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Introduction

Ising magnet with disorder

u) b ++®++++++++++++ + Strong disorder: disorder dominates over entropy, effectively the
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If external parameters change, they change so slowly An external applied field yields jumps in the center-
that the system has enough time to find the ground of-mass of the system.
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R Tk o o Displacement: X € R — u(xX) € R
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I N I i i i I : 1 i i i I I tI/ (“‘random bond’’) We suppress the vector notation wherever possible, and

+++++++F A+t mostly consider N = 1.
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/ The elastic energy: Hel[u] = /ddx E[VM()C)]Z
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____________ - — = m
- The confining potential: Honf[t] = / dd)C?[l»t(X) — w]2
%«

forbids the interface to wander off to infinity. This avoids that
observables are dominated by rare events.

The disorder:  H 4 [u] = ddx Vi(x,u(x))

Suppose that fluctuations of u scale as: <[H(x) B M(‘y’}]2> ~ |x =y %

This defines a roughness-exponent (.



Disorder potential is Gaussian: V(x,u)V(x/,u’) .= R(u — u’)ﬁd(x —x)

The corresponding disorder force—force correlator can be written as:  (F(x, u)F(x',u')) = A(u — u’)ﬁd(x == %)

¥

A(u) = —R" (1)



Replica trick

o (Olule /Ty 10 Olugi]e—Psl/T
[u] := (T T

O The problem comes from the denominator:
2405 ]. S .
= The denominator is correlated with the

numerator

Integer powers Z, with n € N can be obtained by using n copies or replicas of the system, 1/Z cannot.

<@[u]e—'ﬂiuJ;’T> Zn—1
ZH

|:> O[HJ == llm< [u]e_?ﬂ“]ﬂ_> Zn—1

n—l)

Olu] =

The idea is to set n — 0 at the end of the calculation, eliminating the denominator.

Since thermal averages over distinct replicas factorize, we - - 4 : . : >
write their joint measure as: <O[u]e_ Hl“l”) 2l = <O[“1]H GFHINE ) = < [u1]e™ T2 a=1 Heiltal+Heontlta 1+ Huml“ul>

a=]

2T') /./.Z V(x L&;(I))V(}’ Mb(}’))) = eXP(ZT /Z R(uﬂ(x) — “b(l)))

1.b=1 ab_.l

rep [u] = Z /{ v”a(x)]h + _[”ﬂ'(x) wﬂ]h} T2 /Z Uag(x) — Mb(x)) 5

(.'-ul a.b=1

e~ T2 a=1 Haisltal — — exp (——/ZV(I Ma(x))) = EXP(




Field Theory

Srepl] = Z / { vuf,(x)1-+—[uﬂ(x) w, P } — / Z R (a0 — un(x) )

(ﬁﬂ(_k)ﬁb(k»{} — T(Snb C(k)

associated with a correlation length
i’k e®
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Wick contractions: T, C (k)

Ug () up(y) ™= e (2)" " x muy ()™t x T C(z — y)

1 sp=L| LV ] e —1
V (e () V (us(y))= V" (ua(@)) x V' (us(y)) x ToarClw — y) 27" 2 7T T




Fixed point

associated with a correlation length

i A 1
Cx)= ~e~ " ) § = —
J 2m)4 k* 4+ m? m
H
10, |
gl
6 - Wdis
— conf, M = 2
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- — Heont, M= 0.2

As we lower m, the parabola opens up, and the interface gains access to more and more disorder
configurations: we move from microscopic to macroscopic scales and begin to see the whole disorder
landscape.



One-loop

Using the rules from the previous slide , we obtain two
distinct contributions:

O (I
) -[l] 1 ) .—.I | i1 dﬂ(z} B L ;/T 1
R :Ehl > b : = i é b

x Yy £ Y

N % / R{ (uq () —up(x)) Ry (wa(y)—us(y)) C(z—y)? == /L R§ (ta(7)—ta (7)) R (ta(y)—us(y)) C(z—y)*
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One-loop

We obtain for the effective disorder correlator at 1-loop:

]' 2 " "
R() = Ro(u) + IER:;(H)“ - R{}(H)R{}w}] It
L(e/2) . m™

bare Il:mm =

Flow equation w.r.t m: e=4—-d

i P !lRH(H)Z = R”(H)R”(U)] el
om 2

The dimensionless effective disorder, as function of the dimensionless field is defined as: }ﬂi’(u) = el;m*™ R(u = um™°)

Fixed-point:

O R():= — maimfé(u) = (e — 40)R(n) + CuR'(n) + %ﬁ’”(u)z — R'(w)R"(0)



Why follow a function?

