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- chiral lattice gauge theories
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1) Overview: chiral theories on the spatial lattice

2) Strategy for disentangling anomaly-free chiral symmetries

3) Exactly solved Hamiltonian for 3-4-5-0 theory in 1+1d

4) Anomaly-free chiral symmetries in 3+1d

5) Conclusions



1+1 d fermion

<latexit sha1_base64="sxhrtqlJFrvCaQX4o+BHfbB9UbA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3mW5Uq+UqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZvbjNI=</latexit>

E

<latexit sha1_base64="22ayNhSfxXcShAAyfExNzJXubLY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1XOM+A==</latexit>

k
<latexit sha1_base64="UeeVQ++93577goHivvIbsbhQD14=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh6LXjxWsB/QxLLZbtqlm03Y3Sgl5H948aCIV/+LN/+N2zQHbX0w8Hhvhpl5fsyZ0rb9bZVWVtfWN8qbla3tnd296v5BR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+5Gbmdx+pVCwS93oaUy/EI8ECRrA20sOZG0hMUjdmWYqzQbVm1+0caJk4BalBgdag+uUOI5KEVGjCsVJ9x461l2KpGeE0q7iJojEmEzyifUMFDqny0vzqDJ0YZYiCSJoSGuXq74kUh0pNQ990hliP1aI3E//z+okOrryUiTjRVJD5oiDhSEdoFgEaMkmJ5lNDMJHM3IrIGJsctAmqYkJwFl9eJp3zunNRb9w1as3rIo4yHMExnIIDl9CEW2hBGwhIeIZXeLOerBfr3fqYt5asYuYQ/sD6/AHNUJK6</latexit>

�⇡

a

<latexit sha1_base64="SkNiSo/vC5xrTqSUE3+TP2uG4Zg=">AAAB9HicbVBNS8NAEJ2tX7V+VT16WSyCp5KIqMeiF48V7Ac0oWy2m3bpZhN3N4US8ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8IBFcG8f5RqW19Y3NrfJ2ZWd3b/+genjU1nGqKGvRWMSqGxDNBJesZbgRrJsoRqJAsE4wvpv5nQlTmsfy0UwT5kdkKHnIKTFW8r1QEZp5Cc8zkverNafuzIFXiVuQGhRo9qtf3iCmacSkoYJo3XOdxPgZUYZTwfKKl2qWEDomQ9azVJKIaT+bH53jM6sMcBgrW9Lgufp7IiOR1tMosJ0RMSO97M3E/7xeasIbP+MySQ2TdLEoTAU2MZ4lgAdcMWrE1BJCFbe3YjoiNgdjc6rYENzll1dJ+6LuXtUvHy5rjdsijjKcwCmcgwvX0IB7aEILKDzBM7zCG5qgF/SOPhatJVTMHMMfoM8fYdeSgw==</latexit>⇡

a

left mover right mover

microscopic (UV) symmetry            :
<latexit sha1_base64="hmgYRimyvPaoDGx0pDwxk3ZKgzQ=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrDHokevGIibuQwIZ0Sxcq3XbTdk0I4T948aAxXv0/3vw3FtiDgi+Z5OW9mczMi1LOtHHdb6ewtr6xuVXcLu3s7u0flA+PAi0zRahPJJeqHWFNORPUN8xw2k4VxUnEaSsa3c781hNVmknxYMYpDRM8ECxmBBsrBX7VO+8FvXLFrblzoFXi5aQCOZq98le3L0mWUGEIx1p3PDc14QQrwwin01I30zTFZIQHtGOpwAnV4WR+7RSdWaWPYqlsCYPm6u+JCU60HieR7UywGeplbyb+53UyE1+HEybSzFBBFovijCMj0ex11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2/vEqCi5pXr9XvLyuNmzyOIpzAKVTBgytowB00wQcCj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8ASF2OTQ==</latexit>

U(1)V

<latexit sha1_base64="E7okSp80qm8uSCQmMBc5ZaakP9A=">AAAB+HicbVDLSgMxFL3js9ZHR126CRZBEMqMSHUjFN24EGnFPqAdhkyatqGZzJBkhDr0S9y4UMStn+LOvzFtZ6GtB+7lcM695OYEMWdKO863tbS8srq2ntvIb25t7xTs3b2GihJJaJ1EPJKtACvKmaB1zTSnrVhSHAacNoPh9cRvPlKpWCQe9CimXoj7gvUYwdpIvl2o+Q10ie78W3Ri+r1vF52SMwVaJG5GipCh6ttfnW5EkpAKTThWqu06sfZSLDUjnI7znUTRGJMh7tO2oQKHVHnp9PAxOjJKF/UiaUpoNFV/b6Q4VGoUBmYyxHqg5r2J+J/XTnTvwkuZiBNNBZk91Es40hGapIC6TFKi+cgQTCQztyIywBITbbLKmxDc+S8vksZpyS2XyrWzYuUqiyMHB3AIx+DCOVTgBqpQBwIJPMMrvFlP1ov1bn3MRpesbGcf/sD6/AG1gZEy</latexit>

QV = NL +NR

emergent symmetry            : 
<latexit sha1_base64="nAOuimiAux2PRvasK65CIMQnvpc=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrDHpEvXjExAUS2JBu6UKl227argnZ8B+8eNAYr/4fb/4bC+xB0ZdM8vLeTGbmhQln2rjul1NYWV1b3yhulra2d3b3yvsHLS1TRahPJJeqE2JNORPUN8xw2kkUxXHIaTsc38z89iNVmklxbyYJDWI8FCxiBBsrtfyqd9q/6pcrbs2dA/0lXk4qkKPZL3/2BpKkMRWGcKx113MTE2RYGUY4nZZ6qaYJJmM8pF1LBY6pDrL5tVN0YpUBiqSyJQyaqz8nMhxrPYlD2xljM9LL3kz8z+umJroMMiaS1FBBFouilCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMmG4C2//Je0zmpevVa/O680rvM4inAEx1AFDy6gAbfQBB8IPMATvMCrI51n5815X7QWnHzmEH7B+fgGKImOOA==</latexit>

U(1)A

<latexit sha1_base64="eOYHaUCZCK/HZrDDfCVLc8ZQZSo=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIbiwzItWNUHXjQqQV+4B2GDJppg3NPEgyQh36JW5cKOLWT3Hn35i2s9DWA/dyOOdecnO8mDOpLOvbyC0tr6yu5dcLG5tb20VzZ7cpo0QQ2iARj0Tbw5JyFtKGYorTdiwoDjxOW97weuK3HqmQLAof1CimToD7IfMZwUpLrlmsu5foAt25t+hY93vXLFllawq0SOyMlCBDzTW/ur2IJAENFeFYyo5txcpJsVCMcDoudBNJY0yGuE87moY4oNJJp4eP0aFWesiPhK5Qoan6eyPFgZSjwNOTAVYDOe9NxP+8TqL8cydlYZwoGpLZQ37CkYrQJAXUY4ISxUeaYCKYvhWRARaYKJ1VQYdgz395kTRPynalXKmflqpXWRx52IcDOAIbzqAKN1CDBhBI4Ble4c14Ml6Md+NjNpozsp09+APj8weXwZEf</latexit>

QA = NL �NR

Brillouin Zone



Mixed anomaly between           and 

<latexit sha1_base64="sxhrtqlJFrvCaQX4o+BHfbB9UbA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3mW5Uq+UqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZvbjNI=</latexit>

