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Setting



Supervised learning for regression

Data points: (xk , yk)
i .i .d .∼ π x ∈ Rd , y ∈ R.

Goal: Find ŷ s.t. ŷ(x) ≈ y for previously unseen x .
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Supervised learning for regression

Data points: (xk , yk)
i .i .d .∼ π x ∈ Rd , y ∈ R.

Goal: Find ŷ s.t. ŷ(x) ≈ y for previously unseen x .

Two-layer neural network:

ŷθ(x) =
1
N

N∑

i=1

σ∗(θi , x),

where

• N ≥ 1 is the number of neurons;

• θ = (θi )Ni=1 ∈ (RD)N are the parameters;

• σ∗ : RD × Rd → R is the activation function, e.g.,

θi = (wi , bi ) ∈ Rd+1, σ∗(θi , x) = σ(wi · x + bi ).
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1
N

N∑

i=1

σ∗(θi , x).

2



Supervised learning for regression

Data points: (xk , yk)
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Goal: Find θ ∈ (RD)N s.t. ŷθ(x) ≈ y for previously unseen x .

Two-layer neural network: ŷθ(x) =
1
N

N∑

i=1

σ∗(θi , x).

Ideally, we choose θ so as so minimize the population risk

R(θ) = Eπ
[
`(y , ŷθ(x))

]

for some loss function ` : R× R→ R, e.g., `(y , y ′) = 1
2(y − y ′)2.
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`(y , ŷθ(x))

]

for some loss function ` : R× R→ R, e.g., `(y , y ′) = 1
2(y − y ′)2.

2



Supervised learning for regression

Data points: (xk , yk)
i .i .d .∼ π unknown x ∈ Rd , y ∈ R.

Goal: Find θ ∈ (RD)N s.t. ŷθ(x) ≈ y for previously unseen x .

Two-layer neural network: ŷθ(x) =
1
N

N∑

i=1

σ∗(θi , x).

Ideally, we choose θ so as so minimize the population risk

R(θ) = Eπ
[
`(y , ŷθ(x))

]

for some loss function ` : R× R→ R, e.g., `(y , y ′) = 1
2(y − y ′)2.

In practice, we choose θ so as to minimise the empirical risk

R̂(θ, xk , yk) = `(yk , ŷθ(xk)) + Ω(θ).

2



(Online) Stochastic Gradient Descent

Initialization: θi0
i .i .d .∼ µ0 ∈ P(RD).

Update: SGD with fixed learning rate α > 0,

θk+1 = θk − α∇R̂(θk , xk , yk) (square loss)

= θk −
α

N

(
yk − ŷθk (xk)

)
∇θiσ∗(θik , xk).

Each data point is used only once and never revisisted.
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Mean-field limit



Mean-field approximation

Microscopic (finite width)
N neurons ≡ N interacting particles

SGD: θik+1 =

θik − α
N

(
yk − ŷθk (xk )

)
∇θi σ∗(θik , xk )

Empirical measure: µNt =
1
N

N∑
i=1

δθibNtc

N →∞

Macroscopic (mean-field)
deterministic limit µ̄t

Mean-field predictor:
ȳt(x) = 〈σ∗(·, x), µ̄t〉
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A law of large numbers

Theorem (Descours et al.’22)

Under standard regularity assumptions on σ∗, µ0 and π,

(µNt )t≥0
P−→

N→∞
(µ̄t)t≥0 ∈ D(R+,Pγ(RD)) (γ > D

2 )

where µ̄ is characterized as the unique (deterministic) solution in
C(R+,P1(RD)) to the evolution equation:

∂t µ̄t + α∇ ·
(
G (·, µ̄t) µ̄t

)
= 0, µ̄0 = µ0.

Question

Can we quantify the deviations of µNt from its mean-field limit µ̄t?
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Fluctuation process



A central limit theorem

Fluctuation process: t ≥ 0 7→ ηNt =
√
N(µNt − µ̄t)

(signed measure) ∈ D(R+,H
−J0+1,j0(RD)).

Theorem (Descours et al.’22)

(ηNt )t≥0
d−→

N→∞
(η∗t )t≥0 ∈ C(R+,H−J0+1,j0(RD)).

The law of η∗ is characterized as the unique (weak) solution to

a.s., ∀ϕ ∈HJ0,j0 (RD ), ∀t ≥ 0, 〈ϕ, η∗t 〉 = 〈ϕ, η∗0 〉 + 〈ϕ,Gt〉

+

∫ t

0

∫
X×Y

α(y − 〈σ∗(·, x), µ̄s〉)〈∇ϕ · ∇σ∗(·, x), η∗s 〉π(dx, dy) ds

−
∫ t

0

∫
X×Y

α〈σ∗(·, x), η∗s 〉〈∇ϕ · ∇σ∗(·, x), µ̄s〉π(dx, dy) ds,

with initial condition ν0 ∈ H−J0+1,j0 (RD ) s.t. for any ϕ1, . . . , ϕk ∈ HJ0−1,j0 (RD ),(
〈ϕ1, ν0〉, . . . , 〈ϕk , ν0〉

)> ∼ N(0, Γ(ϕ1, . . . , ϕk )
)
, where Γ(ϕ1, . . . , ϕk ) is the covariance matrix of(

ϕ1(θ01), . . . , ϕk (θ01)
)>.
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with initial condition ν0 ∈ H−J0+1,j0 (RD ) s.t. for any ϕ1, . . . , ϕk ∈ HJ0−1,j0 (RD ),(
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Law of the asymptotic fluctuation process

The law of 〈ϕ, η∗t 〉 is Gaussian !

Theorem (DGLMNS’26+)

For any test function ϕ ∈ C∞b (RD), (〈ϕ, η∗t 〉)t≥0 is a centered
Gaussian process, with variance

Vt = V0 + α2
∫ t

0
Varπ(Qs [f (s, ·)]) ds.

where f ∈ C1([0, t]× R2) is the solution of the following backward
PDE, with final datum f (t, ·) = ϕ:

∂s f + F · ∇θf + Af = 0.
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Numerical simulations on a toy dataset

Toy Dataset: y = x3 + ε, x ∼ U([−1, 1]) ⊥⊥ ε ∼ N (0, 0.052).
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Numerical simulations on toy dataset
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Concentration bounds



Finite-width approximation bounds

Theorem (MMN’18)

For any bounded-Lipschitz f : RD → R, for all T > 0 and z > 0,
with probability 1− e−z

2
,

sup
t∈[0,T ]

∣∣〈f , µNt 〉 − 〈f , µ̄t〉
∣∣ ≤ CeCT δN,d(z)

For a ridge-regularized version of SGD:

Theorem (Guillin, Nectoux, S.’26)
For any t ≥ 0 and δ ∈ (0, 1), with probability 1− δ,

∆(µN
t , µ̄t) ≤ C κN + C

√
log(2/δ)

N
.

with κN → 0 as N →∞ and C independent of N and t.

Thank you for your attention!
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