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Outline

» Strongly symmetric Lindbladians: phases and instabilities

* Phase transitions into strong-to-weak SSB (SWSSB) phases
* (1+1d): relation to classical absorbing state transitions
* Marginal fidelity: efficient proxy for SWSSB

* General properties
e Application to non-equilibrium phase transitions

e (2+1d): modified Toom’s rule
* QOutlook
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Crash course on the Lindblad master equation

coherent part local jump operators
(unimportant) coupling to environment
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Crash course on the Lindblad master equation

1
Zlpl=p = —XP] + ) Ll - E{L;Lkap} p= D pilvi)wil
k l

coherent part local jump operators:
(unimportant) coupling to environment

steady state(s): ZL[p. ] =p,, =0 e pol = P
mixing time : min{z > 0 : |[p(?) — pll; < €, Vp(0)}
fast: 7., ~ O(logL)

slow : ¢_.. ~ O(poly(L)) exp(L) : long lived metastable state
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Strong symmetries

Global symmetry operators {U, |

this talk: G = Z,,U = | | X,

_ V- — — — — — —
\qubit

A state is strongly symmetric if Up = = p, and weakly symmetric if UpU" = p
. . 1
ZLlpl=p=—1lHp]l+ Z LipL — E{LQLk,p}
k

< strongly symmetric: [H,U] = [L,, U] =0 Vk
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Strong symmetries

Global symmetry operators {U, |

this talk: G = Z,,U = | | X,

_ V- — — — — — —
\qubit

A state is strongly symmetric if Up = = p, and weakly symmetric if UpU" = p
. . 1
ZLlpl=p=—1ilHp]+ Z LipL — E{LQLk,p}
k
< strongly symmetric: [H,U] = [L,, U] =0 Vk

dp. . in each symmetry sector : Ue™Z[p] = e'Z[Up] = + e[ p]
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Warm-up: O+1d

Equilibrium

1 -X
H =
2

|1GS)=|+) E=0

EX)=|-) E=1



Warm-up: O+1d

Equilibrium Open
L 1-X go X LEX 1-X 1-X
T2 P y Ty
Gs)=|+) E=0 p= 1 +)(+] E=0

[EX)=1-) E=1 Pox=1—N—=1=1+X+] E=-1
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Warm-up: O+1d

Equilibrium Open
1 —-X 1+X 14X 1—-X 1-X
H = Llpl = +Z —
2 PI= P , Py 277
|GS)=[+) E=0 Pes = | + )+ | =0
[BX)=1-) E=1 Pex =1 =W =1 =1+ )+] =—1

e p, +ap,| =p,.+ae'p, — steer toward p_,

unique ss: explicitly break strong X symmetry



Phases with strong Z2 symmetry in 1+1d
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Phases with strong 722 symmetry: SWSSB

px (1+U) p=|+)(+]| p = | GHZ+){(GHZ + |

Strong-to-weak SSB Strongly symmetric Strong-to-trivial SSB

SWSSB : fast, symmetric parent Lindbladian

‘S/ﬂ;WSSB[p] — erXr + Zr—IerZr—IZr o 2:0 " ' '
l diag in X basis
(++)e(——) (+-)e(—+) 2
(r —1,r) :

1.00
0.75
0.50
0.25
0.00
-0.25
—-0.50
-0.75

—-1.00
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Phases with strong 722 symmetry: SWSSB

px (1+U) p=|+)(+]| p = | GHZ+){(GHZ + |
Strong-to-weak SSB Strongly symmetric Strong-to-trivial SSB

SWSSB : fast, symmetric parent Lindbladian

‘S/ﬂ?WSSB[p] — XrIOXr + Zr—lzrer—IZr o 2:0 N ' ' ;:
l diag in X basis B oz

(+H)e(-=)  (+-)o(-+) = o

(r—1,r) : -0.75

p_x(1-U)
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Phases with strong Z2 symmetry: symmetric

px(1+U) p=|+)(+]| p = |GHZ+)(GHZ + |
Strong-to-weak SSB Strongly symmetric Strong-to-trivial SSB

Strongly symmetric : fast, symmetry breaking or slow, symmetric parent Lindbladian

