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Full microscopic description

Bulk dynamics (j = 1, . . . , n)

drj(t) = (pj(t)− pj−1(t)) dt

dpj(t) = (rj+1(t)− rj(t)) dt︸ ︷︷ ︸
hamiltonian

− 2pj(t
−) dNj(γt)︸ ︷︷ ︸

flip of intensity γ

, j ̸= n

Boundary conditions? We add two mechanisms

q0 q1 qnqj−1 qj qj+1

rj

pj
T− T+

τ+
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Evolution at the boundaries?

▷ We assume deterministic forces: r0 ≡ 0 and rn+1 ≡ τ+

▷ We maintain temperatures at extremities

Langevin thermostat: Assume that (q(t), p(t)) ∈ R × R follows
dq(t) = p(t)dt

dp(t) = −V ′(q(t))dt −σp(t)dt︸ ︷︷ ︸
dissipation

+
√

2σβ−1 dw(t)︸ ︷︷ ︸
brownian fluctuation

then the invariant proba measure is the equilibrium Gibbs measure
exp(−βH(p, q))

Z
dqdp at temperature β−1 with H =

p2

2
+ V (q)

dp0(t) =
(
r1(t) −0

)
dt −2p0(t

−) dN0(γt)︸ ︷︷ ︸
flip of intensity γ

− p0(t) dt+
√

2T−dw0(t)︸ ︷︷ ︸
Langevin at T− (intensity σ = 1)

,

dpn(t) = −
(
rn(t) −τ+

)
dt −2pn(t

−) dNn(γt)︸ ︷︷ ︸
flip of intensity γ

− pn(t) dt+
√

2T+dwn(t)︸ ︷︷ ︸
Langevin at T+ (intensity σ = 1)
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The local Gibbs initial measure

Let rini : [0, 1]→ R and Tini : [0, 1]→ (0,+∞) be continuous.

Then eini(x) = Tini(x) +
1
2r

2
ini(x) is the total energy profile.

A typical example of initial probability measure is

dνnini =
e−

1
2p

2
0/T0

√
2πT0

n∏
j=1

e−
1
2

(
p2
j+(rj−rini(

j
n ))2
)
/Tj

2πTj
dpjdrj , Tj := Tini(

j
n )

i.e. the local Gibbs measure, which satisfies (indeed)

1

n

n∑
j=1

G
(
j
n

)
E
[
rj(0)

]
−−−−→
n→∞

∫ 1

0

G(x)rini(x)dx

1

n

n∑
j=0

G
(
j
n

)
E
[
ej(0)

]
−−−−→
n→∞

∫ 1

0

G(x)eini(x)dx
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Macroscopic evolution of volume and energy profiles

? Hydrodynamic limit + Boundary conditions

THEOREM: when T−, T+ > 0 [Komorowski, Olla, S. 2020]

1
n

n∑
j=0

G
(
j
n

)
E
[
rj(tn

2)
]
−−−−→
n→∞

∫ 1

0

G(x) r(t, x) dx

1
N

n∑
j=0

G
(
j
n

)
E
[
ej(tn

2)
]
−−−−→
n→∞

∫ 1

0

G(x) e(t, x) dx

with r(0, ·) = rini, e(0, ·) = eini

∂tr =
1

2γ
∂xxr, ∂te =

1

4γ
∂xx

(
e+

r2

2

)
and r(t, 0) = 0

e(t, 0) = T−

r(t, 1) = τ+

e(t, 1) = T++
1
2τ

2
+

4
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Thermal and mechanical energy

▷ Elongation
∂tr(t, x) =

1

2γ
∂xxr(t, x)

▷ Total energy

e(t, x) = eth(t, x)︸ ︷︷ ︸
temperature

+ emech(t, x)

with

emech(t, x) =
1

2
r2(t, x)

∂te
th(t, x) =

1

4γ
∂xxe

th(t, x) +
1

2γ

(
∂xr(t, x)

)2︸ ︷︷ ︸
dissipation

of mechanical energy
into thermal energy

5



Stationary profile

Stationary solutions: r∞(·) and eth∞(·)

r∞(x) = τ+ x

eth∞(x) = τ2+ x(1− x) + (T+ − T−) x+ T−

• which achieves its maximum in

xmax =
1

2
+

T+ − T−

2τ2+
∈ [0, 1] ⇔ |T+ − T−| < τ2+

heating inside the system

• and with stationary current

J∞ = − 1

4γ
(T+ − T− + τ2+) < 0 if T− > T+ and τ+ is large

←−J∞T− > T+ T+

uphill diffusion

6
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A little flavour of the proof



A few elements of proof

1. Estimate boundary terms: for instance∣∣∣∣ ∫ t

0

E
[
p0(sn

2)
]
ds

∣∣∣∣ ≲ 1

n

∣∣∣∣ ∫ t

0

E
[
pn(sn

2)
]
ds

∣∣∣∣ ≲ 1

n

2. L2 bound on averages:

1

n

n∑
j=0

[(
E
[
rj(sn

2)
])2

+
(
E
[
pj(sn

2)
])2]