E

<latexit sha1_base64="22ayNhSfxXcShAAyfExNzJXubLY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1XOM+A==</latexit>

k

<latexit sha1_base64="hmgYRimyvPaoDGx0pDwxk3ZKgzQ=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrDHokevGIibuQwIZ0Sxcq3XbTdk0I4T948aAxXv0/3vw3FtiDgi+Z5OW9mczMi1LOtHHdb6ewtr6xuVXcLu3s7u0flA+PAi0zRahPJJeqHWFNORPUN8xw2k4VxUnEaSsa3c781hNVmknxYMYpDRM8ECxmBBsrBX7VO+8FvXLFrblzoFXi5aQCOZq98le3L0mWUGEIx1p3PDc14QQrwwin01I30zTFZIQHtGOpwAnV4WR+7RSdWaWPYqlsCYPm6u+JCU60HieR7UywGeplbyb+53UyE1+HEybSzFBBFovijCMj0ex11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2/vEqCi5pXr9XvLyuNmzyOIpzAKVTBgytowB00wQcCj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8ASF2OTQ==</latexit>

U(1)V
<latexit sha1_base64="nAOuimiAux2PRvasK65CIMQnvpc=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrDHpEvXjExAUS2JBu6UKl227argnZ8B+8eNAYr/4fb/4bC+xB0ZdM8vLeTGbmhQln2rjul1NYWV1b3yhulra2d3b3yvsHLS1TRahPJJeqE2JNORPUN8xw2kkUxXHIaTsc38z89iNVmklxbyYJDWI8FCxiBBsrtfyqd9q/6pcrbs2dA/0lXk4qkKPZL3/2BpKkMRWGcKx113MTE2RYGUY4nZZ6qaYJJmM8pF1LBY6pDrL5tVN0YpUBiqSyJQyaqz8nMhxrPYlD2xljM9LL3kz8z+umJroMMiaS1FBBFouilCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMmG4C2//Je0zmpevVa/O680rvM4inAEx1AFDy6gAbfQBB8IPMATvMCrI51n5815X7QWnHzmEH7B+fgGKImOOA==</latexit>

U(1)A

- gauge            :
<latexit sha1_base64="hmgYRimyvPaoDGx0pDwxk3ZKgzQ=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrDHokevGIibuQwIZ0Sxcq3XbTdk0I4T948aAxXv0/3vw3FtiDgi+Z5OW9mczMi1LOtHHdb6ewtr6xuVXcLu3s7u0flA+PAi0zRahPJJeqHWFNORPUN8xw2k4VxUnEaSsa3c781hNVmknxYMYpDRM8ECxmBBsrBX7VO+8FvXLFrblzoFXi5aQCOZq98le3L0mWUGEIx1p3PDc14QQrwwin01I30zTFZIQHtGOpwAnV4WR+7RSdWaWPYqlsCYPm6u+JCU60HieR7UywGeplbyb+53UyE1+HEybSzFBBFovijCMj0ex11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2/vEqCi5pXr9XvLyuNmzyOIpzAKVTBgytowB00wQcCj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8ASF2OTQ==</latexit>

U(1)V

<latexit sha1_base64="6pwZpofNxiJvzy5yPQv91E0bgwU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseqF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6v+pjv1xxq+4c5C/xclKBHI1++bM3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmxyoCEsbIlDZmrPycyGmk9iQLbGVEz0sveTPzP66YmvPQzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll/+S1pnVa9Wrd2dV+rXeRxFOIJjOAUPLqAOt9CAJjAYwhO8wKsjnGfnzXlftBacfOYQfsH5+AYKSI2o</latexit>

Ae

<latexit sha1_base64="BkZirS3xLJHdCVdDDlMDKbxoLwk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCnG4zb</latexit>

L

<latexit sha1_base64="DluH7WK2kQjFOK9e5X6lrOquf+s=">AAAB9XicdVBNS8NAEN3Ur1q/qh69LBbBU0jTmtZb0YsHDxVsKzSxbLabdulmE3Y3Sgn5H148KOLV/+LNf+OmraCiDwYe780wM8+PGZXKsj6MwtLyyupacb20sbm1vVPe3evKKBGYdHDEInHjI0kY5aSjqGLkJhYEhT4jPX9ynvu9OyIkjfi1msbEC9GI04BipLR06wYC4dR2Y5qll9mgXLHM06Zjn9jQMi2rYdecnNiNul2DVa3kqIAF2oPyuzuMcBISrjBDUvarVqy8FAlFMSNZyU0kiRGeoBHpa8pRSKSXzq7O4JFWhjCIhC6u4Ez9PpGiUMpp6OvOEKmx/O3l4l9eP1FB00spjxNFOJ4vChIGVQTzCOCQCoIVm2qCsKD6VojHSAehdFAlHcLXp/B/0rXNqmM6V/VK62wRRxEcgENwDKqgAVrgArRBB2AgwAN4As/GvfFovBiv89aCsZjZBz9gvH0CGh+S8A==</latexit>

2⇡

L



Mixed anomaly between           and 

<latexit sha1_base64="sxhrtqlJFrvCaQX4o+BHfbB9UbA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3mW5Uq+UqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZvbjNI=</latexit>

E

<latexit sha1_base64="22ayNhSfxXcShAAyfExNzJXubLY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1XOM+A==</latexit>

k

<latexit sha1_base64="hmgYRimyvPaoDGx0pDwxk3ZKgzQ=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrDHokevGIibuQwIZ0Sxcq3XbTdk0I4T948aAxXv0/3vw3FtiDgi+Z5OW9mczMi1LOtHHdb6ewtr6xuVXcLu3s7u0flA+PAi0zRahPJJeqHWFNORPUN8xw2k4VxUnEaSsa3c781hNVmknxYMYpDRM8ECxmBBsrBX7VO+8FvXLFrblzoFXi5aQCOZq98le3L0mWUGEIx1p3PDc14QQrwwin01I30zTFZIQHtGOpwAnV4WR+7RSdWaWPYqlsCYPm6u+JCU60HieR7UywGeplbyb+53UyE1+HEybSzFBBFovijCMj0ex11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2/vEqCi5pXr9XvLyuNmzyOIpzAKVTBgytowB00wQcCj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8ASF2OTQ==</latexit>

U(1)V
<latexit sha1_base64="nAOuimiAux2PRvasK65CIMQnvpc=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrDHpEvXjExAUS2JBu6UKl227argnZ8B+8eNAYr/4fb/4bC+xB0ZdM8vLeTGbmhQln2rjul1NYWV1b3yhulra2d3b3yvsHLS1TRahPJJeqE2JNORPUN8xw2kkUxXHIaTsc38z89iNVmklxbyYJDWI8FCxiBBsrtfyqd9q/6pcrbs2dA/0lXk4qkKPZL3/2BpKkMRWGcKx113MTE2RYGUY4nZZ6qaYJJmM8pF1LBY6pDrL5tVN0YpUBiqSyJQyaqz8nMhxrPYlD2xljM9LL3kz8z+umJroMMiaS1FBBFouilCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMmG4C2//Je0zmpevVa/O680rvM4inAEx1AFDy6gAbfQBB8IPMATvMCrI51n5815X7QWnHzmEH7B+fgGKImOOA==</latexit>