' ' 1.00
A+X) (1+X) (-X) (I1-X) o0
% = L 1+ 7 ! 7 0.75
1P "7 T P TP )
0.50
l diag in X basis 0 025
.% 30 0.00
(+),(=)—>(+) 2
~0.50
10
no ~0.75
'0_ 0 -1.00
0 20 40 60 80 100
time
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Phases with strong Z2 symmetry: symmetric

p x (1+U) p=|+)(+]| p = | GHZ+){(GHZ + |
Strong-to-weak SSB Strongly symmetric Strong-to-trivial SSB

Strongly symmetric : fast, symmetry breaking or slow, symmetric parent Lindbladian

1+X) (1+X) 1-X) (1-X) ™ ' : 1.00

Zpl = > P WARVA P Z_Z.—p ) o
l diag in X basis B s
(++),(—=)—=>(++) 20 :z:
(—=+),(+=)—=>(—+) 1

1
po=7 2 71+ )(+1Z,

(long range correlations!) 19

XAt)



Phases with strong Z2 symmetry: STSSB

p x(1+ U) p=|+)(+] p = |GHZ+){GHZ + |
Strong-to-weak SSB Strongly symmetric Strong-to-trivial SSB

STSSB : slow, symmetric parent Lindbladian

(1 +Xr) (1 +Xr) (1 _Xr) (1 _Xr)
g;’l_[p] — ) P b | Zr—lzr N P N Zr—lzr —pP

l KW duality on jump ops

0+zZzZ.,) U+ZZ_ ) 0l-zZzZ.,) 0—-ZZ_)
erSTSSB[p]z . +1 P 2 +1 L X 2 +1 P 2 +1 X —p




Phases with strong Z2 symmetry: STSSB

p x(1+ U) p=|+)(+] p = |GHZ+){GHZ + |
Strong-to-weak SSB Strongly symmetric Strong-to-trivial SSB

STSSB : slow, symmetric parent Lindbladian

(1 +Xr) (1 +Xr) (1 _Xr) (1 _Xr)
g;’l_[p] — ) P b | Zr—lzr N P N Zr—lzr —pP

l KW duality on jump ops

0+zZzZ.,) U+ZZ_ ) 0l-zZzZ.,) 0—-ZZ_)
erSTSSB[p]z . +1 P 2 +1 L X 2 +1 P 2 +1 X —p

p_ = |GHZ-){(GHZ — |




SWSSB diagnostic: fidelity correlator

Two-point linear correlator: Oij = Tr(Ziij)

O;; > 0 — strong symmetry SSB'd and weak symmetry SSB'd
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Two-point linear correlator: 0,-]. = Tr(Ziij)
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SWSSB diagnostic: fidelity correlator

Two-point linear correlator: 0,-]. = Tr(Ziij)

O;; > 0 — strong symmetry SSB'd and weak symmetry SSB'd

One-point correlator zero by strong symmetry:

F(p.Z) = Tr(Z/pZin/P)

= Te(ZU,\/pZi/P)
= — Tr(Zi\/;Zi\/;) — F(p,Z) =0

Fi{p,ZZ) > 0 — strong symmetry SSB'd but not necessarily weak symmetry



SWSSB diagnostic: fidelity correlator
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Fip,ZZ) > 0 — strong symmetry SSB'd but not necessarily weak symmetry
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SWSSB diagnostic: fidelity correlator
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for & any symmetric finite depth quantum channel.




SWSSB diagnostic: fidelity correlator

TWO'pO”Tt ﬁdEhty COrrEIatOr: Fl](p’ ZZZ]) — TI‘(ZZZ]\/EZlZ]\/,E) Weinstein 2025; Liu/Chen/Zhang/Zhou/Zhang 2025
Fip,ZZ) > 0 — strong symmetry SSB'd but not necessarily weak symmetry

Sta b| I |ty ThEO rem: Lessa/Ma/Zhang/Bi/Cheng/Wang 2025

If p has F(p, Ol-OjT) > 0 for some charged O,, O; then F,(&[p], 510;) > 0

for & any symmetric finite depth quantum channel.

px (1+U) ﬁ(\‘ p=|+N+]| p = |GHZ+)(GHZ + |
Strong-to-weak SSB Strongly symmetric Strong-to-trivial SSB

(need time to develop LR linear correlator)



