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The Keller-Segel equation (1970)

Cells diffuse in R? and are attracted by a chemical substance that they
deposit. This substance also diffuses in the plane.

Orpe(x) = Api(z) — x div [pr(2) Ve (2)]
0 Orcr() = Acy(z) + pe(z).

pt(z) > 0: density of cells at € R? at time ¢ > 0 (with mass 1).
ct(z) > 0: concentration of substance at = € R? at time ¢ > 0.
x > 0: intensity of the attraction.

6 > 0: ratio between the diffusion velocities of cells and substance.



I[. The parabolic-elliptic case 6 = 0

The substance diffuses very quickly, but the cells deposit a lot of substance.
For each fixed ¢ > 0, we solve 0 = Ac(x) + pi(z):

_ log|z|? x

ct(x) = —(K xpy)(x), where K(x) p— VK(z) = L

The KS equation (parabolic-elliptic) is rewritten as
Ope(x) = Ape(x) + xdiv [pe () (VK * pg)(2)] -

We can forget about the substance: the cells diffuse in the plane R? and
interact through a binary attraction in 1/r.



Strong competition between diffusion and attraction in 1/r: we have

» If x > 8w, no global existence is possible. Formation of a Dirac mass
in finite time: attraction is stronger than diffusion.

» Global existence if x < 8m: Blanchet-Dolbeault-Perthame (2006).
Use the optimal constant of the logarithmic Hardy-Littlewood-Sobolev
inequality.



Particle System

Approximation of the equation by the particle system in (R?)N
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Theorem (F-Jourdain, F-Tardy, Tardy)

If x € (0,87), then the particle system exists for each N, with only (but
effectively) binary collisions, and if pd’ — po € P(R?) and under ex-
changeability, then (u{v )t>0 converges, up to extraction of a subsequence,
to a (very weak) solution p; of KS.



» No assumption on py € P(R?), Dirac allowed, diffusion immediately
separates the particles.

» 6 = 8w also works (if pg # ), more difficult, in particular because the
particle system explodes for each IV, but later and later as N — oo.

» Bresch-Jabin-Wang (2023).

» Cattiaux-Pédéches (2016), Cattiaux (2024).
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The main difficulty is to show that for some ~ > 0, uniformly in N,

T
dt
supIE[/ dt| < oo for all T' > 0.
N> Lo |xPN — x2Np

The rest of the proof is standard.



Consider a € (0,2), and we compute (with X/ := X}V)
4
dt

where, by exchangeability,
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by a simple function study.



So
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then
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SEIX! - X7°] > (4a? - ZX)EX! - X7,

If x < 8, we can find a € (0,2) such that 4a® > $X. Thus
T
/ E[| X} — X?|*7?)dt < Co E[| X7 — X2|%) < Copr VT >0,
0
at least if we assume E[|X}|*] < co. Since a — 2 < 0, OK.
We can remove the moment assumption E[|X}|?] < oo.

The same computation gives a new (very simple) proof of global existence
for the KS equation with x < 8.



II. Supercritical parabolic-elliptic case x > 87

We fix N > 2 and study the explosion of the system
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II. Supercritical parabolic-elliptic case x > 87
We fix N > 2 and study the explosion of the system

XJ
Xi =+/2dB] - dt, i=1,...,N.
dXj = V2dB] - NZW opdt is b

A Bessel process with dimension d € R is the solution Ry > 0 of

§—1 t%

Ri=Ro+ Wi+ ——
t 0+ t+2 . R.

(a bit false if 6 < 1).

If 6 € N,, it is the norm of a Brownian of dimension . Perfect competition
between diffusion and attraction/repulsion (by 0) in 1/r:

» ifd>2 R, >0forallt>0;
» if § € (0,2), Ry touches uncountably 0 many times;
» if 6 <0, R; touches 0 and cannot restart.



Assume that our system (X}, ..., X}V);>0 exists.

» A simple It6 calculation shows that
N .
> XX
ij=1

is a (square of ) Bessel with dimension (N —1)(2— ;) (negative if x > 87).
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Assume that our system (X}, ..., X}V);>0 exists.

» A simple It6 calculation shows that

N

> X - X7

ij=1
is a (square of ) Bessel with dimension (N —1)(2— ;) (negative if x > 87).

» Let K C {1,...,N}. When particles indexed in K are “far” from
particles indexed in K¢, we can neglect interactions between K and K°.

We find that ‘ ‘
> X - XiP
i,jEK

behaves like a Bessel with dimension d, v (|K|) = (K| —1)(2 — %)

» Of course, 3, ;e | X7 — X712 touches 0 if and only if particles indexed
in K collide.



