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MOTIVATIONS

Multi-scale systems and applications

(XD

Microscopic Mesoscopic Macroscopic
i@, vi(t), i=1,. N ftxv) 20— p(t,x), u(t,x)
ODEs/SDEs N= o0 kinetic PDEs / . dv fluid PDEs

N — oo

systems dimension ~ N
mathematical challenges interaction structure
multiple parameters

Goal : asymptotic analysis of the limit N — 4oo uniformly in time



THE MICROSCOPIC SCALE

We consider the system

N
dX' =Y KN = XYY dt+ v2dWw;, e {1,..., N}
j:WE’_/ S——

interactions diffusion

c()q\lv"wxlf\\ll)(t =0) = pn(t=0)

X/.’"(t) € T9: position of the i-th agent at time t > 0.

e Interactions are typically singular. Ex:

K(x) = iﬁ, x € RY  (Keller-Segel or Coulombian, +diviK < 0)
Xt 2 . .
K(x) = OCW7 x € R® (Biot-Savart, divK = 0)

. 1
e Mean-field regime: K" ~ ;K and pu(t=0)~ P2V asN > 1



MEAN-FIELD REGIME

Goal : Formal analysis of the interacting agents system as N > 1.

axM = NZK —X")dt + v2dw;, i€ {1,...,N}

ﬁ(X%...,XN)(tZO) = pON

XN(t) € T¢: position of the i-th agent at time t > 0.

Propagation of chaos : the agent distribution remains i.i.d. att > 0 as N >> 1

PRt X, . xe) = LKA, XE) o pLx)p(t ) p(tx), 20, N2R>1
where p solves the following drift diffusion equation

Bup(t,X) + Vi - (/K(xfx*) p(t, x*) dx* p(t, x) — pr(t,x)) =0, xeT’,

p(t=0) =



QUESTIONS OF INTEREST

Convergence analysis of
ph(t) = LT, X)) — p(6)®F

N—+o0

if py ~ p$N att = 0, where

Op + V- (pKxp — Vip) =0, xeT.

There are several difficulties :

e explicit convergence rates in N
optimal rate is O(N~?) in L log L (D. Lacker '23)

e structure of the kernel K
Biot-Savart kernel (d = 2): L' convergence (N. Fournier, M. Hauray, S. Mischler '14)
Keller-Segel kernel (d = 2): weak convergence (N. Fournier, B. Jourdain "17)
Biot-Savart kernel (d = 2): rate O(N~") in L log L (P-E. Jabin, Z. Wang '18)
Keller-Segel/Coulomb kernel (d = 2) : explicit rate in L log L (D. Bresch, et al "19 and '20)
non attractive Coulomb-Riesz kernel (d < 2, no diffusion) : weak convergence (M. Duerinckx "16)
non attractive Coulomb-Riesz kernel (d > 1) : weak convergence (S. Serfaty '20)

e uniform rate as t > 1
Biot-Savart law (d = 2): rate O(N~") in L log L (A. Guillin et al '25)
Keller-Segel kernel (d = 2) : rate in L log L (A. Chodron de Courcel et al '25 and '25)



LONG TIME STABILITY IN STRONG NORMS

’ Goal : Uniform estimatesast > Tand N > 1. ‘

Theorem (A. Béjar-Lopez, A.B., P-E. Jabin, ). Soler ('24))

We consider an interaction kernel
K e V\/*dLJrzadi»Z(-l—d)7

and we suppose that at t = 0, the k-th marginal pg satisfies

Hp,ﬁ’(t:O)HL2 < gok V1<k<N, ¥NEN*,
for some a > 0. There exists 8 > « such that

supHpQ(t) < Rk V1<k<N, VNEN*.

>0 2

Comments :

(i) Uniform in time estimates

(i (iii) General singular kernels
i) Strong norms



LONG TIME STABILITY IN STRONG NORMS

’ Goal : Uniform estimatesast > 1Tand N > 1. ‘

Comments regarding the assumptions on K :

(i) general assumptions on the structure of K ;

(i) applies to power laws : K lies in ak=Racht
1
oo (1d _
K e (T \ {0}), and |K(x)] xS0 X’ a<1,
thanks to the Sobolev injection LP — Wﬁdiﬂ"”z, p>d;

(iii) the result extendsto K € L9;

(iv) applies to more singular kernels than L9: K, € W_diﬁ’d“(B(O,s))\Ld(B(O,s)) if
X

Ka(X) = ———7—
) = SRl pra

withd =2and 1/2 < a < 3/4.



HIGH TEMPERATURE REGIME

Objectif : Extension to kernels in H=" when o > || pg||'/*
N

1 .
dXi = = > K(Xi—X)dt+ VodW,, ie{l,...,N}.