U(1)A

- gauge            :
<latexit sha1_base64="hmgYRimyvPaoDGx0pDwxk3ZKgzQ=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrDHokevGIibuQwIZ0Sxcq3XbTdk0I4T948aAxXv0/3vw3FtiDgi+Z5OW9mczMi1LOtHHdb6ewtr6xuVXcLu3s7u0flA+PAi0zRahPJJeqHWFNORPUN8xw2k4VxUnEaSsa3c781hNVmknxYMYpDRM8ECxmBBsrBX7VO+8FvXLFrblzoFXi5aQCOZq98le3L0mWUGEIx1p3PDc14QQrwwin01I30zTFZIQHtGOpwAnV4WR+7RSdWaWPYqlsCYPm6u+JCU60HieR7UywGeplbyb+53UyE1+HEybSzFBBFovijCMj0ex11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2/vEqCi5pXr9XvLyuNmzyOIpzAKVTBgytowB00wQcCj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8ASF2OTQ==</latexit>

U(1)V

insert flux

- inserting flux                    is equivalent
<latexit sha1_base64="1fzrgfchNjpgp5qiZ3mvykrLbKY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIVC9C1YvHCvYDmhA220m7dLMJuxul1P4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0w5U9pxvq3Cyura+kZxs7S1vbO7Z5f3WyrJJIUmTXgiOyFRwJmApmaaQyeVQOKQQzsc3kz99gNIxRJxr0cp+DHpCxYxSrSRArvsNQYMX2JPZXEA+CqAwK44VWcGvEzcnFRQjkZgf3m9hGYxCE05UarrOqn2x0RqRjlMSl6mICV0SPrQNVSQGJQ/np0+wcdG6eEokaaExjP198SYxEqN4tB0xkQP1KI3Ff/zupmOLvwxE2mmQdD5oijjWCd4mgPuMQlU85EhhEpmbsV0QCSh2qRVMiG4iy8vk9Zp1a1Va3dnlfp1HkcRHaIjdIJcdI7q6BY1UBNR9Iie0St6s56sF+vd+pi3Fqx85gD9gfX5A5wckvQ=</latexit>

� =
X

e

Ae

to twisting boundary conditions by 
<latexit sha1_base64="B0Ra3sErCq/e9EQvIiL9Gu3gJtM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NGxHbFStuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwhs/YzJJDZVkuShMOTIxyh9HY6YoMXxmCSaK2VsRibDCxNh4KjYEb/XlddK9qnuNeuPhuta6LeIowxmcwyV40IQW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QPmS44q</latexit>

�

<latexit sha1_base64="XsgG9qTycU8EdR5qvOFmoy9ukhk=">AAACCXicbVC7TsMwFHXKq5RXgJHFokJioUoQKowVLAwMRaIPqYkqx3Uaq44d2Q6oirKy8CssDCDEyh+w8Te4bQZoOdKVjs+5V773BAmjSjvOt1VaWl5ZXSuvVzY2t7Z37N29thKpxKSFBROyGyBFGOWkpalmpJtIguKAkU4wupr4nXsiFRX8To8T4sdoyGlIMdJG6ttwBD1Jh5FGUooH8zqBXigRzrxmRPPsJu/bVafmTAEXiVuQKijQ7Ntf3kDgNCZcY4aU6rlOov0MSU0xI3nFSxVJEB6hIekZylFMlJ9NL8nhkVEGMBTSFNdwqv6eyFCs1DgOTGeMdKTmvYn4n9dLdXjhZ5QnqSYczz4KUwa1gJNY4IBKgjUbG4KwpGZXiCNkgtAmvIoJwZ0/eZG0T2tuvVa/Pas2Los4yuAAHIJj4IJz0ADXoAlaAINH8AxewZv1ZL1Y79bHrLVkFTP74A+szx/SsJnP</latexit>

k ! k � �

L

<latexit sha1_base64="6pwZpofNxiJvzy5yPQv91E0bgwU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseqF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6v+pjv1xxq+4c5C/xclKBHI1++bM3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmxyoCEsbIlDZmrPycyGmk9iQLbGVEz0sveTPzP66YmvPQzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll/+S1pnVa9Wrd2dV+rXeRxFOIJjOAUPLqAOt9CAJjAYwhO8wKsjnGfnzXlftBacfOYQfsH5+AYKSI2o</latexit>

Ae

<latexit sha1_base64="BkZirS3xLJHdCVdDDlMDKbxoLwk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCnG4zb</latexit>

L

<latexit sha1_base64="DluH7WK2kQjFOK9e5X6lrOquf+s=">AAAB9XicdVBNS8NAEN3Ur1q/qh69LBbBU0jTmtZb0YsHDxVsKzSxbLabdulmE3Y3Sgn5H148KOLV/+LNf+OmraCiDwYe780wM8+PGZXKsj6MwtLyyupacb20sbm1vVPe3evKKBGYdHDEInHjI0kY5aSjqGLkJhYEhT4jPX9ynvu9OyIkjfi1msbEC9GI04BipLR06wYC4dR2Y5qll9mgXLHM06Zjn9jQMi2rYdecnNiNul2DVa3kqIAF2oPyuzuMcBISrjBDUvarVqy8FAlFMSNZyU0kiRGeoBHpa8pRSKSXzq7O4JFWhjCIhC6u4Ez9PpGiUMpp6OvOEKmx/O3l4l9eP1FB00spjxNFOJ4vChIGVQTzCOCQCoIVm2qCsKD6VojHSAehdFAlHcLXp/B/0rXNqmM6V/VK62wRRxEcgENwDKqgAVrgArRBB2AgwAN4As/GvfFovBiv89aCsZjZBz9gvH0CGh+S8A==</latexit>

2⇡

L



Mixed anomaly between           and 

<latexit sha1_base64="sxhrtqlJFrvCaQX4o+BHfbB9UbA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3mW5Uq+UqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZvbjNI=</latexit>

E

<latexit sha1_base64="22ayNhSfxXcShAAyfExNzJXubLY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1XOM+A==</latexit>

k

<latexit sha1_base64="hmgYRimyvPaoDGx0pDwxk3ZKgzQ=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrDHokevGIibuQwIZ0Sxcq3XbTdk0I4T948aAxXv0/3vw3FtiDgi+Z5OW9mczMi1LOtHHdb6ewtr6xuVXcLu3s7u0flA+PAi0zRahPJJeqHWFNORPUN8xw2k4VxUnEaSsa3c781hNVmknxYMYpDRM8ECxmBBsrBX7VO+8FvXLFrblzoFXi5aQCOZq98le3L0mWUGEIx1p3PDc14QQrwwin01I30zTFZIQHtGOpwAnV4WR+7RSdWaWPYqlsCYPm6u+JCU60HieR7UywGeplbyb+53UyE1+HEybSzFBBFovijCMj0ex11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2/vEqCi5pXr9XvLyuNmzyOIpzAKVTBgytowB00wQcCj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8ASF2OTQ==</latexit>

U(1)V
<latexit sha1_base64="nAOuimiAux2PRvasK65CIMQnvpc=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrDHpEvXjExAUS2JBu6UKl227argnZ8B+8eNAYr/4fb/4bC+xB0ZdM8vLeTGbmhQln2rjul1NYWV1b3yhulra2d3b3yvsHLS1TRahPJJeqE2JNORPUN8xw2kkUxXHIaTsc38z89iNVmklxbyYJDWI8FCxiBBsrtfyqd9q/6pcrbs2dA/0lXk4qkKPZL3/2BpKkMRWGcKx113MTE2RYGUY4nZZ6qaYJJmM8pF1LBY6pDrL5tVN0YpUBiqSyJQyaqz8nMhxrPYlD2xljM9LL3kz8z+umJroMMiaS1FBBFouilCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMmG4C2//Je0zmpevVa/O680rvM4inAEx1AFDy6gAbfQBB8IPMATvMCrI51n5815X7QWnHzmEH7B+fgGKImOOA==</latexit>

