tempo-

FIG. 9. Amplitudes A#k!20"$ and A#k!11"$ versus the square of
the amplitude of the fundamental mode A#k!10"$ !! /2'=12 Hz".
Coefficient & is the slope of the linear fit and characterizes the
efficiency of the nonlinear interaction.

FIG. 10. Snapshots of the hexagonal Faraday pattern #!a", !b",
and !c"$ and corresponding power spectra #!d", !e", and !f", respec-
tively$ at ! /2'=12 Hz and "=0.37 !a0=39.3 m/s2" for three dif-
ferent temporal phases. !a" Down hexagons; !b" pattern near the
minimal surface elevation, !c" up hexagons. See Refs. #2,13$ for
further explanations on the switch from up to down hexagons in the
Faraday Experiment.

FIG. 11. Vector diagram of the interacting modes for the hex-
agonal surface state.
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low acceleration:
squares

high acceleration:
hexagons

Interface 2D spatial Fourier spectrum



Equations and numerical methods

z = �(x, y, t)

Front-tracking method (Tryggvason et al., Peskin)
Navier-Stokes in single domain with varying ρ, ν

⌃tu+ (u ·⇥)u = �1

⇤
⇥p+

1

⇤
⇥ · µ⇥u� [g + a cos(⇧t)] ez +

Z
�(x� x

0
)⌅ ⇥n dV



problem is a Floquet problem like (48) in time and so solutions ζ̂k(t) can be expanded

ζ̂k(t) =
∑

j

eλ
j
ktf j

k(t) (63)

where the functions f j
k(t) are periodic with period T and λ

j
k are the Floquet exponents.

If the fluids are ideal (no viscosity) and the forcing is sinusoidal, then the height can be shown to be
governed by the classicMathieu equation:

∂ttζ̂k + ω2
0 [1− a cos(ωt)] ζ̂k = 0 (64)

where ω2
0 is a parameter combining the densities of the upper and lower fluids, the surface tension, the

wavenumber k and the gravitational acceleration g.

The Floquet multipliers are µj
k ≡ eλ

j
kT . If one of the |µj

k| exceeds one for some k, then ζ̂k grows in time,
the flat surface is unstable, and Faraday waves occur. As a parameter – the amplitude a or frequency ω of
the imposed vibration or the wavenumber k – is varied, a Floquet multiplier exits the unit circle either at
1 or at−1; for this problem, it can be shown that the instability cannot be via a complex multiplier. When
the Floquet multiplier is −1, the period of the surface waves is twice that of the imposed oscillation in
G; the waves are said to be subharmonic. When the Floquet multiplier is +1, the period of the surface
waves is the same as that ofG and the waves are said to be harmonic. For most experimental parameters,
the Faraday instability observed is in fact subharmonic. The analysis is illustrated in figures 15, 16 and
17.
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Figure 15: Floquet functions for values of k within tongues 1/2 (left), 1 (middle) and 3/2 (right). The
function from tongue 1 is harmonic: its period is the same as that of the forcing. The functions from
tongues 1/2 and 3/2 are subharmonic: their period is twice that of the forcing. From Périnet, Juric &
Tuckerman, J. Fluid Mech. 635, 1–26 (2009).
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Numerical simulation of Faraday waves 11

Figure 3. Critical acceleration ac/g as a function of the wavenumber k. The solid curves
represent the neutral curves obtained by Kumar & Tuckerman (1994). The ac found with the
simulation are indicated by the circles.

k( mm�1) �( mm) No. of gridpoints in x/z ac/g (Theor.) ac/g (Comp.) Error(%)
28 0.224 124/128 4.375 4.407 0.7

32.5 0.193 96/128 3.777 3.800 0.6
35 0.180 100/128 3.960 3.954 -0.1
48 0.131 72/126 12.506 12.207 -2.4

60.9 0.103 56/126 19.760 19.922 0.8
85 0.074 48/144 41.953 42.358 1.0

Table 1. Comparison of the computed ac with Floquet theory for various wavenumbers k.

for several values of k, along with the curves (k, ac(k)) obtained from the method of
Kumar & Tuckerman (1994). Figure 3 shows that these thresholds are in good agreement,
despite whatever inaccuracies in ac are introduced by spatial discretization and linear
interpolation. The relative error in the critical acceleration at the conditions previously
stated is of the order of a few per cent as shown in Table 1.

