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Put U(1) Chern-Simons theory S = 27k [, ; ada on lattice
4 4

How to construct lattice models whose low energy
effective field theory is a Chern-Simons theory?

e Chiral spin liquid on triangle lattice

H:ZS,'~SJ'+ZS;~(SJ'XS/()
(i) A

need numerics 0_5 _ 012”1‘.]}\43 ada

to confirm

Wen, Wilczek, Zee, PRB 39 11413 (89)

k=2
e Lattice cochain field theory: (Give all vertices an order | < j < k < /)
R-valued 1-cochain: a = {a; € R | all links (ij)}.
Derivative: 2-cochian (da)jx = ajx — aix + ajj (value on triangle (ijk))
Cup-product: 3-cochian (ada)jjy = ajj(da)j (on tetrahedron (ijk/))
675 _ ei27rk fl\/l3 ada _ ei27{'k Z(Uk,)(ada),jk,
- R-gauge invariance for closed M3: a — a + df —
Jysada— [,sada+ [, dfda= [,,;ada

Not a lattice U(1) Chern-Simons theory, but a R CS theory
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Put U(1) Chern-Simons theory S = 27k [, ; ada on lattice

e Turn R-valued cochain to R /Z-valued cochain via Z-gauge invariance
a~ a+m, m= Z-value cochain
Let | x| = nearest integer to x. Z-gauge invariant combinations:
5=a—|a], b=da—|da], B=|da]-d|a].
e A lattice U(1) Chern-Simons theory (?) |b|>=bxb

=S — oi2mk [ya(a—lal)(da—[dal) — [is & 'lda—|da]f?

7ei27rka3 ab lattice Maxwell term

- There is no U(1)-gauge invariance, but a Z-gauge invariance. It is not
even a U(1) gauge theory.

- But this is OK, as long as a U(1) Chern-Simons theory emerge at low
energies in weak-field (small g) limit. This makes da ~ int. Using
Z-gauge invariance, we further change da ~ int to da~ 0 — |da] =0.
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Put U(1) Chern-Simons theory S = 27k [, ; ada on lattice

e But |a| is not small in weak-field limit, and (a — |a])(da — | da]) does
not become Chern-Simons term even in weak-field limit

a—|al)(da—|dal) = ada — |alda < ada-— d|ala
(a=Lal)(da—ldal) = | =~ ada—a , o
extra up to d# important

e We can cancel the extra term by adding d|a|a. But the term d|ala is
not Z-gauge invariant. We can make it Z-gauge invariant,

d[ala — (d[a] — [da])a = (d|a] — [da])(a— [a])

In weak-field limit | da| = 0, the above term becomes |a]da up to
d (requires M" to be closed) and up to integers (requires k < 7)

e Lattice U(1) Chern-Simons theory — ¢!27%Ju3 292 in weak-field limit

=S _ i2nk [ya(a—|a])(da—|da])—(lda]—d[a])(a—[a]) o~ [yy3 & '|da—|da]|?

e
:eiQTrka3 5575’57 keZ, lattice Maxwell term
1
l ) )
7 /D[a] oS — H/ day oS path |ntegr.al |§ a well
gl defined finite integral
|
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Quantization of the level k for lattice Chern-Simons theory

e In the lattice U(1) Chern-Simons theory
oS — oi2nk [ys(a—lal)(da—|da])—(|da]—d|a])(a—a]) o~ [yy3& *[da—[da]f?

—oi2mk 3 3b—Ba lattice Maxwell term

the level k € C is not quantized. The action amplitude ei2mk [yy3 ab—Ba
is always Z-gauge invariant (/e is well defined) for any k, g.

Only when k € Z and in weak-field limit, ¢!27% /uz 3b-53 reduces to
continuum Chern-Simons term ¢'27% /2242 5 | ¢ 7, is a RG fixed
point. Under RG flow, k — integer at low energies when g is small

e For flat U(1) connection, da € Z, b = da — |da] = 0, we find
d(ab — B3) = —d(| da] — d[a])(a - [a])) = (L da] — d[a])(da — d[a]) =0
Thus k(3b — B3) = —kB3 is a R/Z-valued cocycle when k € Z.
In fact, the correction term —kB3 is the U(1) 3-cocycle
—kB3 = k(d|a] — |da])a € H*(UQ)R/Z) = Z, for k € Z.