U(1)A

- adiabatically inserting                  flux 
pumps a unit of charge from the right 
to the left Fermi point

<latexit sha1_base64="DluH7WK2kQjFOK9e5X6lrOquf+s=">AAAB9XicdVBNS8NAEN3Ur1q/qh69LBbBU0jTmtZb0YsHDxVsKzSxbLabdulmE3Y3Sgn5H148KOLV/+LNf+OmraCiDwYe780wM8+PGZXKsj6MwtLyyupacb20sbm1vVPe3evKKBGYdHDEInHjI0kY5aSjqGLkJhYEhT4jPX9ynvu9OyIkjfi1msbEC9GI04BipLR06wYC4dR2Y5qll9mgXLHM06Zjn9jQMi2rYdecnNiNul2DVa3kqIAF2oPyuzuMcBISrjBDUvarVqy8FAlFMSNZyU0kiRGeoBHpa8pRSKSXzq7O4JFWhjCIhC6u4Ez9PpGiUMpp6OvOEKmx/O3l4l9eP1FB00spjxNFOJ4vChIGVQTzCOCQCoIVm2qCsKD6VojHSAehdFAlHcLXp/B/0rXNqmM6V/VK62wRRxEcgENwDKqgAVrgArRBB2AgwAN4As/GvfFovBiv89aCsZjZBz9gvH0CGh+S8A==</latexit>

2⇡

L

<latexit sha1_base64="lf5KS5JjDxdA/94bxyn9qdpiuIU=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6kUoevFYwX5AEspmu2mXbnbD7kYooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMi1LOtHHdb2dtfWNza7u0U97d2z84rBwdd7TMFKFtIrlUvQhrypmgbcMMp71UUZxEnHaj8d3M7z5RpZkUj2aS0jDBQ8FiRrCxkh+0RgzdoHqQsn6l6tbcOdAq8QpShQKtfuUrGEiSJVQYwrHWvuemJsyxMoxwOi0HmaYpJmM8pL6lAidUh/n85Ck6t8oAxVLZEgbN1d8TOU60niSR7UywGellbyb+5/mZia/DnIk0M1SQxaI448hINPsfDZiixPCJJZgoZm9FZIQVJsamVLYheMsvr5JOveY1ao2Hy2rztoijBKdwBhfgwRU04R5a0AYCEp7hFd4c47w4787HonXNKWZO4A+czx/VQZBU</latexit>

� = 2⇡

<latexit sha1_base64="WEfy9FDqdqowfizkq4X8lPVVIhA=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLIAhlpkh1WXXjsgX7gHYYMmmmDc0kQ5JRytCNv+LGhSJu/Qx3/o2ZdhbaeuDCyTn3kntPEDOqtON8W4WV1bX1jeJmaWt7Z3fP3j9oK5FITFpYMCG7AVKEUU5ammpGurEkKAoY6QTj28zvPBCpqOD3ehITL0JDTkOKkTaSbx81/WvYl3Q40khK8Qiz9zms+nbZqTgzwGXi5qQMcjR8+6s/EDiJCNeYIaV6rhNrL0VSU8zItNRPFIkRHqMh6RnKUUSUl84OmMJTowxgKKQpruFM/T2RokipSRSYzgjpkVr0MvE/r5fo8MpLKY8TTTiefxQmDGoBszTggEqCNZsYgrCkZleIR0girE1mJROCu3jyMmlXK26tUmtelOs3eRxFcAxOwBlwwSWogzvQAC2AwRQ8g1fwZj1ZL9a79TFvLVj5zCH4A+vzB2bblQA=</latexit>

QA ! QA + 2

- impossible to simultaneously 
realize                and                 as 
microscopic onsite symmetries

<latexit sha1_base64="hmgYRimyvPaoDGx0pDwxk3ZKgzQ=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrDHokevGIibuQwIZ0Sxcq3XbTdk0I4T948aAxXv0/3vw3FtiDgi+Z5OW9mczMi1LOtHHdb6ewtr6xuVXcLu3s7u0flA+PAi0zRahPJJeqHWFNORPUN8xw2k4VxUnEaSsa3c781hNVmknxYMYpDRM8ECxmBBsrBX7VO+8FvXLFrblzoFXi5aQCOZq98le3L0mWUGEIx1p3PDc14QQrwwin01I30zTFZIQHtGOpwAnV4WR+7RSdWaWPYqlsCYPm6u+JCU60HieR7UywGeplbyb+53UyE1+HEybSzFBBFovijCMj0ex11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2/vEqCi5pXr9XvLyuNmzyOIpzAKVTBgytowB00wQcCj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8ASF2OTQ==</latexit>

U(1)V
<latexit sha1_base64="nAOuimiAux2PRvasK65CIMQnvpc=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrDHpEvXjExAUS2JBu6UKl227argnZ8B+8eNAYr/4fb/4bC+xB0ZdM8vLeTGbmhQln2rjul1NYWV1b3yhulra2d3b3yvsHLS1TRahPJJeqE2JNORPUN8xw2kkUxXHIaTsc38z89iNVmklxbyYJDWI8FCxiBBsrtfyqd9q/6pcrbs2dA/0lXk4qkKPZL3/2BpKkMRWGcKx113MTE2RYGUY4nZZ6qaYJJmM8pF1LBY6pDrL5tVN0YpUBiqSyJQyaqz8nMhxrPYlD2xljM9LL3kz8z+umJroMMiaS1FBBFouilCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMmG4C2//Je0zmpevVa/O680rvM4inAEx1AFDy6gAbfQBB8IPMATvMCrI51n5815X7QWnHzmEH7B+fgGKImOOA==</latexit>

U(1)A



Anomaly inflow perspective

Chern number -1

Chern number (Hall 
conductivity) +1

- realize              and               as 
microscopic onsite symmetries of 
2d gapped Symmetry Protected 
Topological (SPT) phase

<latexit sha1_base64="hmgYRimyvPaoDGx0pDwxk3ZKgzQ=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrDHokevGIibuQwIZ0Sxcq3XbTdk0I4T948aAxXv0/3vw3FtiDgi+Z5OW9mczMi1LOtHHdb6ewtr6xuVXcLu3s7u0flA+PAi0zRahPJJeqHWFNORPUN8xw2k4VxUnEaSsa3c781hNVmknxYMYpDRM8ECxmBBsrBX7VO+8FvXLFrblzoFXi5aQCOZq98le3L0mWUGEIx1p3PDc14QQrwwin01I30zTFZIQHtGOpwAnV4WR+7RSdWaWPYqlsCYPm6u+JCU60HieR7UywGeplbyb+53UyE1+HEybSzFBBFovijCMj0ex11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2/vEqCi5pXr9XvLyuNmzyOIpzAKVTBgytowB00wQcCj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8ASF2OTQ==</latexit>

U(1)V
<latexit sha1_base64="nAOuimiAux2PRvasK65CIMQnvpc=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrDHpEvXjExAUS2JBu6UKl227argnZ8B+8eNAYr/4fb/4bC+xB0ZdM8vLeTGbmhQln2rjul1NYWV1b3yhulra2d3b3yvsHLS1TRahPJJeqE2JNORPUN8xw2kkUxXHIaTsc38z89iNVmklxbyYJDWI8FCxiBBsrtfyqd9q/6pcrbs2dA/0lXk4qkKPZL3/2BpKkMRWGcKx113MTE2RYGUY4nZZ6qaYJJmM8pF1LBY6pDrL5tVN0YpUBiqSyJQyaqz8nMhxrPYlD2xljM9LL3kz8z+umJroMMiaS1FBBFouilCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMmG4C2//Je0zmpevVa/O680rvM4inAEx1AFDy6gAbfQBB8IPMATvMCrI51n5815X7QWnHzmEH7B+fgGKImOOA==</latexit>