The results suggest that there is a k below which calculation of the growth rates is
not possible. Some zones of the diagram are not accessible because a domain of width
2⇡/k necessarily accommodates all wavenumbers which are integer multiples of k up
to the resolution limit ⇡/k�x. The coe⌅cients of the Fourier expansion of the initial
condition di⇥er slightly from zero due to finite-di⇥erence spatial approximations and if
the growth rate of one of these is greater than that of k itself, then it will quickly come
to dominate k. This di⌅culty is exacerbated by the fact that several forcing periods
are required for � to stabilize. Then the amplitude, whose evolution was expected to
be almost periodic, starts to rise before the precise determination of � is possible, for
example in the range of k between 0 and roughly 15 mm�1. As we see in figure 3, the
critical forcing is substantially lower for one of its multiples closer to 32.5 mm�1. The

Compare numerical simulation with Floquet analysis
numerical simulation

Floquet analysis

Floquet functions
numerical simulation × 



Ly=2λc
Lx=2λc/ /3

ρ2,ν2

ρ1,ν1

h2

h1 z

x

x

y

y

ζ(x, y, t)

Computations carried out in minimal hexagonal domain: 
smallest rectangular domain that can accomodate hexagons

Resolution Nx × Ny × Nz = 75 × 125 × 225



Faraday waves 
 

Experiment: 

Kityk, Embs,  
Mekhonoshin & Wagner 

Physical Review E (2005)  

Simulation: 

Perinét, Juric & Tuckerman 
JFM (2009)  



Velocity field at various instants



Hexagonal pattern over one subharmonic 
oscillation period
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t=T/2 t=3T/4 



Long-time evolution
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Long-time evolution
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Long-time evolution
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Long-time evolution
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Stroboscopic films show long-time behavior

t=1/4 mod Tt=0 mod T

t=3/4 mod Tt=1/2 mod T
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Fourier spectra
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t = 0 t = T/2 t = T







Spherical Faraday Instability
Ali-higo Ebo Adou

Oscillating radial force G(r, t) = (g � a cos(!t))r
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` = 3
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` = 5

` = 6

dodecahedron
(12 pentagons)

icosahedron
(20 triangles)
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Spherical harmonic transforms

` = 0, 2, 4, . . .

` = 2

m = 0, 1, 2
` = 2

volume conservation
higher harmonics
envelope

drift in orientation
similar drift for 3, 5, 6



Original computations: 643 = 23 ⇥ 323

Eight processors, each with      grid 323

Now repeated with: 

512 processors, each with      grid 323

2563 = 83 ⇥ 323
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Ul=0.5 m.s-1  / Ug=15 m.s-1
Jet Spray/Atomization 



              High Performance Computing 
                              Massive parallelism 
                                      Careful Memory Management 

• Fortran 2003, modular, structures, derived types …   
                        no external libraries needed 

• Parallelization - Domain Decomposition, MPI 

• Tested on up to 131072 threads  
                limited only by availability of computing resources 
                         262144 threads with increased hyperthreading 



Eulerian Fields 

• 3D 
          incompressible, multi-phase, multi-component 
                  momentum, heat, mass transfer 

• MAC/Projection method on staggered grid 

• Velocity, temperature, species solution : 
         Parallel GMRes discontinuous coefficient Helmholtz solver 

• Pressure solution : 
         Parallel Multigrid/GMRes discontinuous density Poisson solver   

• Immersed solid objects 
                   contact model 

• Phase change 
                 microlayer model 

• Marangoni, Surfactant 

• Non-Newtonian 

• Coriolis, Centrifugal  



                   Lagrangian Front Tracking for Accurate Advection 
                                      Parallel Immersed Boundary Method 

• Curvature Free Surface tension   
                Essentially no parasitic currents (Hybrid JCP 2005, Compact IJNMF 2009) 

• Contact/wetting model (solid/liquid/gas)  
                    receding/advancing angles (JMST 2009) 

                   

                   Level Set for coalescence/rupture 

• High Order Level Contour Reconstruction (JMST, IJNMF 2009) 

• Local Front Reconstruction Method/Adaptive (JCP 2011) 
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Drop Splash on a Thin Film 
Air/Water D=7mm h=0.7mm  U=2.13m/s



Thank you


