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Boundary conditions? We add two mechanisms

qj+1
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dpo(t) = (r1(t) —0) dt —2po(t™) dNo(t) — po(t) dt + /2T dwo(t)

flip of intensity ~ Langevin at T_ (intensity

dpn(t) = = (ra(t) —74) dt —2pn(t™) dNW(7t) — pa(t) dt + /27 dwa(t)

flip of intensity ~ Langevin at Ty (intensity



The local Gibbs initial measure

Let riy; : [0,1] = R and Ty : [0,1] — (0, +00) be continuous.

Then ej,i(x) = Tini(x) + %rfni(x) is the total energy profile.

A typical example of initial probability measure is

e~ QPU/TU

n 3 (pR O =i (2))2) /T,
vy = [[——

27TTO j

dpjdry, Tj = Twi(2)
1 T;

i.e. the local Gibbs measure, which satisfies (indeed)
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Macroscopic evolution of volume and energy profiles

? Hydrodynamic limit ¥ Boundary conditions

THEOREM: when T_, T} >0 [Komorowski, Olla, S. 2020]
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Thermal and mechanical energy

> Elongation

ur(t, z) = %amr(t,x)

> Total energy

e(t,z) = e (t,x) + e™ (¢, z)
———
temperature
with
em™N(t, z) = ~r’(t, z)
el (t, x) = — 0,0 (t, x) + —

(9.1 (t, x))2
——

dissipation
of mechanical energy
into thermal energy
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Stationary profile

Stationary solutions: ro.(-) and et} (-)

roo(z) =74 x
el(z) =77 z(l—a)+ (Ty —T-) v+ T

e which achieves its maximum in
1 Ty -T-

2
Tmax = 272 €e0,1] & Ty -T_|<7}

’heating inside the system ‘

e and with stationary current

1
Joo = —4—(T+ —T_+73)<0 if T_>Ty and 7 is large
Y

T_ > T+ % T+

] uphill diffusion
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<1
~n

2. L? bound on averages:
2 2 2
,Z 7"J sn? —l—(E[pj(sn )]) <1
=> Hydrodynamic limit for the volume and mechanical energy
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A few elements of proof (bis)

4. Try to close the equation for the energy

*ZG e] tn ) — ej(O)]
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n =0 0 N~
current
5. Write the fluctuation-dissipation relation: for j =1,...,n—1,
1 i
i =—prin == U =U)) + L3P (V)
Y —— ——
microscopic gradient  fluctuating
Up= e +5rmie +pi-apg) + i
~

close the equ. . . 1.2
correlations — gives 5 r

NB: after recentering, everything goes to 0 except E[r;]E[r;+1] ~ r2(t, %)
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A few elements of proof (ter)

We need new ingredients!

6. An energy bound:

1 n
sup — Ele;(sn?)] <1
se[ol?t] n jz::o [ A )] ~

7. The control of covariances, for instance

n—-+oo

N
— ZG(%)/ E[pjpj+1(sn®)]ds —— 0
n =0 0

and new limits at the boundaries like e.g.

%/O E[(p1 — E[p1])*(sn2)] ds — T

n——+oo

variance of p;
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How? 1. and 2. — Time evolution of averages

We have a closed system of evolution for the averages:

p;(t) = Elp; ()], 75(t) == E[r;(1)]

In the bulk:
d_ 9/ _
a"'j(t) =n (Pj(t) _ijl(t))
%ﬁj(f) =n?(Fja(t) —7;) —2yn® B, (1)

and at the boundaries:

Solt) = na (1) — w27+ DBo()
SP(0) = —n?Talt) 0 T~ 2y + 1)
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Look at

_(s7m st
S(t) = <S(p,7-) (t) SW(t) )

where

5000 = (E[trs=r 00 700

ok

and similarly for the others... Then S(¢) satisfies an equation of the form

ds

dt

() = —A,5(t) — S(H)AT + 4 (8 g)

with A, only depends on 7 and

D = Diag(T-,E[p3],...,E[p2]).
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Thanks to the control of covariances

An interesting additional result is the following equipartition between

fluctuations of distances and momenta
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Thanks to the control of covariances

An interesting additional result is the following equipartition between

fluctuations of distances and momenta

[ 23064l =) - s =5 (0% s =

n—roo

> This allows us to identify the thermal energy as the limit

Lty ‘
/ — g G(s,%)E[p ds—)/ / G(s,z)e™ (s, z)dzds.
0 nj:O n—4o0o
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Conclusion
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q0 q1 qj—1 q; dn
—

1) Purely harmonic chain — transport of energy phonons

2) Add stochastic FLIP noise — diffusion of total energy

ore(t,z) = %@m (e + %rQ),

2 h
e = %r + et
3) Add stochastic EXCHANCE noise — fractional diffusion

Qe (t,x) = ——= |9, [/ et (¢, x)

V7

13



Thank you for your attention!
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