SWSSB diagnostic: fidelity correlator

TWO'pO”Tt ﬁdEhty COrrEIatOr: Fl](p’ ZZZ]) — TI‘(ZZZ]\/EZlZ]\/,E) Weinstein 2025; Liu/Chen/Zhang/Zhou/Zhang 2025
Fip,ZZ) > 0 — strong symmetry SSB'd but not necessarily weak symmetry

Sta b| I |ty ThEO rem: Lessa/Ma/Zhang/Bi/Cheng/Wang 2025

If p has F(p, Ol-OjT) > 0 for some charged O,, O; then F,(&[p], 510;) > 0

for & any symmetric finite depth quantum channel.

px(1+U) T p=|+)(+] p = |GHZ+)(GHZ + |
Strong-to-weak SSB Strongly symmetric Strong-to-trivial SSB

=
v



Phase transitions?

p=|+)(+]|
(1 — @)L+ + aF>W>SB

Strongly symmetric (I)—Il SWSSB

pxl+U



Phase transitions?

p=1+){+]
Strongly symmetric

P+is unstable to > W>SB)

defects spawn spontaneously

defects cleaned diffusively

(1—a)F+ + 0. FOWSSB

—_— ]

0 1

a = (0.01

0 20 40 60
time

pxl1+U
SWSSB

80

100

30



Generic In any dimension

1 + 1d : STSSB phase unstable, strongly symmetric phase unstable
> 2+ 1d : STSSB phase stable, strongly symmetric phase unstable

ferromagnetic phase
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1 + 1d : STSSB phase unstable, strongly symmetric phase unstable
> 2+ 1d : STSSB phase stable, strongly symmetric phase unstable

ferromagnetic phase

STSSB: efficient domain wall erosion  Symmetric: point-wise annihilation :(



Generic In any dimension

1 + 1d : STSSB phase unstable, strongly symmetric phase unstable
> 2+ 1d : STSSB phase stable, strongly symmetric phase unstable

ferromagnetic phase

Can prove: any projected finite temp Gibbs state has F,(p, ZZ) > e "1l > 0

V=24/H// —H




Generic In any dimension

1 + 1d : STSSB phase unstable, strongly symmetric phase unstable
> 2+ 1d : STSSB phase stable, strongly symmetric phase unstable

ferromagnetic phase

Can prove: any projected finite temp Gibbs state has F,(p, ZZ) > e "1l > 0

V=24/H// —H

Need to go beyond Gibbs states/Gibbs samplers to get phase transitions!



Weakening the SWSSB phase

Design dynamics such that

|+ )X+ |—=py=1+){+]

U —
1+ ]] X,
e any other even parity state - p, ; — — |+ W+
1 — H Xr
e any odd parity state — p_ 5 A U =

Steady state space = span(py, p_, p.)

"SWSSB + symmetric" in even sector, SWSSB in odd sector



Weakening the SWSSB phase

Design dynamics such that

o Q Po
P+
SWSSB at late times
with prob 1 —27*
p_

Steady state space = span(py, p_, p.)

"SWSSB + symmetric" in even sector, SWSSB in odd sector



Weakening the SWSSB phase

Three site update rule (after X dephasing) :

(+++)—=>(+++) ‘

40

scramble (= 4+ + ), (+—+),(++—),(———) =

scramble(— —+),(—4+—-),(+——)

37



Weakening the SWSSB phase

Three site update rule (after X dephasing) : single trajctory X ()
(+++) > (+++)
scramble (—++),(+—~+),(++—=),(—=——) ¢

scramble(— —+),(—4+—-),(+——)

Trajectory-avéraged (XA1))

No more spawning defects spontaneously! @
O(L) mixing time

XAt)

(Xr(t)



A genuine phase transition

po= 1|+ ){+]

Pw X ZZrl +><+ ‘Zr

Strongly symmetric SWSSB + symmetric




A genuine phase transition

| l — (X
def late time defect density: n. = — Z X7
L " 2

(1 _ a)g+ 4 agSWSSB,+
_—
0 a. ~ 0.44 1
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A genuine phase transition

| l — (X
def late time defect density: n. = — Z X7
L " 2

(1 _ a)g+ 4 agSWSSB,+
—_—
0 I
Ilim n_(L) =0 Ilim n_(L) >0 .