U(1)A

<latexit sha1_base64="SzP0Rpsf01+rQm+/7dU4dvdJQDI="></latexit>

Sinflow[AL, AR] =
1

4⇡

Z

M3

(AL ^ dAL �AR ^ dAR)

<latexit sha1_base64="WN251x55Kc+jo3PdZWQIkoGcSvQ=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIglBmRKobodWNCxcV7APaYcikaRuayQxJRqhDv8SNC0Xc+inu/BvTdhbaeuBeDufcS25OEHOmtON8W7mV1bX1jfxmYWt7Z7do7+03VZRIQhsk4pFsB1hRzgRtaKY5bceS4jDgtBWMbqZ+65FKxSLxoMcx9UI8EKzPCNZG8u1izb9DV6jmN9Gp6TXfLjllZwa0TNyMlCBD3be/ur2IJCEVmnCsVMd1Yu2lWGpGOJ0UuomiMSYjPKAdQwUOqfLS2eETdGyUHupH0pTQaKb+3khxqNQ4DMxkiPVQLXpT8T+vk+j+pZcyESeaCjJ/qJ9wpCM0TQH1mKRE87EhmEhmbkVkiCUm2mRVMCG4i19eJs2zslspV+7PS9XrLI48HMIRnIALF1CFW6hDAwgk8Ayv8GY9WS/Wu/UxH81Z2c4B/IH1+QNad5D3</latexit>

AL = AV +AA

<latexit sha1_base64="LHxo9gx304Wk/DEG4OBHhp3AiFQ=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIbiwzItWN0OrGZRX7gHYYMmnahmYyQ5IR6tAvceNCEbd+ijv/xrSdhbYeuJfDOfeSmxPEnCntON9WbmV1bX0jv1nY2t7ZLdp7+00VJZLQBol4JNsBVpQzQRuaaU7bsaQ4DDhtBaObqd96pFKxSDzocUy9EA8E6zOCtZF8u1jz79EVqvlNdGp6zbdLTtmZAS0TNyMlyFD37a9uLyJJSIUmHCvVcZ1YeymWmhFOJ4VuomiMyQgPaMdQgUOqvHR2+AQdG6WH+pE0JTSaqb83UhwqNQ4DMxliPVSL3lT8z+skun/ppUzEiaaCzB/qJxzpCE1TQD0mKdF8bAgmkplbERliiYk2WRVMCO7il5dJ86zsVsqVu/NS9TqLIw+HcAQn4MIFVOEW6tAAAgk8wyu8WU/Wi/VufcxHc1a2cwB/YH3+AGbnkP8=</latexit>

AR = AV �AA

<latexit sha1_base64="robdKWR/yE+7RijgI/bq181NNAY="></latexit>

=
1

⇡

Z

M3

(AV ^ dAA)

( )
(modulo boundary terms)

domain wall fermions: Kaplan 1992



Anomaly inflow perspective

Chern number -1

- general U(1) subgroup
<latexit sha1_base64="jgX+Buk5W5XjyvPD9VyWE3GhEc0=">AAAB+nicbVDLSgMxFL3js9bXVJdugkUQhDIjUt0IRTcuXLRiH9AOQybNtKGZzJBklFL7KW5cKOLWL3Hn35i2s9DWA5d7OOdecnOChDOlHefbWlpeWV1bz23kN7e2d3btwl5DxakktE5iHstWgBXlTNC6ZprTViIpjgJOm8HgeuI3H6hULBb3ephQL8I9wUJGsDaSbxdq6BJFqObfohMkTL/z7aJTcqZAi8TNSBEyVH37q9ONSRpRoQnHSrVdJ9HeCEvNCKfjfCdVNMFkgHu0bajAEVXeaHr6GB0ZpYvCWJoSGk3V3xsjHCk1jAIzGWHdV/PeRPzPa6c6vPBGTCSppoLMHgpTjnSMJjmgLpOUaD40BBPJzK2I9LHERJu08iYEd/7Li6RxWnLLpXLtrFi5yuLIwQEcwjG4cA4VuIEq1IHAIzzDK7xZT9aL9W59zEaXrGxnH/7A+vwBqLuRsg==</latexit>

Q = mQL + nQR

<latexit sha1_base64="88RkfrziFSXpZqQoC6UBtmeV2dQ=">AAACCXicbZC7SgNBFIZnvcZ4i1raDAYhgoRdkWgjJNpYWEQxF8iGZXYymwyZnV1mzgohpLXxVWwsFLH1Dex8GyfJFpr4w8DHf87hzPn9WHANtv1tLSwuLa+sZtay6xubW9u5nd26jhJFWY1GIlJNn2gmuGQ14CBYM1aMhL5gDb9/Na43HpjSPJL3MIhZOyRdyQNOCRjLy2FXsAAKFe8GX+Cwcowr3p0hWcGu4t0eHHm5vF20J8Lz4KSQR6mqXu7L7UQ0CZkEKojWLceOoT0kCjgVbJR1E81iQvuky1oGJQmZbg8nl4zwoXE6OIiUeRLwxP09MSSh1oPQN50hgZ6erY3N/2qtBILz9pDLOAEm6XRRkAgMER7HgjtcMQpiYIBQxc1fMe0RRSiY8LImBGf25HmonxSdUrF0e5ovX6ZxZNA+OkAF5KAzVEbXqIpqiKJH9Ixe0Zv1ZL1Y79bHtHXBSmf20B9Znz8O0Jdp</latexit>

(AL = mA,AR = nA)

<latexit sha1_base64="aac/6q17dKukrI1JvDpJW7oJEAI="></latexit>

Sinflow[A] =
m2 � n2

4⇡

Z

M3

A ^ dA

anomaly-free precisely when                , in which case Hall conductivity vanishes and 
one edge of slab geometry can be gapped out with back-scattering or pairing terms, 
leading to quasi 1-d realization            

<latexit sha1_base64="9MRRKWi2rUzcnig61X6IT8g+GuY=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHCOYhyRJmJ7PJkHksM7NCWPIVXjwo4tXP8ebfOEn2oNGChqKqm+6uKOHMWN//8gorq2vrG8XN0tb2zu5eef+gZVSqCW0SxZXuRNhQziRtWmY57SSaYhFx2o7GNzO//Ui1YUre20lCQ4GHksWMYOukB4GuUC8RSPbLFb/qz4H+kiAnFcjR6Jc/ewNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2P3iKTpwyQLHSrqRFc/XnRIaFMRMRuU6B7cgsezPxP6+b2vgyzJhMUkslWSyKU46sQrPv0YBpSiyfOIKJZu5WREZYY2JdRiUXQrD88l/SOqsGtWrt7rxSv87jKMIRHMMpBHABdbiFBjSBgIAneIFXT3vP3pv3vmgtePnMIfyC9/ENeeKPkA==</latexit>

m = ±n

Chern number (Hall 
conductivity) +1

Realizing theory = gapping `doublers'  (mirror fermions); symmetric mass generation
Eichten, Preskill 1986



c = -1

c = +1

Anomaly inflow perspective: N copies

c = -1

c = +1

<latexit sha1_base64="oijmQlfsDrm++Gm4TLQocfg+4Dc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6ojjN0=</latexit>

