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In memory of Claude Bardos

Figure: Left: at home, after being awarded the Maxwell Prize (2019),
right: at Ecole normale supérieure in 1963
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What is Velocity Averaging?

Let £ € L2, while S € L>((0, T); L% ,). Let f be the solution of

(0 + v -V )f(t,x,v) =5(t, x,v), x,v € R?
F(0,x,v) = f(x,v)

eFor each v # 0, singularities in " and S are propagated by the
characteristic flow (x,v) — (x + tv, v): the solution f is not more
regular than the data 7" and S (the operator 0;+v-V is hyperbolic).

eAgoshkov [DAN1984] and G-Perthame-Sentis [CRAS1985], and then
G-Lions-P-S [JFA1988] observed that velocity averages, i.e.

plol(e) = [ Fexvodv. o€ CRY
are more regular than f itself.
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Applications of velocity averaging include

(a) the global existence of weak solutions of the Vlasov-Maxwell
system for all bounded initial data of finite mass and energy [DiPerna-
Lions 1989]

(b) the global existence of renormalized (i.e. mild) solutions of the
Boltzmann equation for a hard sphere gas for all initial data of finite
mass, energy and entropy [DiPerna-Lions 1989]

(c) the hydrodynamic limit of renormalized solutions of the Boltz-
mann equation to Leray solutions of the Navier-Stokes equations
[G-Saint-Raymond 2004, 2009]

QUESTION Does velocity averaging apply to quantum dynamics?
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The Schrédinger and the Wigner Equations

Let ¢" € [2(RY) satisfy H"/’inHLz(Rd) = 1. Let ¢ = (¢, x) satisfy

O = BBp,  w|_ ="

The Wigner transform of ¢ is

Wiy} (t,x, &) = (271r)d/ e Yy (t,x + By)(t, x — By)dy
Rd

and satisfies the Wigner equation
(Oe+&- V)W, =0

QUESTION Does velocity averaging apply to W;,? Is is true that
p(t,x) = [9(t, x)[> = y Wi(t, x, §)d¢

is more regular that ¢ uniformly in h < 17 Applications to NLS?
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Mixed Quantum States

Density operator For (¢/;);>1, orthonormal system in §) := L?(RY)

V)= Nu(X)g(Y), D A =1land ) >0

Jj21 Jj21

Integral kernel of an operator on L2(RY) also denoted by R

Ro(X) ::/ R(X,Y)o(Y)dY
Rd
The operator R satisfies

R=R*>0, and |R| <4/Tr(R?) < Tr(R) =1
— ——
Sup;>1 A 2>

Wigner transform of R

WilR](x,€) = > AWi{ty H(x,€)

j>1
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Quantum Dynamics of Mixed States

Quantum Hamiltonian: set H := _%2AX + V(x) = H* on L%(RY).
By Stone's theorem, H generates a quantum dynamics on L2(RY)

u(t) := exp(—%%) = U(-t)*

For each density operator R on L?(RY), set R(t):=U(t)R™U(t)*,
whose integral kernel R(t, X, Y) solves the von Neumann equation

O:R = I(Ax — Ay)R + YV R
while wy(t, x, &) := Wi[R(t)](x, &) solves the Wigner equation

FyoelV Ot ) V(=)
(27)7ink

(3t+€'vx)Wh:K[V] *¢ W, K[V]::

wi| = Wi[R"]
t=0
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Quantum Velocity Averaging: Mixed States

THM 1. Let RI" be a density operator on L2(R9) satisfying
T(RTY) = [ | IRP(X. Y)Paxdy < (2nh)?c
R2d
Let 0 < V € Lip(R?) and let R, = Ry(t, X, Y) be the solution of

O:Ry="1(Ax—Ay)Ry+ LY R, - R,

ih ‘t:O = ;:ln

Then, for each ¢ € C}(RY), the density function
plolex) = [ WIRM(O)(x.)oe)de
belongs to H/4((0, T) x RY) with a uniform bound

sup H( —Aty) /8) P[] < 400

0<h<l

12((0,T)xRY)
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Remark: Uniform L? Bound on Wigner Functions