L— o0 L—> o0
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A genuine phase transition

| l — (X
def late time defect density: n. = — Z X7
L " 2

(1 _ a)g+ 4 agSWSSB,+

0 / a. ~ 0.44 / 1
metastable

gapless  q\vSSB in
even sector

exact SWSSB
steady states

42



A genuine phase transition

| l — (X
def late time defect density: n_ = — Z (X7
L~ 2

(1 _ a)g+ 4 agSWSSB,+

—_—

0 |
Ilim n_(L) =0 lim n_(L) > 0

[ —> o0 L—00

Defect density

aaaaa



Universality class of the transition

defect_density free_unweighted: alpha_c=0.43557, beta/nu=0.52854, 1/nu=0.58114
L

=64
—$— L=80

—&— L=112
0.9 -

2
= 0.8
C
(O]
©
s
5
© 0.7 A
&
~J
0.6
0.5 A
-0.6 -0.4 -0.2

(a — aC)Lllv

Close to parity-conserving branching annihilating random walks:
ﬁ ~ (.93 ,B/I/J_ ~ 1/2 l/I/J_ ~ (.54 i.e.Jensen PRE 1994

absorbing ~ symmetric, active ~ SWSSB



Universality class of the transition

defect_density free_unweighted: alpha_c¢=0.43557, beta/nu=0.52854, 1/nu=0.58114
107 §- L-4s
L

=64
—$— L=80

—&— L=112
0.9 -

2
5 0.8
C
(O]
©
s
5
© 0.7 A
&
~J
0.6
0.5 A
-0.6 -0.4 -0.2

(a — aC)Lllv

Close to parity-conserving branching annihilating random walks:
ﬁ ~ (.93 ,B/I/J_ ~ 1/2 1/I/J_ ~ (.54 i.e.Jensen PRE 1994
absorbing ~ symmetric, active ~ SWSSB

Generic for 2A — @ annihilation, A — 3A branching



Diagnosing the SWSSB/“active” phase

| l — (X
def late time defect density: n_ = — Z X7
L " 2

(1 _ a)g+ 4 agSWSSB,+

limn (L)=0 limn (L)>0 |

L— o0 L—> o0

46



Diagnosing the SWSSB/“active” phase

| l — (X
def late time defect density: n_ = — Z X7
L " 2

(1 . a)g+ 4 agSWSSB,+

0 1 -
limn (L)=0 limn (L)>0 |
L— o0 L—o0 :

In principle can have product state with n_ > 0!

Need both n_ > 0 and fluctuations!
What about the fidelity correletor Tr(ZZ; /pZZ;\/p)?

47



Diagnosing the SWSSB/“active” phase

For p diagonal in the X basis:

Bhattacharyya distance
of classical probabilities

flip signs of X;, X;



Diagnosing the SWSSB/“active” phase

For p diagonal in the X basis:

Fip,Z.Z) = Z \/ p{X.Dp({X"}) Bhattacharyya distance
(X of classical probabilities

flip signs of X;, X;

Fixing { X,.; i1, can X;, X; fluctuate?

+ 4+ + - + + - 4+ - =
p( , ) )#O
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Diagnosing the SWSSB/“active” phase

For p diagonal in the X basis:

Fip,Z.Z) = Z \/ p{X.Dp({X"}) Bhattacharyya distance
(X of classical probabilities

flip signs of X;, X;
Fixing { X,.; i1, can X;, X; fluctuate?

+ 4+ 4+ - 4+ 4+ - 4+ - -
p| —o—o—O0——o——0O0—0—0—0— | 0 |
l ] Need active

+ 4+ - - + 4+ o+ o+ - - sites!
p( , , )#O

50



Diagnosing the SWSSB/“active” phase

For p diagonal in the X basis:

Bhattacharyya distance
(X of classical probabilities

Fip.22) = 7 pXHp( X

flip signs of X;, X;
Fixing { X,.; i1, can X;, X; fluctuate?
+ + + - 4+ + - + = -
p 7 0 |
Need active

sites!
) #o

However, need 6(2") samples to measure :(

51



Marginal radius-R fidelity

I § (p,4£) = Tr (ZiZj\/pR,ijZiZj\/pR,zj) Prii = Triyor;(P)

Only requires tomography on a size 2(2R + 1) region

52



Marginal radius-R fidelity

I § (p,4£) = Tr (ZiZj\/pR,ijZiZj\/pR,zj) Prii = ITriyor;(P)