Dimensional reduction: A d-dimensional disordered system at zero l
temperature is equivalent to all orders in perturbation theory to a |:> —[u(x) — H@)]E = —R( 0) A| B 1_=|4—f"
pure system in d-2 dimensions at finite temperature. 2 @

d=4 1s an upper critical dimension
One can demostrate explicetly that at some RG-scale this result no- and field u(x) 1s dimensionless there.
longer holds and { is no loneger 0 in d=4.

The natural conclusion is to follow the full function R(x) under renormalization.
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"‘Supersymmetry” and disorder

Ouy(x) Oty (X)Ou,(y )

where 1, and 1/, are Grassman fields,

H = f { [Vu(z)]* + m? (u(z) —w)? + V(z, u(:r))} :

In the limit of T — 0 only only configurations which minimize the energy survive: 5? [HEI ’;/] — O
e
We want to insert a d-distribution enforcing this condition into the path-integral: det 5 H[ug.V]
O1tq(x)d1tg (y)

FHu, VI o L O HE V]
et(ﬁmm@@g) - ,/Dh"“m[l“"’]“p( [L( X G5 {1:))

2
= J 1] Dl Dl D] Dl O] exp| ~ [ 0 Sl + )5 St
Y oa=1 X
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Averaging over disorder with the force—force correlator and changing variables:

+ D Ya(@)(m® — V2o () -

=1 @ = Uy — Uy
+0(2) |[A(g(2)) — A(0)] T @ =v

3 . _ | uw=(ug +ug)/2
+ 3(2) A (6(2)) | Pa(@)a(@) + 1 ()¢ ()]
+ P2 (z)a(x) Y1 ()1 (2) A" (H(x))

Going to dimension d = 0, dropping the Grassmann fields, and rescaling cg — cg / m? yields:

Z(\w) = /d¢,d(’i‘;e—(cb—w)&ﬂ&(&(&)-&(@)

with A = —
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Our model

* The partition function: Z()\’ w) — / do dqg e—(gb—w)g5+)\gz§2 (A(O)_A(¢)) , where A(¢) =e™® and A(0) = 1.

o0 n n
Wick’s theorem allows us to write the perturbative Z\w) = i Z )\_ g)n (1 — Aw+ qb))
expansion for w > 0: 2T i) n! »=0
1-Zprg(4)
Mikhail N. Semeikin and Kay Jorg Wiese, Large Orders and Strong-Coupling Limit in
0.8 Functional Renormalization, Phys. Rev. E 112, L052102 (2025).
0.6 %, :
I - The result of Pade-Borel resummation
" 4‘"'“""::'-:--*'.......... = for A =0.1 (black) and A = 100 (red).
0.2} oo-o..... . .
bl .....““...“ X .
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Perturbative series Residue theorem

Z Ei?))?' jﬁ (tg"“ i d))) 27rlqud¢ 1 do

1
n=0 BT (t
1 “ (&)= /4‘50 \/4th (w+ ¢)9* —

de
\/1 — 4tgw (w + @) 2mi¢ Branch cut 14




Large coupling limait
After some non-trivial

computations the inverse

transform gives
8 —(¢p—w)?

1 [ do / e XT=2(A]
BI(t) =~ :: > 2 A)
2 Q ~/qbo VAtgw (w + @)p2 — @2 FRG(, \/ a¢ V1-—

This allows us to extract the large-A behavior:

{—au) @ 1 o _ (e—w/VX)?
Zrra(w, )\)—\/7/ dpe o = o o doe z

limy_, o0 Zrra(wWV A, \) exists, and is given by

Zepa(w) = % [1 +erf(%)} .

By examining the perturbative
Series: E> Zrra(w,A) =1— A %RG(U}» A)

wl
~ , w ~ w? + 2 w e T w
rra(w) = All_I}Iélo A TAS e (wV A, X)) = Eerfc( 2) Integrating twice yields Arrc(w) = 1 erfc (5) ~ S 15




+ 3(2)?[A(6(2)) — A(0)]

+ $(2)A (¢(2)) [ (2)oa() + Pr (x)n ()
+ o (@) o (@) U1 (x)¢hr (2) A" (p(x)) -

4
We can define force correlator: Agusy (0, A) — Agyey(w, A) = % <( —*w)2>

\

C

S

It has a large coupling limit: ‘&Susv(u’) — lim A Susy(w\/}: Al
@ i A—00
It coincides with our model ! ﬁgusy (w) = 51?12.(}} (w) .