Using Plancherel’s theorem & integrating by substitution shows that

in 2 _ in 2 axdy _ Tr((RI"?)
[ IWHIR (e, P e = [ RIPOx, v s = T
Besides

th,jzl, ZAM (2rh)? || WhRI"|2,

i>1 j>1
- = <c

By the Cauchy-Schwarz inequality, rank(RI") — oo as i — 0 since
2
Do €D Taso YN < rank(RP(2rh) G
jz1 jz1 jz1

Therefore, the assumptions of Thm1 exclude pure states!
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Quantum Velocity Averaging: the Case of Pure States

THM 2. Let ¢ € CH(R?, C\{0}) s.t. [[¢n]| 2(rey = 1 for i € (0,1)
and wy, = Wy {¢p} — win &'(RY x RY) as h — 0. Assume that

V1P| 2 (g0,p) = O forall R>0

and that

{/)h = [wpdé = [wdg =i p

Ip = [ Ewpde— [ Ewde =: J strongly in L*(B(0, R))

while
&= [LLwde — [ELwde = & weakly in L3(B(0, R))
Then

w = p(x)6(& — u(x)), where u(x) := I’JP((X%J(X)
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How is THM 2 related to Velocity Averaging?

Assumptions
eThat w;, — w in S'(R?xRY) is proved in [P.-L. Lions -T. Paul '93]

e\Weak convergence of &, is a tightness condition in £ (decay of
wy, for |£] — oo uniform in A, )

eStrong convergence of py, and Jj, in L2 = expected conclusion
of a velocity averaging theorem.

Conclusion

That w = p(x)d(§ — u(x)) shows that the averaging effect in ¢
disappears as i — 0.

In the case of pure states, the conclusions of velocity averaging
prevent applying velocity averaging!

.5(x)

Example (WKB) If ¢, (x)=a(x)e' 7, then w=a(x)?§(£-V S(x))
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Pure States and Wigner Functions

Question Criterion for w = w(x, &) € L>(RY x Rg) to be the Wigner
transform of a pure state=rank-one orthogonal projection in L?(R9)?

LEMMA 3. Let R =density operator on L?(R?). Assume that
Fesy Wi[R] : RZ x R}‘f — C\ {0} is of class C!

Then, forall j,k=1,...,d

4 By, Fe sy Wh[R] A Fesy WalR]
w2, ( yﬁijy \ivh[??] ) = Oy ( }57; \ivﬁ[??] )
rank(R) =1 <
(M) -9 <6ykf$—>yWﬁ[R]>
Vi \TFey WalRT ) = 9%\~ Feey, WiIR]

in the sense of distributions on R x R
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Main ldea in LEMMA 3

In space dimension d = 1: if R(X,Y) = ¢(X)y(Y), then

Feasy WalRI(x, y) = ¥(x + §y)i(x — 4y)
Taking the In leads to the d'Alembert formula
In Feyy Wi[R](x,y) =Iny(x + 2y) +Intp(x — 2 )
=a(x + Ly) + b(x — Ly)
for the general solution at time y of the wave equation with speed %
(7205 — 95) In ey Wi[R](x, ¥) = 0
Care must be exercised with the branches of In F¢_, W [R]...