Only requires tomography on a size 2(2R + 1) region
Similar to how we compute linear connected correlation function:

<ZiZj> = 11(Z,Z;p) = T1(Z,Zpg ;;)

53



Properties of marginal fidelity

Monotonicity:
R R’ : /. 170 1 2
Fl.]. (0, Z:Z) < sz (0, ZZ)IfR>R": Flj > Fl.]. > Fl.j > - F;
In particular if there is SWSSB, F§(p, Z.Z) > 0, and if F§(P» Z,Z;)) = 0 there is no SWSSB.
Stability
Inherits stability theorems from true fidelity as long as R > O(time of evolution)
Complexity

Strong symmetry -+ FlR(p,Zl-) > (0 — long range conditional mutual information

+ Can proves fast convergence in R for broad classes of states



Summary

Marginal fidelity correlator is usually a good proxy for true fidelity correlator.

It satisfies several nice information theoretic properties.

Can it be applied generally to detect transitions into an active phase?



Marginal 2-point fidelity at the transition

Fijz.(p, Z.Z) n_ (defect density)

it

2
- 0.8
C
Q
©
O
%
© 0.7 A
&
~J
0.6 A
0.5 -
-0.6 -0.4 -0.2 0.0

-08 -0.6 -04 —0.2 0.0 0.2
(Q’—Q’C)Ll/v

a.=0.46,8/v, = 0.52,1/v, = 0.56 a.=0.444/v, = 0.53,1/v, = 0.58

Re: literature on PC-BARW:  f/v, ~1/2 1/v, ~ 0.54



Other SWSSB transitions

)+ L ow el )+ cluster state entangler ENCIN D cl)(cl]
o 1 0 T
[ +)(+ 1 ow Pes | +)(+ | KW duality |GHZEWGHZ = | P+ | GHZE)(GHZ £ |
o 1 0
ERYE. oo |+ )+ KW duality + X — Xr |GHZ+)(GHZ £ | P, | GHZE)(GHZ £ |
0 1 - 0 |

(SWSSB anom. Z,)



2+1d phase transitions

Problem: no symmetric phase with 2A — @ annihilation, A — 3A branching in > 2+1d!

Cardy and Tauber 1998

(1 _ a)SZ+ 4 (,LCZSWSSB’_I_
0 SWSSB 1




2+1d phase transitions

Problem: no symmetric phase with 2A — @ annihilation, A — 3A branching in > 2+1d!

_dw=0.506 ex
SWSSB: line3

I+1

Cardy and Tauber 1998

Aggressive 5-site
annihilation rule, with

10% chance of 1->3
branching

59



Solution: add another steady state

Design dynamics such that

|+ )X+ |—=py=1+){+]

=X =1=pr=1-)~] Uv=+1_
(even number of sites)
1+]].X.
e dNY other even parity State — P, X ) 4 — Po — pO_
1 - H Xr
e any odd parity state — p_ 5 4 U=-1

Steady state space = span(py, Py > P—, L)



Solution: add another steady state

Design dynamics such that

|+ )X+ |—=py=1+){+]

I =)(=1=p5=1-)~| U=+l
(even number of sites)
1+ ]] X,
e dNY other even parity state — P, X ) 4 —pO — pO_
1 — H Xr
e any odd parity state — p_ > 4 = —1

Steady state space = span(py, Py > P—, L)

Main idea: use domain wall erosion rather than pairwise particle annihilation



Solution: add another steady state

Design dynamics such that

Fo SWSSB at late times
o X o . /
with prob 1 —2 -2~
P+
p_

Steady state space = span(py, Py > P—, L)

Main idea: use domain wall erosion rather than pairwise particle annihilation



Solution: add another steady state

Design dynamics such that

Fo ,? SWSSB at late times
H - Fo - L
with prob 1 —2 -2~
P+

New ingredient: weak
n_ Z, symmetry HZ,,

Steady state space = span(py, Py > P—, L)

Main idea: use domain wall erosion rather than pairwise particle annihilation



Symmetric phase

sweep=0 alpha=0.1 m=0.069 n_dw=0.506 excess=0.503 rho_act=0.441 P _X=-1
SWSSB: plaquette2x2
absorbing: pair_toom

64



SWSSB ph

dS€E

sweep=0 alpha=0.7 m=0.069 n_dw=0.506 excess=0.503 rho_act=0.441 P _X=-1
SWSSB: plaquette2x2
absorbing: pair_toom

65



Weak Z2 symmetry: multiple transitions?