N

conjecture: Q can be realized as a 
microscopic onsite symmetry 
precisely when net Hall conductivity 
vanishes:

<latexit sha1_base64="TWp68T4BtAqzje1cFoEHoMUtZuc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWy3bRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbqt56Y0jyWD2acMD/CgeQhp2is1O6iSIZ47fVKZbfizkCWiZeTMuSo90pf3X5M04hJQwVq3fHcxPgZKsOpYJNiN9UsQTrCAetYKjFi2s9m907IqVX6JIyVLWnITP09kWGk9TgKbGeEZqgXvan4n9dJTXjlZ1wmqWGSzheFqSAmJtPnSZ8rRo0YW4JUcXsroUNUSI2NqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMoCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDhLmPpQ==</latexit>

↵ = 1

<latexit sha1_base64="IN26jlUIyqcPgqCLmt/Jw8yjFYk=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IsniWAekCyhdzJJhszOrjOzQljyE148KOLV3/Hm3zhJ9qCJBQ1FVTfdXUEsuDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiaKsTiMRqVaAmgkuWd1wI1grVgzDQLBmMLqZ+s0npjSP5IMZx8wPcSB5n1M0Vmp1UMRDvLrrFktu2Z2BLBMvIyXIUOsWvzq9iCYhk4YK1LrtubHxU1SGU8EmhU6iWYx0hAPWtlRiyLSfzu6dkBOr9Eg/UrakITP190SKodbjMLCdIZqhXvSm4n9eOzH9Sz/lMk4Mk3S+qJ8IYiIyfZ70uGLUiLElSBW3txI6RIXU2IgKNgRv8eVl0jgre5Vy5f68VL3O4sjDERzDKXhwAVW4hRrUgYKAZ3iFN+fReXHenY95a87JZg7hD5zPH7Ctj8I=</latexit>

↵ = N

<latexit sha1_base64="yr0QVaJLD8jVuvWDGwgupINq8zw="></latexit>

Q =
NX

↵=1

(m↵Q
↵
L + n↵Q

↵
R)

<latexit sha1_base64="/euIhvNxE9W1tNkjioNPqg5DFLI=">AAACI3icbVDLSgMxFM34rPVVdekmWIS6sMwUURGEohtXUsGq0KlDJs20oUlmSO4IZei/uPFX3LhQihsX/ovpA9HqgQsn59xL7j1hIrgB1/1wZmbn5hcWc0v55ZXVtfXCxuaNiVNNWZ3GItZ3ITFMcMXqwEGwu0QzIkPBbsPu+dC/fWDa8FhdQy9hTUnaikecErBSUDjxTSqDzCci6ZBTr39/iX3BIijJYKzdV/A+Vt8PX/N2B/bwKXaDQtEtuyPgv8SbkCKaoBYUBn4rpqlkCqggxjQ8N4FmRjRwKlg/76eGJYR2SZs1LFVEMtPMRjf28a5VWjiKtS0FeKT+nMiINKYnQ9spCXTMtDcU//MaKUTHzYyrJAWm6PijKBUYYjwMDLe4ZhREzxJCNbe7YtohmlCwseZtCN70yX/JTaXsHZYPrw6K1bNJHDm0jXZQCXnoCFXRBaqhOqLoET2jV/TmPDkvzsB5H7fOOJOZLfQLzucXtU6jBw==</latexit>

NX

↵=1

�
m2

↵ � n2
↵

�
= 0



c = -1

c = +1

Example: 3-4-5-0 theory

c = -1

c = +1
<latexit sha1_base64="TWp68T4BtAqzje1cFoEHoMUtZuc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWy3bRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbqt56Y0jyWD2acMD/CgeQhp2is1O6iSIZ47fVKZbfizkCWiZeTMuSo90pf3X5M04hJQwVq3fHcxPgZKsOpYJNiN9UsQTrCAetYKjFi2s9m907IqVX6JIyVLWnITP09kWGk9TgKbGeEZqgXvan4n9dJTXjlZ1wmqWGSzheFqSAmJtPnSZ8rRo0YW4JUcXsroUNUSI2NqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMoCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDhLmPpQ==</latexit>

↵ = 1

<latexit sha1_base64="ZqZFKofIoFDtb+RGQDBEIfu5gLA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGiV6EoBePEcwDkiX0TmaTIbOz68ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VZQ1aCxi1Q5QM8ElaxhuBGsnimEUCNYKRrczv/XElOaxfDDjhPkRDiQPOUVjpXYXRTLE60qvWHLL7hxklXgZKUGGeq/41e3HNI2YNFSg1h3PTYw/QWU4FWxa6KaaJUhHOGAdSyVGTPuT+b1TcmaVPgljZUsaMld/T0ww0nocBbYzQjPUy95M/M/rpCa88idcJqlhki4WhakgJiaz50mfK0aNGFuCVHF7K6FDVEiNjahgQ/CWX14lzUrZq5ar9xel2k0WRx5O4BTOwYNLqMEd1KEBFAQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AIY9j6Y=</latexit>

↵ = 2

<latexit sha1_base64="vc6J42jDEJBi/SZBlgT2KBexjqc="></latexit>

Q =
2X

↵=1

(m↵Q
↵
L + n↵Q

↵
R)

<latexit sha1_base64="Lfq+jXv5g0KAuVwjVch8P/SK+ag=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9nVUr0IRS8eK7htoV1KNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdju9mfvuJKs1i+WgmCQ0EHkoWMYKNlXzR924u++WKW3XnQKvEy0kFcjT75a/eICapoNIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupxILqIJsfO0VnVhmgKFa2pEFz9fdEhoXWExHaToHNSC97M/E/r5ua6DrImExSQyVZLIpSjkyMZp+jAVOUGD6xBBPF7K2IjLDCxNh8SjYEb/nlVdK6qHr1av2hVmnc5nEU4QRO4Rw8uIIG3EMTfCDA4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gD0SY4k</latexit>

m1 = 3
<latexit sha1_base64="s/xoyk8A3DHZvng73a2c0vTRDjk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48auokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc3c381hMqzRP5aMYpBjEdSB5xRo2VfNnzbtxeueJW3TnIKvFyUoEcjV75q9tPWBajNExQrTuem5pgQpXhTOC01M00ppSN6AA7lkoaow4m82On5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eJzPRdTDhMs0MSrZYFGWCmITMPid9rpAZMbaEMsXtrYQNqaLM2HxKNgRv+eVV0ryoerVq7eGyUr/N4yjCCZzCOXhwBXW4hwb4wIDDM7zCmyOdF+fd+Vi0Fpx85hj+wPn8AfFFjiI=</latexit>

n1 = 0
<latexit sha1_base64="LeqP+UI8v4CgGxjAF4ZrLtC/jZ0=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktpXoRil48VnDbQruUbJptQ5PskmSFsvQ3ePGgiFd/kDf/jWm7B219MPB4b4aZeWHCmTau++0UNja3tneKu6W9/YPDo/LxSVvHqSLUJzGPVTfEmnImqW+Y4bSbKIpFyGknnNzN/c4TVZrF8tFMExoIPJIsYgQbK/liULupD8oVt+ougNaJl5MK5GgNyl/9YUxSQaUhHGvd89zEBBlWhhFOZ6V+qmmCyQSPaM9SiQXVQbY4doYurDJEUaxsSYMW6u+JDAutpyK0nQKbsV715uJ/Xi810XWQMZmkhkqyXBSlHJkYzT9HQ6YoMXxqCSaK2VsRGWOFibH5lGwI3urL66Rdq3qNauOhXmne5nEU4QzO4RI8uIIm3EMLfCDA4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gD3U44m</latexit>