We checked both perturbatively and non-peturbatively. 16



Large-orders

o0 )

a : ; -
Gevrey-1: F(g) = Z ang" B[F|(t) = Z —":t” Disc B[F|(x) ~ 2mi(x — A)™* for some «
n= n=l
n!
. ~1
a, ~ ST(1— (I)A_n*m n®
: : : : Un+41 1 &
Let us numerically test this asymptotic behavior: R — (1 + —+...)
na, A n
p. ]
Ap+l
nd,
na,

3 T 120 130 .40 g 0 120 1o 140"

[ i -3.906 | «*
—543136‘ ..t" . c...
~5.43138} A" =3.9071 ) ;

[ &

,‘.*“ : ' .

~5.43140f 2 _3.9081 L
~5.43142} 700" [ S

L -3.909F  .*

a) Black dots are 22t and red line is a fit (1 + a/n) for
(@) i Al /n) (b) Black dots are 22t for w = (.32.

a fixed w = 0.1, where a = 0.005 and iq = —5.431.
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(a) w=10.1, n =200

=04 =0.3 =02

(b) w= 0.8, n = 200

Numerical evaluation of Borel singularities of the asymptotic series for w = 0.1 and w = 0.8. Here the real part of

ReB(Z)(t) is plotted versus t € C.
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Saddle point and LOB
Z(\, w) = / dep dp e (- w)o+A* (1—e )
LU pertusbative coefficients
on = [ 43 dp e [~ — 1) "
{5

To analyze the LOB as n — oo, we rescale g5 —n qg

1
< A=
- m
a, = i' / do dep e —(S+2Inn) Fixed point is reached whenm — 0,0or A — oo.
n!

—

i S(p, ) = ng(qﬁ —w) — ln(e_qb — 1) —2ln¢
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Saddle point and LOB

_ E 1 —n(S+21nn)
ap = . /dgb do e

The saddle-point equations are:

oS 2 ~ 2
oy = —(6—w)+ b= 2
oS ~ e~ ? ~ 1
oo +1—e"¢ . = Cb—efb—l

@Sp — 24 w— Wk(—Qe_2+w), where k£ € Z indexes the k-th branch of the Lambert W-function.



Saddle point and LOB

The LOB of the coefficient 1s given by:

(2n)! Cro(w) " i

e (n!)v/4mn hi.(w)
hi(w) = Wy (=2 7%) + 1

S

Ck(w) = —Wy (—Ze“’_z) (Wk (—2€w_2) —+ 2)
we can define the Borel transform as:

Lz;(’w,t) —

1 1 /DO dx
T h(w) Jo /14 ge



Saddle point and LOB

Ik(w, t)

\/T/ f\/l 4tesc

The position of the singularity has a branch cut that goes along the positive real line
starting at w=0.31.

The multiple solutions of the saddle point equation reflect the fact that the position
of our singularity 1s not an entire function of w !

We have to define a lateral resumation:

t —t
SS,EZ()\,w):/ dxef\ Iop(w+tie), €—0
0

22



Z(A,w)
1.0000

0.9998 |

0.9996

0.9994 |

Z(Ad,w)

L1 LJ

nlﬂllﬂﬂlﬂﬂh.

1 I f}g’ 5 10 15
; ) | | \ | | | . 1 L A i i i 3 | W g

0.9990 |

1 2 3 4 0.4_— k4

0.2

(@A =102 (b) A = 10

Black dots correspond to the result of lateral Borel resumation while red ones correspond
to the numerical integration of the partition function.
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The ratio of the n = 100 coefficient computed
numerically to its saddle-point approximation.

(2n)! 1
n!varn /ho(w)

an(w +i€) =

HN um}‘r (W)

aSP” (w)

12F
]. U :_.. ...'l‘.::::.' ;“'::Ms -'"::.:'-r- o L] 2 e’ - epe
0.8 ’ . :

0.6
04
02F

I T S T R T L W S TR S ! S n
0 20 40 60 80 100

The ratio of the coefficient computed
numerically to its saddle-point approximation as a
function of n for w = 0.5 (black) and w =1 (red).

Co(w)] " cos(n arg (Colw)) - arg( 72— ) + 5

ho (w)



Possible ansatz for a transseries

To understand better the problem it is instructive to find a differential equation for the partition function.

