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Supervised learning for regression

Data points: (xx, yx) I r o xeRd, y €R.

Goal: Find y s.t. y(x) = y for previously unseen x.



Supervised learning for regression

Data points: (xx, yx) e xe RY, y € R.
Goal: Find y s.t. y(x) = y for previously unseen x.

Two-layer neural network:

=

1Y ,
)79(X) = ZU*(Q’,X),
i=1

where

e N > 1 is the number of neurons;
e 0= (0N, € (RP)N are the parameters;

e 0, : RP x RY — R is the activation function, e.g.,

0" = (wi, b)) € R 0, (0',x) = o(w; - x + by).
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Two-layer neural network: yy(x) = N E o.(0', x).
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Supervised learning for regression

Data points: (xx, yx) I r o xeRd, y €R.

Goal: Find 6 € (RP)N sit. 9y(x) ~ y for previously unseen Xx.
Two-layer neural network: jj(x =N Za*

Ideally, we choose 6 so as so minimize the popu/at/on risk

R(0) = Ex [£(y, 55(x))]

for some loss function ¢ : R x R - R, e.g., l(y,y') = %(y y')?.
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Data points: (xx, yx) "8 1 unknown  x € RY, y € R.
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Supervised learning for regression

Data points: (xx, yx) "8 1 unknown  x € RY, y € R.

Goal: Find ¢ € (RP)N s.t. yy(x) ~ y for previously unseen x.
1L
Two-layer neural network: yy(x) = N ;a*(ﬁ’,x).
Ideally, we choose 6 so as so minimize the population risk
R(0) = Ex [y, 9(x))]

for some loss function £ : R x R — R, e.g., £(y,y') = %(y —y')2

In practice, we choose 6 so as to minimise the empirical risk

~

R(Q,Xk,yk) = €(yk,f/9(xk)) + Q(@)



(Online) Stochastic Gradient Descent

Initialization: 0 "% 1o € P(RP).

Update: SGD with fixed learning rate oo > 0,

Or1 = Ok — a VR(Ok, Xk, yi) (square loss)
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(Online) Stochastic Gradient Descent

Initialization: 0 "% 1o € P(RP).

Update: SGD with fixed learning rate oo > 0,
Okr1 =0k — aVﬁ(@k,xk,yk) (square loss)

« ~ i
=0k — N(}’k — 90, (1)) Vi o (0}, xc).

Each data point is used only once and never revisisted.

Empirical parameter measure: We track the evolution of the
parameters through

N
1
i=1



(Online) Stochastic Gradient Descent
Initialization: 0 "% 1o € P(RP).
Update: SGD with fixed learning rate oo > 0,

Oki1 =0k — Vﬁ(@k, Xky Vk) (square loss)

« ~ i
=0k — N(}’k — 90, (%)) Vi o (0}, Xic)-

Each data point is used only once and never revisisted.

Empirical parameter measure: We track the evolution of the
parameters through

N
1
N __ § . D
He = TV : 601LN2J S ;[ (R )

i=1



Mean-field limit



Mean-field approximation

Microscopic (finite width) Macroscopic (mean-field)
N neurons = N interacting particles deterministic limit fi;
c e 00 N —
o -
© o o
o o
SGD: 9;.<+1 = Mean-field predictor:
O — & (v = 90, (xk)) Vi (65, 1) Fe(x) = (0w (- X), fie)

N

1
Empirical measure: p) = — 269;
N = Clml



A law of large numbers

Theorem (Descours et al.’22)

Under standard regularity assumptions on oy, o and ,
P,
(1)ez0 5 (Be)izo € DR+, P(RD) (3> 2)

where [i is characterized as the unique (deterministic) solution in
C(R,, P1(RP)) to the evolution equation:

Oefie + 'V - (G(-, i) ir) =0, Ho = [o-




A law of large numbers

Theorem (Descours et al.’22)

Under standard regularity assumptions on oy, o and ,
P,
(1)ez0 5 (Be)izo € DR+, P(RD) (3> 2)

where [i is characterized as the unique (deterministic) solution in
C(R,, P1(RP)) to the evolution equation:

Oefie + 'V - (G(-, i) ir) =0, Ho = [o-

Question

Can we quantify the deviations of Y from its mean-field limit fi,?
o




Fluctuation process




A central limit theorem

Fluctuation process: t > 0 — 1N = V/N(ul — ;)
(signed measure) € D(R,, H~0+1do(RD)).