m2 = 4
<latexit sha1_base64="OwWB99PORsZLTLuxw6xmvQh9IXE=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqewWrV6EohePFdy20C4lm2bb0Gx2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvCARXBvH+UaFtfWNza3idmlnd2//oHx41NJxqijzaCxi1QmIZoJL5hluBOskipEoEKwdjO9mfvuJKc1j+WgmCfMjMpQ85JQYK3myX7u57JcrTtWZA68SNycVyNHsl796g5imEZOGCqJ113US42dEGU4Fm5Z6qWYJoWMyZF1LJYmY9rP5sVN8ZpUBDmNlSxo8V39PZCTSehIFtjMiZqSXvZn4n9dNTXjtZ1wmqWGSLhaFqcAmxrPP8YArRo2YWEKo4vZWTEdEEWpsPiUbgrv88ipp1apuvVp/uKg0bvM4inACp3AOLlxBA+6hCR5Q4PAMr/CGJHpB7+hj0VpA+cwx/AH6/AH6X44o</latexit>

n2 = 5

question: How to realize the 3-4-5-0 
theory in a 1+1 d microscopic lattice 
theory with        acting onsite?

<latexit sha1_base64="piA13sINzKnJtVnrGZeqrtG2yP4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDrq+M4A==</latexit>

Q

(note that there are no       - symmetric 
relevant perturbations, since all fermion 
bilinears are forbidden)

<latexit sha1_base64="piA13sINzKnJtVnrGZeqrtG2yP4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDrq+M4A==</latexit>

Q

Euclidean lattice: Jacobson et al 2024; Suzuki et al. 2024
numerics: Wang, Wen 2019; Y.-Z. You et al 2022
supersymmetry: Tong 2021
Seifnashri 2026



Anomaly cancellation in 3+1 d:

- N left handed Weyl fermions                                   with charges        satisfying
<latexit sha1_base64="GeVAUKby2B+U2lC6JEYL5jJqc2g=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB+wu5Rsmm1Ds0lIskIp/RlePCji1V/jzX9j2u5Bqw8GHu/NMDMvUZwZ6/tfXmltfWNzq7xd2dnd2z+oHh51jMw1oW0iudS9BBvKmaBtyyynPaUpzhJOu8n4du53H6k2TIoHO1E0zvBQsJQRbJ0URsqwfoS5GuF+tebX/QXQXxIUpAYFWv3qZzSQJM+osIRjY8LAVzaeYm0Z4XRWiXJDFSZjPKShowJn1MTTxckzdOaUAUqldiUsWqg/J6Y4M2aSJa4zw3ZkVr25+J8X5ja9jqdMqNxSQZaL0pwjK9H8fzRgmhLLJ45gopm7FZER1phYl1LFhRCsvvyXdC7qQaPeuL+sNW+KOMpwAqdwDgFcQRPuoAVtICDhCV7g1bPes/fmvS9bS14xcwy/4H18A2rekVw=</latexit>

 ↵
<latexit sha1_base64="Yg98eIdi3MQ2ZNo6u+GLcTkTCw4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VbC20oUy2m3bpZpPuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUUdaksYhVO0DNBJesabgRrJ0ohlEg2GMwup35j09MaR7LBzNJmB/hQPKQUzRWao97XRTJEHvlilt15yCrxMtJBXI0euWvbj+macSkoQK17nhuYvwMleFUsGmpm2qWIB3hgHUslRgx7Wfze6fkzCp9EsbKljRkrv6eyDDSehIFtjNCM9TL3kz8z+ukJrz2My6T1DBJF4vCVBATk9nzpM8Vo0ZMLEGquL2V0CEqpMZGVLIheMsvr5LWRdWrVWv3l5X6TR5HEU7gFM7Bgyuowx00oAkUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8AGaCQBw==</latexit>q↵

<latexit sha1_base64="TTGtqMKn9rVlhxRdh9nySHdJPGg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARKpQyI1LdCEU3rqSCfUBnKJlM2oZmkiHJCGXswl9x40IRt/6GO//GtJ2Fth64cDjnXu69J4gZVdpxvq3c0vLK6lp+vbCxubW9Y+/uNZVIJCYNLJiQ7QApwignDU01I+1YEhQFjLSC4fXEbz0Qqajg93oUEz9CfU57FCNtpK59UPIQiwcIXkK37LFQaFWGtyddu+hUnCngInEzUgQZ6l37ywsFTiLCNWZIqY7rxNpPkdQUMzIueIkiMcJD1CcdQzmKiPLT6f1jeGyUEPaENMU1nKq/J1IUKTWKAtMZIT1Q895E/M/rJLp34aeUx4kmHM8W9RIGtYCTMGBIJcGajQxBWFJzK8QDJBHWJrKCCcGdf3mRNE8rbrVSvTsr1q6yOPLgEByBEnDBOaiBG1AHDYDBI3gGr+DNerJerHfrY9aas7KZffAH1ucPFemUOw==</latexit>

(↵ = 1, . . . , N)

<latexit sha1_base64="1j1afqSaa2S5oscPfVnOfX7SCXs=">AAACBXicbVDLSgMxFM3UV62vUZe6CBbBVZkRqW6EohtXUsE+oDMOmTTThiaZMckIZejGjb/ixoUibv0Hd/6NaTsLbT1w4eSce8m9J0wYVdpxvq3CwuLS8kpxtbS2vrG5ZW/vNFWcSkwaOGaxbIdIEUYFaWiqGWknkiAeMtIKB5djv/VApKKxuNXDhPgc9QSNKEbaSIG976mUB5mHWNJH5+7o7hreB/nLCeyyU3EmgPPEzUkZ5KgH9pfXjXHKidCYIaU6rpNoP0NSU8zIqOSliiQID1CPdAwViBPlZ5MrRvDQKF0YxdKU0HCi/p7IEFdqyEPTyZHuq1lvLP7ndVIdnfkZFUmqicDTj6KUQR3DcSSwSyXBmg0NQVhSsyvEfSQR1ia4kgnBnT15njSPK261Ur05Kdcu8jiKYA8cgCPgglNQA1egDhoAg0fwDF7Bm/VkvVjv1se0tWDlM7vgD6zPH7Q9mBE=</latexit>

NX

↵=1

q↵ = 0

<latexit sha1_base64="erHI6mrWKAJCJgmiudwH2qBjYTM=">AAACB3icbVDLSgMxFM34rPU16lKQYBFclRmV6qZQdONKKtgHdKZDJk3b0CQzJhmhDN258VfcuFDErb/gzr8xbWehrQcunJxzL7n3hDGjSjvOt7WwuLS8sppby69vbG5t2zu7dRUlEpMajlgkmyFShFFBappqRpqxJIiHjDTCwdXYbzwQqWgk7vQwJj5HPUG7FCNtpMA+8FTCg9RDLO6jsjtq38D7YPpqn5adwC44RWcCOE/cjBRAhmpgf3mdCCecCI0ZUqrlOrH2UyQ1xYyM8l6iSIzwAPVIy1CBOFF+OrljBI+M0oHdSJoSGk7U3xMp4koNeWg6OdJ9NeuNxf+8VqK7F35KRZxoIvD0o27CoI7gOBTYoZJgzYaGICyp2RXiPpIIaxNd3oTgzp48T+onRbdULN2eFSqXWRw5sA8OwTFwwTmogGtQBTWAwSN4Bq/gzXqyXqx362PaumBlM3vgD6zPH++wmLY=</latexit>