Chern-Simons term is an extension of U(1) 3-cocycle to non-flat connection

Xiao-Gang Wen (MIT) Chern-Simons theory and U(1) Anomaly on Lattice 5/17



U"(1) Chern-Simons (higher) gauge theory on lattice

e Constructed a model of rotors on links described by several R /7Z-
valued 1-cochain a; fields in 3-dimensional spacetime lattice,
that has the Z-gauge invariance and reduces to quadratic
continuum Maxwell Chern-Sinoms theory of type >, k;ja;day

with several U(1) gauge fields DeMarco Wen, arXiv:1906.08270
R/Z R/Z- 2
. o laai/ % Laal/ A
Z /Rm N R L <Y/
/T

!
e Constructed a model of rotors on n;-simplices described by several
R /Z-valued nj-cochain a; fields in D-dimensional spacetime lattice,
that has the Z-gauge invariance and reduces to quadratic continuum
[1, Ul™)(1) higher Chern-Simons theory of type >, kija;day

. . _ |da;—| da;]|?
o=S —i27 2 < ki [yyp 3ibs+(=)" Biay o~ Joup X2 ==

kiy€Z, ky=0ifn +n;4+1#D.

Y

where U("(1) is U(1) n-group for (n — 1)-symmetry.
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Framing anomaly in higher Chern-Simons theory a;da;

e Let a; be (2n+ 1)-cochians, n =0, 1,---. For small g, we believe the
path integral of higher-Chern-Simons theory to give rise to a chiral
topological order with gravitational Chern-Simons term wfzi'3cs
and framing anomaly (je path integral depends on the choices of

framing of the spacetime)
da,—Lda,‘H2
g

" . _— - |
7 _/ D[a/] el27TZ[§J kiy [yqan13 31b;—Byay e~ Jmant3 >

- 1
Nel27‘r '[/M4"+3 ZI)J 5Kpyaynday

. . g grav CS
o€ Viyants el27l'Cnbgn(K) JM4"+3 Wa3

2kiy, ifl=J
KIJ:KJI:{ oot

ki, ifl#J

But how can a spacetime lattice know about the framing and
gravitational Chern-Simons term defined for a 3d smooth manifold?

e To define cup product -—, we need to asign a branching structure to the

spacetime trianglation. Branching — Framing?.
Xiao-Gang Wen (MIT) Chern-Simons theory and U(1) Anomaly on Lattice 7/17



[T, U'™)(1) lattice higher Chern-Simons theory a;da,da;

e We constructed a rotor model in D-dimensional spacetime lattice
with several R/Z-valued n;-cochain a; fields, that has the Z-gauge
invariance and reduces to continuum [, U{")(1) higher Chern-Simons
theory of type >, kiyrajdayda;

oS — o127 << ki [ap F1bybL+(=)" B aEL+(=)" " B ByaL

_ |da;— | da;]|?
e f/\/lD Z/ g ,

ki € 7, k/JL:Oifn,+nJ+nL+27éD.
Example: Lattice regulation of compact axion QED
Let a; = f and a, = a be R/Z-valued 0-cochain (axion phase-field) and
1-cochain (U(1) gauge-field), respectively. Let kjzo = k.
675 — ei27rl< fMD(ffo])(dadea])2+(Ldﬂdeﬂ)(afLa])(dadea])

o—i2mk [ (Ldf1=d[f])(|da]—-d|a])da ,— Jup Idf—LdfMQ;r\da—Lda‘HZ

. |df—| df]|?+|da—| da]|?
oi2mk [y f(da)* o= [uo =

- ‘small g )
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[, U'™)(1) Chern-Simons theory — higher SPT state

e If we consider only coboundary fluctuations by setting a; = df;, the
lattice [, U(")(1) higher Chern-Simons theory becomes an exactly
soluble lattice rotor model realizing a [, U(")(1) higher SPT state.