Figure: d, n(k) as a function of k € [2, N] when N =9 and x = 9.4x
(left) or x = 9.68 (right).
ko=8,k =7 ko=8,ki =7k =6

ko = [8mN/x] is the smallest integer such that d, n(k) < 0.

We always have dy n(ko — 1) € (0,2). We set ky = ko — 1.

Sometimes, d, n(ko —2) € (0,2), then we set ky = ko — 2.

Sometimes dy, n (ko — 2) > 2.

We always have d, n(2) € (0,2) and dy n(k) > 2 for k= 3,..., ko — 3.



So, we believe there should be non-sticky collisions with 2, ko, k1 particles,
sticky (explosive) collisions with kg (or more) particles, and no collisions
with 3,..., kg — 3 particles.
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Existence of the system: we use Fukushima’s theory of Dirichlet forms.
The invariant measure of the system, on (R?)", which is informally
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is Radon (finite on compacts) precisely on the open set

Ej, = {no cluster of ky (or more) particles} C (R?)".



So, we believe there should be non-sticky collisions with 2, ko, k1 particles,
sticky (explosive) collisions with kg (or more) particles, and no collisions
with 3,..., kg — 3 particles.

Existence of the system: we use Fukushima’s theory of Dirichlet forms.
The invariant measure of the system, on (R?)", which is informally

(H |l‘1 — ZL‘j|_X/(47TN)>dSL‘1 e d.rN,
i#]
is Radon (finite on compacts) precisely on the open set

Ej, = {no cluster of ky (or more) particles} C (R?)".

Fukushima provides us for free a solution X; = (X}/,..., XtN)te[O,c)v in a
(very) weak sense, up to “explosion” ¢, meaning exit from (any compact
Of) EkO'



Theorem (with Tardy). Assume xy > 87 and N > 127x. We have kg =
[2N/0] € {7,..., N}, we set k; = ko — 1, and ka = ko — 2 (or no ka).

(i) ¢ < oo and limy_,¢— X exists in (R?)Y and contains a cluster of pre-
cisely ko particles, indexed in a random Ky C {1,..., N}.

(ii) Just before ¢, we have uncountably many collisions of any subset of
Ko with cardinal k.

(iii) Before each ki-collision, we have uncountably many ko-collisions of
all possible configurations.

(iv) Before each ka-collision, we have uncountably many 2-collisions of all
possible configurations.

(v) There are no collisions with precisely 3,..., ks — 1 particles.
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III. The parabolic-parabolic case 8 > 0

Regarding the PDE, the main results are

» Calvez-Corrias (2008): global existence, for any 6 > 0, and any x < 87
(if po, co are regular).

» Corrias-Escobedo-Matos (2014): if ¢g = 0, global existence for any
X < Xo, with xg — 0o as § — oo (if pg is regular).

» Mizoguchi (2020): if y > 8, there exist initial conditions (¢, pg) such
that the solution blows up.



One-species particle system, Talay-Tomasevi¢ (2017)

We solve 00,c; = Acy + py (taking ¢ = 0 for simplicity):

1 ¢
ct = 0/0 g0 xps ds, where gsz(O, §I2>.

Recall that
Opr = Apy — xdiv(peVey).

A possible (non-Markovian) particle system: fori=1,..., N,

. ) 1 rt . .
dxN = V2dB! + % > (5 /0 Vol J(xPN — xIN )ds> dt.
J#i



Theorem (with Tomagevi¢ 2023). For each 6 > 0, there exists xg > 0 such
that if x < xg, then

(a) for each N > 2, the system has a solution (for any exchangeable initial
condition),

(b) if ud’ — po, then, up to a subsequence, (u¥ = %Zfil 5X;;,N)t20
converges to (very weak) a solution (p¢)s>o of Keller-Segel.



Theorem (with Tomagevi¢ 2023). For each 6 > 0, there exists xg > 0 such
that if x < xg, then

(a) for each N > 2, the system has a solution (for any exchangeable initial
condition),

(b) if ud’ — po, then, up to a subsequence, (u¥ = %Zfil 0 3iN )0
PN >

converges to (very weak) a solution (p¢)s>o of Keller-Segel.

» We assume that pg € P(R?) and ¢y € L°(R?).

» The threshold yy does not depend on (po, cp).

> X9=0.0001 = 3.28, x9=1 =~ 1.39, xg ~ % as  — oo (much smaller

than 8).