Jj=1

interactions diffusion

Theorem (A. Béjar-Lopez, A.B., P-E. Jabin, J. Soler ('24))
We consider an interaction kernel which satisfies
KeH'(TY), and (divkk)_ € L®(TY)
and we suppose that at t = 0, the k-th marginal pg satisfies
Hpﬁ(t:o) < RE VI<R<N, VNeN*,

~

12
for some 0 < R < Co. Forall R > R, it holds

< RF V1< k<N, VNEN*.

sup |1 (1)

t>0 2

Comments :

(i) the result covers the repulsive Coulombian and Biot-Savart kernels in dimension d < 5.



UNIFORM IN TIME MEAN-FIELD ESTIMATES

’ Goal : Convergence estimates uniform int = 1. ‘

It holds (P-E. Jabin and Z. Wang, "18):
k(@) = P2 @lls Se N7V,
ifK € W= and div (k) = 0and p"(t = 0) = p@".
Corollary (P.-E. Jabin, Z. Wang ('18) and A. B.-L., A.B., P-E. J., J. S. ("24))
Under the assumptions of one of the previous theorem, we also suppose
Kew="®, et div(K) =0, and p'(t=0) = p{",
then we have forall1 < p <2
e—ht
N

et = o=,

where p is the solution to the mean-field model

as (t,N) = +oo,

dip + Vx - (pK* p — Vxp) = 0, and p(t=0) = po.

Comments :

(i) Uniform in time and explicit convergence rates ;
(ii) convergence in strong norms LP, 1< p < 2.



COUNTER EXAMPLE WHEN divy(K) # 0

These results are optimal in general

see also Chodron De Courcel et al ('23)

Proposition (A. B.-L., A.B., P-E. )., ). S. ("24))

We consider the Kuramoto kernel
K(x) = —sin(x), VxeT.
for sufficiently small o > 0, there exists py € C> NP(T) and n > 0 such that
SUPHmN(t)—p(t)H >n, VN >1,
t>0 L
where pN(t = 0) = pgz’N and where p solves
{ Oip + Vix - (pKxp — Vxp) = 0,

p(t=10) = po.



ANALYSIS OF THE BBGKY HIERARCHY IN A SIMPLIFIED SETTING

Goal : uniform estimates in N > 1and t >> 1 for the system

N
1 .
dX; = NZK(X,—X,)dH V2dW;, ie{1,...,N},
j=1
under the assumption K € L9(R?) et divy(K) = 0

Strategy: long time dynamics of the marginals pg(t, X1, ..., X¢) = L(X1, ..., Xg).

BBGKY hierarchy
The sequence (pr)1<r<n Satisfies

Orpr + — Z divy, [K(Xi — X;)pr] + — Z divy, / K(Xi = Xp1) Prp1dXer = Dyrepr -
I/ il

When divy(K) = 0, the L? estimate may be written as
2

2
= IVl
L

d
Lol <k H [5G =Kot

A the estimate on py, features pp1 .



TWO KEY POINTS

e Interpolation: if K € L# et § € (0,1), the interaction term satisfies

(Kl Tl P
< min < 1Kl Nl Norsallls

H/K( — Xp1) Phy1 Xk
L K|z Nl ol 2

e optimal Sobolev inequality: for p, € H' N P(RY), it holds
(G. Talenti '76, T. Aubin '76, O. Druet '76, S. Gallot ‘83, E. Hebey & M. Vaugon '95,....)

1+ 2 C
lowlls ® < lowll g < nllVoprlle s where wn o .
Therefore, the L? estimate of p, may be written :
1 d 1—6 ’I+
3q@ h7k||K||L%XH1X,? — CRX, ™ ke {1,...,N},

where X, = ||pell?2-



CONCLUSION IN THE SIMPLIFIED CASE

Our estimate of X, = ||pr||7, may be written:

1d 0 y1—0 1+
5 e < RIKI G X X8 = CRXTT . ke {1, N}

Homogeneity: we suppose formally that p, = p®*, then

1d

2th*€ < Rl g XEEDHRAZO — CRXRTE ke {1,...,N},

whom solutions remain bounded if
(R+1)0+RO1—0)=Fk+2/d,

thatis, § = 2/d and K € LY.



PERSPECTIVES

e Extension to second order kinetic systems ;

[K(X)| ~ [x]~%, a < 1, without diffusion : weak convergence (M. Hauray, P-E. Jabin '15), K € L% (D.
Bresch, M. Duerinckx, P-E. Jabin '24)

the linear structure is well understood (F. Bouchut '93)

We consider the system

V= VvV dt
~—

transport

N
avl =S kMY - xMydt+ vadw;, e {1,...,N}
- —— S——

interactions diffusion

X/N(t) € T9: position of the i-th particle at time t > 0.
\//.N(t) € R?: velocity of the i-th particle at time t > 0.