e Type-a,;day (for kjy € Z, kiy=0if nj+n;+1+# D)

oS — ol2m X< ki [up ()" BlﬁJ‘ — oi27 <y ki [pp (5)" AL dfTdf
a/:df,

_r SPT
—e ]MD LD

e Type-a;da da; (for ki €2, kyr=0ifn4+n;4+n +2+# D)

oS — ol2mXi<ycs Kt fMD(*)"’*"JB/BﬁL’
. . a,:df,

— 61277 ZISJSL ki fJMD(*)nIJrnJ dldfi1d[df;]dfy

e The SPT rotor models have
the [, U(")(1) (n — 1)-form symmetries f; — f; + «;, da; =0,
and Z-gauge invariance f; — f; + m;, m; € Z.

e The models are exactly soluble since £27'T = d£°, and e = 1 for
closed spacetime MP. (e¢=> # 1 for open MP — non-trivial boundary)
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Quantization of k for lattice higher Chern-Simons theory

e Our lattice [], U(™)(1) rotor model has two types of fluctuations:
(1) da; fluctuations which are weak and semiclassical in small g limit
(2) coboundary fluctuations a; = 3, + df; which are strong quantum
and are gapped, for a weak-field background 3;.

The two types of fluctuations are decoupled provided that k is an
integer. This is because in weak-field limit
C_S ~ Ci27rZ/§JkaMD ajNday or Ci2WZ’§J§LkUL~fMD ajAdayjAdag

which is independent of lattice coboundary fluctuations df;. The
weak-field state is the equal weight superposition of all coboundary

fluctuations: |weak-field state) = Z e!?lfnan) |3, + df)
fi
Coboundary fluctuation = Pure gauge fluctuation

Gapping of coboundary fluctuation = emergence of gauge
invariance — Cocycle excitations = degenerate ground states

All those happen when k is an integer.
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[T, U'™)(1) higher SPT state — anomalous theory

e The SPT Lagrangian density E%PT is a coboundary L‘SPT = dL7"°;.
This gives rise to a Lagrangian density £7°; in one lower dimension
that describe a rotor model with an anomalous [], U(")(1)
higher-form symmetry.

e Compute £L3°, from LT = dL¥°, — system with anomalous
[T, U)(1) higher-form symmetry

- Type-a;day (for kiy€Z, ky=0ifn+n;+1# D)

e~ fBDfl L5 — e*i2WZ/gJ ki fBDfl dldfy1fy
- Type-a;da, da; (fOI’ kL €7, ky=0ifn+n;+n +2+# D)
e Jep-1 L5, — 612”E/§J§L ki [gp—1 dLdfi]d|dfy]f

- L3'°, is Z-gauge invariant — well defined rotor model.

- L3°, changes by a coboundary under [], Um(1) symmetry
transfornation — anomalous [], U(™)(1) symmetry.

- Most general anomalous-[ [, U(”’)( ) system

Loy = L5% + L5 ({af - [dA]))
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Example: anomalous U(1) symmetry in 141D rotor model

e Consider a 1 4 1D rotor model with a U(1) symmetry, described by

-S — [g2 g7 df = dF]? . . T2

¢S5 = e Jeg IAF-LAAF f — 0.cochain (scaler field), .
_ --Tr-e -0

where the value f; of f on vertex-i corresponds to the rotor ™ N

angle 27 f; on that vertex. The U(1) symmetry f; — f; + « -2

in the rotor model is anomaly-free.
e We can make the U(1) symmetry anomalous by including a topological

term ¢S = o= Jer g AF A1 idm [ kdLFIF o o 7

The lagrangian changes by a coboundary under symmetry transformation

e Note that the Poincaré dual of | df| describes a 2r-domain-wall in
spacetime, where the rotor angle changes between 7m and —7. The
Poincaré dual of d[df] is the end of 27-domain-wall, which is a vortex.
Thus the topological term 27 /2 KdLd7If implies that the U(1) vortex
is a source/drain of the U(1) charge.

e The perturbative anomalous U(1) symmetry forces the system to be
gapless. There is no gapped phase regardless £¢(df — | df]).
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Anomalous U(1) symmetry in 1+1D lattice

e Anomaly-free U(1) symmetry:
Allow vortex fluctuations in 2D spacetime. Other combination of
vortex-charge fluctuations are not allowed.

Gapped phases are allowed

e Anomalous U(1) symmetry:
Allow vortex-k-charge fluctuations in 2D spacetime. Other combination
of monople-charge fluctuations are not allowed.