Proof ideas, with e.g., § = 1. We denote g; = ¢¢ and X} = XZ’N.
The difficulty is to control, uniformly in N, the drift, e.g.

t t 7|X17X§\2 Xl _X2
DP? :/ Vgr—s(X} — X2)ds :/ O e D)
0 0 (t—s)

We show using the dynamics that a priori,
’Dtm‘ N ’th - Xflfl in a weak sense.

We will then be led, roughly, to the parabolic-elliptic case.
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The difficulty is to control, uniformly in N, the drift, e.g.

t t 7|X17X§\2 Xl _X2
DP? :/ Vgr—s(X} — X2)ds :/ O e D)
0 0 (t—s)

We show using the dynamics that a priori,
D2 <X} - X2 in a weak sense.
We will then be led, roughly, to the parabolic-elliptic case.

Precisely, we show that there exist & > 1 and C' (independent of ¢ > 0,
N > 2, and x > 0 small) such that

t 12 t ds
IE[ D ad}< E[/
| 1pxreas) < ) XTI x2)a



(a) For F: Ry x R? - R,
/ F(t—s, X} - )ds} - [/tF(o X! - Xf)ds}

+]E// (0,F + AF)(u X2)duds}

+xE /D13 /VF )du)ds]

We start with (t > s)
X - x2=X!-Xx24+B! -B' + = Z/ DY du,

we apply Ité in t, with s fived, to calculate F(t—s, X} — X?2). We integrate
over s € [0,t], take the expectation, and use exchangeability.

(b) We have |Vg:(z)| < W (sharp when |z|? ~t), and thus
DI 0 [ (s —ut X} - XEP) ¥ du
0



(c) Let F(t,z) = —(t + |z[*)"2 for a € (1,2). We have
(O F + AF)(t,z) > c(t + |2|)™ "% and |VF(t,z)| < C(t+ |zf2) 275,
(d) We use this F' in (a), and obtain

t
(negative) = —E[/ X! - st\_o‘ds] + Iy + Ji,
0

where

t s
I ZC]E[/ / (s —u+|X! — X2 )*kgduds]
0o Jo
t s 1w
i gx(JE[/ yD;i"y(/ (s =t [X] - X2P) 35 au)ds].
0 0
(e) By (b) and a sort of “Holder inequality”, |J¢| < xCI;, then
t
1- OV < E[/ X! - X§|—ads]
0
(f) By (b) and a “Hélder inequality”, fg(D?)ads < CI. Soif x < 1/(20),

t t
E[/ (D;Q)ads] <COI < CE[/ X! —Xfy*ads}.
0 0



“Holder inequality”. For all b > a > 0, all s >0, all f:[0,s] — Ry,

5 du s du a/b
/o (u+ f(u)+a S““’b{/o (u+f(U))1+b} ’

and the optimal constant is (for all s > 0)

"

Ra,b =
a

(quasi-saturated by fe(u) = (e —u)4).

Thanks to Calvez and Perthame.



Two-species particle system, Stevens (2000)
We assume ¢y = 0 for simplicity. Fix N > 2 and a real M > 0. We have
N cells and a varying number of chemical particles.

e Initially, the IV cell positions are i.i.d. and pg-distributed, and we have
no chemical particles.

e Fach cell produces chemical particles according to a Poisson process
with rate #~1M. When a chemical particle is born, it takes the position
of its mother cell.

e Each chemical particle moves like a Brownian motion with diffusion

coefficient v26-1.

e The i-th cell moves like a Brownian motion with diffusion coefficient v/2
and drifts according to

(Voe* ) (X}),

where ¢ is a mollifier and where v} is the empirical concentration at
time ¢ of chemical particles, excluding those produced by the i-th cell and
normalized by M (N —1).



With TomaSevi¢ (in progress), we can show, with a similar but more
involved proof, that if x < xy (same value for yyp),

(i) for N fixed, as M — oo, and € = €y — 0 such that hmMMeM = 00,
the two-species particle system tends (up to extraction) to the one-species
particle system,;

(ii) as N — oo, with M = My and € = ey — 0 s.t. thNMNeN = 00,
the two-species particle system approximates (up to extraction) the KS
equation.
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(i) for N fixed, as M — oo, and € = €y — 0 such that hmMMeM = 00,
the two-species particle system tends (up to extraction) to the one-species
particle system,;

(ii) as N — oo, with M = My and € = ey — 0 s.t. thNMNeN = 00,
the two-species particle system approximates (up to extraction) the KS
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» In (ii), My may tend to 0, the important point is that NMy — oo.
» Maybe (?) we would be happier with 3+ replaced by 2.

> Stevens (2000) shows a true convergence to the KS equation, for all

X, 0 such that the KS equation has a unique smooth solution, under the

conditions My = 1 and limpy N€15+ 0.



Thank You