≲ 1

⇒ Hydrodynamic limit for the volume and mechanical energy:

1
n

n∑
j=0

G
(
j
n

)
E
[
rj(tn

2)
]
−−−−→
n→∞

∫ 1

0

G(x) r(t, x) dx

1
n

n∑
j=0

G
(
j
n

)
1
2

(
E[rj ]

2 + E[pj ]
2
)
(tn2)︸ ︷︷ ︸

Emech
j (tn2)

−−−−→
n→∞

∫ 1

0

G(x) 1
2r

2(t, x)︸ ︷︷ ︸
emech

dx
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A few elements of proof (bis)

4. Try to close the equation for the energy

1

n

n∑
j=0

G( j
n )E

[
ej(tn

2)− ej(0)
]

= −n2

n

n∑
j=0

G( j
n )

∫ t

0

E
[(

Jj,j+1︸ ︷︷ ︸
current

−Jj−1,j

)
(sn2)

]
ds

5. Write the fluctuation-dissipation relation: for j = 1, . . . , n− 1,

Jj,j+1 = −pjrj+1 = − 1

4γ

(
Uj+1 − Uj

)︸ ︷︷ ︸
microscopic gradient

+Lflip
n (Vj)︸ ︷︷ ︸

fluctuating

with
Uj = ej︸︷︷︸

close the equ.

+
1

2
(rjrj+1 + pj−1pj) + γpjrj︸ ︷︷ ︸

correlations → gives 1
2 r

2

NB: after recentering, everything goes to 0 except E[rj ]E[rj+1] ∼ r2(t, j
n
)

8
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n
)
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A few elements of proof (ter)

We need new ingredients!

6. An energy bound:

sup
s∈[0,t]

1

n

n∑
j=0

E
[
ej(sn

2)
]
≲ 1

7. The control of covariances, for instance

1

n

n∑
j=0

G( j
n )

∫ t

0

E
[
pjpj+1(sn

2)
]
ds −−−−−→

n→+∞
0

and new limits at the boundaries like e.g.

1

t

∫ t

0

E
[
(p1 − E[p1])

2(sn2)
]︸ ︷︷ ︸

variance of p1

ds −−−−−→
n→+∞

T−.
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How? 1. and 2. → Time evolution of averages

We have a closed system of evolution for the averages:

pj(t) := E[pj(t)], rj(t) := E[rj(t)]

In the bulk:

d

dt
rj(t) = n2

(
pj(t)− pj−1(t)

)
d

dt
pj(t) = n2

(
rj+1(t)− rj

)
−2γn2 pj(t)

and at the boundaries:

d

dt
p0(t) = n2r1(t)− n2(2γ + 1)p0(t)

d

dt
pn(t) = −n2rn(t) + n2 τ+ − n2(2γ + 1)pn(t)

10



How? 1. and 2. → Time evolution of averages

We have a closed system of evolution for the averages:

pj(t) := E[pj(t)], rj(t) := E[rj(t)]

In the bulk:

d

dt
rj(t) = n2

(
pj(t)− pj−1(t)

)
d

dt
pj(t) = n2

(
rj+1(t)− rj

)
−2γn2 pj(t)

and at the boundaries:

d

dt
p0(t) = n2r1(t)− n2(2γ + 1)p0(t)

d

dt
pn(t) = −n2rn(t) + n2 τ+ − n2(2γ + 1)pn(t)

10



Second order? 7. → Time evolution of covariances

Look at

S(t) :=

(
S(r)(t) S(r,p)(t)

S(p,r)(t) S(p)(t)

)

where

S(r,p)(t) =

(
E
[
(rℓ − rℓ)(t)(pk − pk)(t)

])
ℓ,k

and similarly for the others... Then S(t) satisfies an equation of the form

dS

dt
(t) = −AγS(t)− S(t)AT

γ + 4γ

(
0 0

0 D

)

with Aγ only depends on γ and

D = Diag
(
T−,E[p

2
1], . . . ,E[p

2
n]
)
.
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Thanks to the control of covariances

An interesting additional result is the following equipartition between

fluctuations of distances and momenta∫ t

0

1

n

n∑
j=0

G
(
s, j

n

)
E
[(
rj − rj

)2 − (pj − pj
)2]

(sn2) ds −−−−→
n→∞

0.

▷ This allows us to identify the thermal energy as the limit∫ t

0

1

n

n∑
j=0

G(s, j
n )E

[
p2j (sn

2)
]
ds −−−−−→

n→+∞

∫ t

0

∫ 1

0

G(s, x)eth(s, x)dxds.
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Conclusion

nothing

nothing

pj

q0 q1 qnqj−1 qj

rj

1) Purely harmonic chain → transport of energy phonons

2) Add stochastic FLIP noise → diffusion of total energy

∂te(t, x) =
1

4γ
∂xx
(
e+ 1

2r
2
)
, e = 1

2r
2 + eth

3) Add stochastic EXCHANCE noise → fractional diffusion

∂te
th(t, x) = − κ

√
γ
|∂x|3/4eth(t, x)
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Thank you for your attention!
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