The perturbative anomalous U(1) symmetry (k # 0) forces the system
to be gapless. There is no gapped phase regardless how we tune the
symmetry-preserving lattice interaction £e¢(df — [ df]).

e The following rotor model must be gapless regardless £¢(df — [ df]):
05 = o Jo2 £(AF=LdF)) gi2n [pa kALAFF -y 7 )4

- A general proof: The anomaly in a gapped state must have a finite
order, while the U(1) anomaly is order Z.
Cordova Freed Teleman arXiv:2408.15148
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Anomalous U®)(1) 2-group (1-form) symm in 3+1D lattice

e Consider a 3 4 1D rotor model with a U(®)(1) symmetry, described by

—1 2 . .
o5 = ¢ Jerg M[da—da]] , a= l-cochain (gauge vector potential),

where the value aj; of a on link-ij corresponds to the rotor angle 27aj;
on that link. The U®)(1) symmetry in the rotor model is anomaly-free:
a—ata, acZYB%R/Z), da=0

The rotor model is a lattice U(1)-gauge theory.

o Make the U(®)(1) symmetry anomalous by including a topological term
o=S — o Jpag tda—[dal? ji2n [pu deda}aj ke 7.

e We note that | da] is a Z-valued 2-cochain dual to a Dirac worldsheet
in 4D spacetime. d|da] is a Z-valued 3-cochain dual to a monople
worldline in 4D spacetime.

Thus the topological term 27 /2 KdLFIf jmplies that a U(1) monople
carries k-units of U(1) gauge-charge.
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Anomalous U®)(1) 2-group (1-form) symm in 3+1D lattice

e Anomaly-free U(?)(1) 2-group (1-form) symmetry:
Allow monople fluctuations. Other combination of monople-charge
fluctuations are not allowed.

Gapped phases are allowed

e Anomalous U(®)(1) 2-group (1-form) symmetry:
Allow monople-k-charge fluctuations. Other combination of
monople-charge fluctuations are not allowed.

The perturbative anomalous U(?)(1) 2-group (1-form) symmetry
(k # 0) forces the system to be gapless. There is no gapped phase

regardless how we tune the symmetry-preserving lattice interaction
Lfree(df — [df).

e The following rotor model must be gapless regardless £¢(da — | da]):

C_S — e [g4 ﬁfree(da—Lda'\)CQﬂ' Jga kdtda-\a7 k € 27 k ?é 0.
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Anomalous U(1) symmetry in 3+1D rotor model

e Consider a 3 4 1D rotor model with a U(1) symmetry, described by
eSS — o~ Jga gt df = df][? 72

f = 0-cochain (scaler field), .
--fre —0
where the value f; of f on vertex-i corresponds to the rotor " /T “
angle 27 f; on that vertex. The U(1) symmetry f; — f; + « -2

in the rotor model is anomaly-free.

e We can make the U(1) symmetry anomalous by including a topological
term o=S — o Jpa g A= dF1P ji2m [5s k(deﬂ)2f’ ke .

e We note that the Poincaré dual of 1-cochain | df] describes a
2m-domain-wall in spacetime, where the rotor angle changes between 7
and —7. The Poincaré dual of 4-cochain (d|df])? describes
self-intersection points of 2w-domain-wall, in 4D spacetime.

Thus the topological term ¢!?" Jiz k(dLdF])?f implies that a
self-intersection point are source/drain of the U(1) charge.

e The following rotor model must be gapless regardless £¢(df — [ df]):

oS — o Jas cffee(ouLLdﬂ)eizwfB4 k(deﬂ)Zf’ ke, k+#0.
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e Put U(1) x U(1) x - -- higher Chern-Simons theory of type a;da; and
a;dayda; on spacetime lattice as rotor models.
So the theory is mathematically well defined at microscopic level

e Constructed exactly soluble rotor models to realize U(1) x U(1) x ---
higher SPT phases in any dimensions.
Exactly soluble U(1) SPT Lagrangian has infinite dimensional Hilbert
space per site, and has discontiuities for large U(1) phases.

e Constructed lattice rotor models with U(1) x U(1) x --- higher
symmetry that must be gapless (/e no gapped phases).
A lattice model without gapped phases is novel
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