RMK Similar observation by Tatarskii (1983) in the original variables
X:X—i—%y and Y:x—%y...
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Removing the Non-Vanishing Condition on )

For D =derivation on a commutative unital Banach algebra A, set
T[D]f := fD?*f — (Df)?
Lemma 4. One has

(a)  |f-1] <1 = T[D])(f)=f?DInf
(b)  TIDI(fg) = T[DI(f)g* + FT[D](g)

Apply this to Wigner functions of pure states — in dimension d = 1
with the notation

Ty = T[0x], T, = TI[0,)]
Lemma 3 if ¢»#0, or Lemma 4 in general imply that, for 1) € H*(R)

Ty Feoy Wit} (x,y) = B T Fery Wi} (x, y)
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Specialize this identity to y = 0 observing that
p(X) =[(x)|? = Feusy Wi{e}(x,0)
—fRSWhW}(X §)d§ = —idy Fey Wi{t'}(x,0)
= [ S Wit }(x, €)d€ = —02Fc,, Wi{t}(x,0)

This leads to the following key identity

J(x)? = 2p(x)E(x) =Ty Feyy Wi{}(x,0)
= T Fesy Wi {90} (x, 0)
=1 (p(x)02p(x) — (9xp(x))?)
ZL( 2(p(x)?) — 4(0xp(x))?)
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Proof of THM 2, d =1

Apply this identity to v as in THM 2

JE—2ppEr = 302 (Kph) —3 K2 (0xpr)® — 0 in D'(Ry)
SN—— N———
—0in L1 —0 in L1
i}
JS—2p& inweak [}(RY) as h — 0

2= (/R§Wd§>2:/Rwd§/R§2Wd§:2p5

Since w > 0 [P.-L. Lions -T. Paul Rev. Mat. Iberoam. '93], this is
an equality case in the Cauchy-Schwarz inequality.
Hence w is a probability measure with 0 variance. O

Hence

F. Golse Velocity Averaging and Wigner 17/21



A Detour: Madelung's QHD (1926)

In 1926, E. Madelung observed an analogy between the quantum
dynamics of pure states and hydrodynamics.

Let ¥ = ¢(t, x) € C be a solution of the free Schrédinger equation
atw(tvx) = %afd)(tax)? X € R
Then w(t, x, &) := Wi{y(t, ) }(x, ) satisfies

Orw(t, x, &) + E0xw(t, x,£) =0

In particular
Or [ w(t, x, €)dE + Oy [ Ew(t, x,€)dE =0
=p —J
Or [Ew(t, x, €)dE+Dx [E2w(t,x,£)dE =0
=J =2£

F. Golse Velocity Averaging and Wigner 18/21



The key identity in the proof of THM 2 gives a closure relation for £
P =208 =B Tp =10 (020 — 4(0xv/p)?)
leading to Madelung's QHD system
Otp+0xd =0
0+ 0 (£) = 0. (920 — 4(0:/p)?) = TF0u (T22)

THM 5. If ¢ = ¢(t, x) € Cp(Re; H?(R)) is a solution of the (free)
Schrodinger equation satisfying the condition

1 # 0 a.e. on Ry x Ry

then, the following observables satisfy the Madelung QHD system

=] and J:= hS (o))
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Proof (sketch) Use the key identity in the proof of THM 2

20hER — Jp = %ph (8201 — 4(0xv/P1)?)
Observe that &, 02p, € Li,(RZ,), that J?/pn < B?|Vips|?, and

loc
that dy\/pn € L3,.(RZ,) (by Lions-Villani lemma [CRAS 1995] on
the regularity of square roots), and divide both sides by p; > 0 a.e.
O

Condition 7?||d,p||2, — 0 The Euler equation in QHD is

Do+ 0 ( + B ((0uy/m) — 352m) ) =0

=prlx

Introducing the quantum pressure tensor
. h? Tx h2 52
M= 5T = 3 np,
we see that, for all R > 0

12(|0xp| 22 g(0.p) — 0 == P3Ny — 0 in D/(R?)
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Conclusions

Summarizing, we have seen that

e Velocity averaging improves the regularity of observable densities
(i.e. moments of the Wigner function in the momentum variable &)
over the Wigner function for some convenient class of mixed states

e But velocity averaging is expected to fail in the case of pure states
and in the semiclassical regime with vanishing quantum pressure

e This last result rests on a characterization of the Wigner function of
pure states leading to a new (?) derivation of Madelung's quantum
Euler equation
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