A central limit theorem

Fluctuation process: t > 0 — N = /N(uV — ;)
(signed measure) € D(R ., H~ o+l (RP)).

Theorem (Descours et al.’22)
d : _ ;
(18)ez0 > (0F)ez0 € C(R+, H P10 (RP)).
N—o0
The law of n* is characterized as the unique (weak) solution to

Jo »Ji D
as., Vo €H'OORY), Vt >0, (p,n]) = (p,ng) + (¥, Gt)

# [T at = (oul 0 BT Tou (), mla, dy) o5
1] XXy

— [l mE T o Vo), s} (e, ) s,
o X XY

with initial condition vg € H—J011:J0(RP) s.t. for any ¢1, ..., @) € HIO—1Jo(RD),
((p1,v0), - -, (Pk» ug))T ~N(0,T(p1,..., k), where T(p1, .. ., @) is the covariance matrix of
T
(02(02), .., k() T




A central limit theorem

Fluctuation process: t > 0 — 1N = V/N(ul — ;)
(signed measure) € D(R,, H~0+1do(RD)).

Theorem (Descours et al.’22)
d : _ ;
(1)ez0 = (n})ez0 € C(R+, H™ P+ (RP)).
N—o0
The law of n* is characterized as the unique (weak) solution to

as., Vo €HORRP) Vi >0, (p,n]) = (o, no>+(% Gt)

e Is Wak e
,/ / Den tho V(- x), fis) w(dx, dy) ds,

with initial condition vo € H— 70710 (RP) s.t. for any @1, ..., ¢, € Hlo—1:Jo(RP),
((<p1, Vo), .-, (Pk» uu))-r ~ ./\f(O7 Mep1, ..., Apk)), where (1, ..., @) is the covariance matrix of
T
(2(69), - - 2i(69) .




Law of the asymptotic fluctuation process

The law of (p,n}) is Gaussian !



Law of the asymptotic fluctuation process

The law of (p,n}) is Gaussian !

Theorem (DGLMNS’267)

For any test function ¢ € C5°(RP), ({0, m}))e>0 is a centered
Gaussian process, with variance

t
Vi = Vo + a2 / Vars(Qu[f(s,)]) ds.
0

where f € C1([0, t] x R?) is the solution of the following backward
PDE, with final datum f(t,-) = ¢:

sf + F - Vof + Af = 0.




Numerical simulations on a toy dataset

Toy Dataset: y = x> +¢, x~U([-1,1]) 1L € ~ N(0,0.052).

1.007 « 20 sampled points
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Numerical simulations on toy dataset

=== Monte Carlo
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Concentration bounds




Finite-width approximation bounds

Theorem (MMN'18)
For any bounded-Lipschitz f : RP — R, for all T > 0 and z > 0,

22

with probability 1 — e= %,

sup |(F, ) — (f, fie)| < Ce“Tdn,a(2)
tel0,T]

10



Finite-width approximation bounds

Theorem (MMN'18)
For any bounded-Lipschitz f : RP — R, for all T > 0 and z > 0,

z

with probability 1 — e~ ?

sup |(f, ) — (f, fie)| < Ce“Tona(2)
te[0,T]

10



Finite-width approximation bounds

Theorem (MMN'18)
For any bounded-Lipschitz f : RP — R, for all T > 0 and z > 0,
with probability 1 — e 7,

sup [(f, ut) — (f, fie)| < Ce“Tona(2)
te[0,T]

For a ridge-regularized version of SGD:

Theorem (Guillin, Nectoux, S.'26)
For any t > 0 and ¢ € (0, 1), with probability 1 — 4,

log(2/d
Ay, fie) < Crn+ C %

with ky — 0 as N — oo and C independent of N and t.

10
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