OwZ(w,\) = X02 Z(w, ) — A Z(w, A).
the boundary layer requires a WKB-like exponential to

problems for A=0 =) resolve the singularity, this structure hints that the correct
ansatz is a transseries

boundary conditions: Z(w,0) =1—e ¥, Z(oo,\) =1

We consider a general transseries ansatz:

1
Z(w, A) = Zo*(w)ke_kA&W) Zan,k(w A"

@ equalizing the coefficients in front of A~!

(OwA(w))? + 0, A(w) = A(w).

4

A( ) - —'I/V( u—1—_|-zc1) (2 + W ( u—l:l:2c1)) 25




Recusrion relations for a 1-instanton sector
coeficients

We can obtain the following recursive differential equation for the perturbative coefficients of the 1-instanton sector:

o(w)
G(} ('H,‘-' )

Gn(w) (nGn(m)Q - )‘1—(;;1(“11,’)—1—6[}(?1?)2 (— ;g_l('u,-*)) = ()

for G, (w) = o(w)ay n
Co

We can solve for n=0: Gy(w) = . where z = —2¢“ % and Oy is a constant.
1+ W(z)
5 Another assymptotic relation for LOB that realtes
Ay ~ F(n +a) (hn b1 A A by A s ) perturbative coefficients to the coefficients of the
A n+a—-N\ (nr+a-1)(n+a-2) ' 1-instanton fluctuation series.

The LOB of the coefficient is given by:

Ay = (27},)' & (w)_ This fixes the constant to 1: ZInstanton ~ 87*9:@1}/1)\ . ] . (1 -+ O(/\))
" (n!)v4mrn B 1)
i 26

\/Det (£5
he(w) = Wi, (=2 7%) + 1




Challenges

The non-analiticity comes from a branch cut in w not 1n ¢
We do not integrate in w, hence there 1s no convolution 1n w.
Transseries seems to be a correct ansatz

Resummation for w < 0.31 1s effected by the resummation for w > 0.31

27



Thank you for your attention!
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Martin-Siggia-Rose formalism

du(z,t) = V(z,u(z,t)) + &(z,t), (&=, t)é(',t')) = D(z,2',t,t)

Here V(z, u(z,t)) depends on the field and its spatial derivatives at a single moment of time and does not involve time
derivatives.

§(x,t) is a Gaussian random force with zero mean and a prescribed two-point correlator D(z, z', ¢, ).

This equation is equivalent to some field theory with doubled amount of fields.
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Quenched Edwards—Wilkinson equation

nou(z,t) = cVu(z,t) + F(u(z,t),z) + m*(w — u(z, t)).

First, we need to discretize the equation in time:

u(z,t + ot) = u(x,t) + % [cvzu(m, t) +m*(w — u(z,t)) + F(u(z,t), w)]

We want to compute expectations (O(u(z,t + 6t))) for a given realization of the Gaussian random
variable F'(u(z,t),z).

Instead of solving it directly, we can implement constraints by introducing a series of d-functions in the integral.

(O(ula, t + 6t))) = / d’“z;t / dutlm, &4 50 Oluls, £+ 50)

—10Q

Xeﬁ(m’t) [3‘?5 (u(m,t—}—ét)—u(m?t)) —Vgu(aj,t)—m2[w—u(m,t)]—F(a:?u(J:?t))]
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Quenched Edwards—Wilkinson equation

We represented delta-functions via their Fourrier transform by introducing an auxiliary field @(z,t).

We have used the so-called Ito discretization, where the r.h.s. of gEW is evaluated at time . We have
used a property of Dirac delta function:

5(f(z))|f' (z)| = 6(z — z*), for any f(z) with a single zero at z*.

In infinite dimensional case, for our equation this yields: In our scheme, the Jacobian determinant is unity.

g
1111 du(z, t)o(w(z, ) — u(z, b)) = [[]] du(z, t) 6(F(u(z, t))) ‘Det[f;_i]

where F(u(z,t)) = nou(z,t) — Viu(z,t) — m?[w — u(z,t)] — F(z, u(z, t)).
. |
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Quenched Edwards—Wilkinson equation

The strategy forward is now clear: define the path-integral measure:

f;l

[ [@|Du] = HH [ Ll 7 du(x,t + dt)

T
— 100 — 00

and action
S|u, i, F] :/ #(x, 1) [(nf); ~ V2 + m?) (u(z,t) — w) — F(z, u(z, T))]
xr,l

The expectation of an observable @ reads:  {(O) = / D[a|D[u] e S==F1 O,

The final step 1s to average over disorder, which by assumption is Gaussian

§[u,a| = [T o) (08 — V2 + m?) (u(e, t) —w) | - % f A 080 (ula, ) — (e, )i, 1)
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