SS SWSSB SWSSB
A WTsSB ([ WTSSB WS -
|+ +|+]|-y—| P «(+]|]|X)
(even number of sites) 0 SS SWSSB 1 (even num?oer of sites)
WTSSB WS

-
0 |



Weak Z2 symmetry: multiple transitions?

SS SWSSB SWSSB
A WTssB [ WTSSB WS
o [ +)(+ 1 +1=)(~ | °<<1+HX>
(even number of sites) 0 SS Ay, ~ 0.24 SWSSB 1 (even number of sites)
WTSSB WS
0 |
0.65-
2 0-60° B = 0.6045 o
O 0.5 \ Weak symmetry transition detected by:
L .
- : m
S ous| 12 _ -

—— =20
0.409 —— L=28

o =0.2428

N

|
')
B)
\®)
~—
)

020 021 022 023 024 025 0.26
a



How to detect the SWSSB?

b

e

0.18 0.20 0.22 0.24 0.26
a

F§(p, Z,Z) = marginal fidelity (at radius 1)

pPact = density of plaquettesnot (++++),(— ———)

ngw = density of domain walls (1/2L%) Z (1-XX.,)/2

Cannot usen

bc of weak Z,!




Absorbing
State
transition?

SWSSB
transition!

band insulators Lo
frée fermions

Hall conductivity

Berry phase

gapless edge

‘b Chern-Simons theory

wt A

: : -
p— S Yopological insulator

prejactive-symmetry
anyons
Landau was wrong
; SPT
greup=eeineTTiology
string nets Berry phase is
Dijkgraaf-Witten polarization
theory g i parteps
anomalies L gy
| bulk-botl@ary correspondence
modular té‘;jsor Categories

RCFT Iy cobordism
K'theong classifications
: ae'ry phase
anyon condensation -

polarization is

quantum computation with anyons higher symf%ies

free fermions Laughlin "Wavefunction"

SPTs made from legos photon is

: a Goldstone mode
categorical symmetry ;

Landau wd$
right all along

the categgf‘y Pf theories

SPTs are

Berry phase
Brauer-Picard

3-groupoid

G T R T Kitaev appendices

the boundary of an SPT R
everything is Berry phase

_ : free fermions
the universe is

a string net topology is unobservable

Landau = Lifschitz
universe literally

in a helium droplet

doughnut = coffee cup g 1\
/} U\

Image credit: Ryan Thorngren

PC-BARW in 1d, pair-flip Toom in 2d

69



Fidelity correlator Defect density

band insulators 2.41{ % tjgj 104 5 Loss
D - L=64
{ —4— L=80 - L=80
Hall conductivity l 2:2 —— L=112 : 0o | & Lm112
= CQHE 4 2.0
Berry phase ‘ T R T 3 >
E st "o SugEN. " Chernl number =~ 1.87 2% )
fapless a0do | 3 0 ollm 1.6 1 g
. jhiin waye ! oy n ¥ Chern-Simons theory L s
SOroin i a e,
E— Yopvological insulator -
prejactive-symmetry 1.2 - '
anyons
Landau was wrong
g SPT : 1.0 0.5 -
é“:-: :C.-unlOlogy e ' T T T T T T ’
"y string nets  Berry phase is —o8  -06 -04 =02 00 0.2 iy G Ry 00 o » o
t ra n S It I O n ? Dijkgraaf-Witten polarization (@ —ag )LV O
= theory: i 8 partons
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Comments/Outlook

 2+1d model can be thought of as toric code robust to branching error.
* Rigorous proofs of stability/instability of certain steady state spaces?

* Thinking of dynamical constraints (i.e. forbidding certain branchings) in
terms of the steady states they add or symmetries?

* Other kinds of phase transitions in highly non-equilibrium settings”?

 More direct relationship between marginal fidelity and traditional order
parameters?



Comments/Outlook

0

We have a decent
understanding of states.
But in what ways are we

allowed to put them
together into interesting
steady state spaces”? And
how do we use this
understanding to construct
(quantum) dynamical phase
transitions?