NX

↵=1

q3↵ = 0

(mixed U(1) - gravitational anomaly vanishes)

(self U(1) anomaly vanishes)

- Conjecture: such a theory can be realized in a lattice model with Q acting onsite (and 
therefore straightforwardly be gauged, giving a non-perturbative definition of a `chiral' 
gauge theory)

- example: U(1) hypercharge in one generation of the Standard Model



Strategy
1) (one layer) realize anomalous                          on the lattice using not-on-site 
operators

<latexit sha1_base64="P4GArwQ3oaXEfJT4toixLcIzE8A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPQo2r</latexit>x1
<latexit sha1_base64="0qSiA+TXOQEOvRSqdJWQbG5jZ2U=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEMaNrA==</latexit>x2

<latexit sha1_base64="8ZTPrPfKchAK5gctMLgcZ+HsVfA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbVoEeiF48Y5ZHAhswOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK90/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7JXKVfuLkrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AEkqNrQ==</latexit>x3

<latexit sha1_base64="NeXbeRp1KIb2sZGrTLXTl8QenU4=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6EUIevEYwTwgWZfZyWwyyczsMjOrhiX/4cWDIl79F2/+jZPHQRMLGoqqbrq7woQzbVz321laXlldW89t5De3tnd2C3v7dR2nitAaiXmsmiHWlDNJa4YZTpuJoliEnDbCwfXYbzxQpVks78wwob7AXckiRrCx0n0TXaK2TkXQR09BPygU3ZI7AVok3owUYYZqUPhqd2KSCioN4Vjrlucmxs+wMoxwOsq3U00TTAa4S1uWSiyo9rPJ1SN0bJUOimJlSxo0UX9PZFhoPRSh7RTY9PS8Nxb/81qpiS78jMkkNVSS6aIo5cjEaBwB6jBFieFDSzBRzN6KSA8rTIwNKm9D8OZfXiT105JXLpVvz4qVq1kcOTiEIzgBD86hAjdQhRoQUPAMr/DmPDovzrvzMW1dcmYzB/AHzucPSwCRwQ==</latexit>

X =
X

j

xj

<latexit sha1_base64="6wJ6GNCgaU5dcMwrXjAPxXjloBc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHoRil48VrAfkIaw2W7atZts2N1IS+jP8OJBEa/+Gm/+G7dtDtr6YODx3gwz84KEM6Vt+9sqrKyurW8UN0tb2zu7e+X9g5YSqSS0SQQXshNgRTmLaVMzzWknkRRHAaftYHg79dtPVCom4gc9TqgX4X7MQkawNpLrjnx2NvIfvWvbL1fsqj0DWiZOTiqQo+GXv7o9QdKIxppwrJTr2In2Miw1I5xOSt1U0QSTIe5T19AYR1R52ezkCToxSg+FQpqKNZqpvycyHCk1jgLTGWE9UIveVPzPc1MdXnkZi5NU05jMF4UpR1qg6f+oxyQlmo8NwUQycysiAywx0SalkgnBWXx5mbTOq06tWru/qNRv8jiKcATHcAoOXEId7qABTSAg4Ble4c3S1ov1bn3MWwtWPnMIf2B9/gCEjJDF</latexit>

[xi, xj ] = 0

<latexit sha1_base64="OpOrbxLARxd2s6aM8Pmq7BwiZ9k=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoiUj0WvXisYD+gCWGznbZLN5uwuyktof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxPOlHacb6uwsbm1vVPcLe3tHxwe2ccnLRWnkkKTxjyWnZAo4ExAUzPNoZNIIFHIoR2O7ud+ewxSsVg86WkCfkQGgvUZJdpIgW17MEkqzAtBEzwJ3MvALjtVZwG8TtyclFGORmB/eb2YphEITTlRqus6ifYzIjWjHGYlL1WQEDoiA+gaKkgEys8Wl8/whVF6uB9LU0Ljhfp7IiORUtMoNJ0R0UO16s3F/7xuqvu3fsZEkmoQdLmon3KsYzyPAfeYBKr51BBCJTO3YjokklBtwiqZENzVl9dJ66rq1qq1x+ty/S6Po4jO0DmqIBfdoDp6QA3URBSN0TN6RW9WZr1Y79bHsrVg5TOn6A+szx9dtZLZ</latexit>

exp(i�x1)

<latexit sha1_base64="MMBiFOp9t2cyzJC9qYRQivBbmoY=">AAAB+XicbVBNT8JAEN3iF+JX1aOXjcQEL6QlBj0SvXjERJCENs12GWDDdtvsbgmk4Z948aAxXv0n3vw3LtCDgi+Z5OW9mczMCxPOlHacb6uwsbm1vVPcLe3tHxwe2ccnbRWnkkKLxjyWnZAo4ExASzPNoZNIIFHI4Skc3c39pzFIxWLxqKcJ+BEZCNZnlGgjBbbtwSSpMC8ETfAkqF0GdtmpOgvgdeLmpIxyNAP7y+vFNI1AaMqJUl3XSbSfEakZ5TAreamChNARGUDXUEEiUH62uHyGL4zSw/1YmhIaL9TfExmJlJpGoemMiB6qVW8u/ud1U92/8TMmklSDoMtF/ZRjHeN5DLjHJFDNp4YQKpm5FdMhkYRqE1bJhOCuvrxO2rWqW6/WH67Kjds8jiI6Q+eoglx0jRroHjVRC1E0Rs/oFb1ZmfVivVsfy9aClc+coj+wPn8AXzqS2g==</latexit>

exp(i�x2)
<latexit sha1_base64="hF2WynhzSIk+IFGBXJyXovxFr4o=">AAAB+XicbVBNS8NAEN34WetX1KOXxSLUS0lUqseiF48V7Ac0IWy203bpZhN2N6Ul9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5YcKZ0o7zba2tb2xubRd2irt7+weH9tFxU8WppNCgMY9lOyQKOBPQ0ExzaCcSSBRyaIXD+5nfGoFULBZPepKAH5G+YD1GiTZSYNsejJMy80LQBI+Dq4vALjkVZw68StyclFCOemB/ed2YphEITTlRquM6ifYzIjWjHKZFL1WQEDokfegYKkgEys/ml0/xuVG6uBdLU0Ljufp7IiORUpMoNJ0R0QO17M3E/7xOqnu3fsZEkmoQdLGol3KsYzyLAXeZBKr5xBBCJTO3YjogklBtwiqaENzll1dJ87LiVivVx+tS7S6Po4BO0RkqIxfdoBp6QHXUQBSN0DN6RW9WZr1Y79bHonXNymdO0B9Ynz9gv5Lb</latexit>

exp(i�x3)

with

<latexit sha1_base64="/L3LCOY0VIIm25mD9hb70Rfdu4E=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoiUr0IRS8eK9gPaELZbCft0s0m7G6KJfSfePGgiFf/iTf/jds2B219MPB4b4aZeUHCmdKO820V1tY3NreK26Wd3b39A/vwqKXiVFJo0pjHshMQBZwJaGqmOXQSCSQKOLSD0d3Mb49BKhaLRz1JwI/IQLCQUaKN1LNtD56SCvMC0AR3zvFNzy47VWcOvErcnJRRjkbP/vL6MU0jEJpyolTXdRLtZ0RqRjlMS16qICF0RAbQNVSQCJSfzS+f4jOj9HEYS1NC47n6eyIjkVKTKDCdEdFDtezNxP+8bqrDaz9jIkk1CLpYFKYc6xjPYsB9JoFqPjGEUMnMrZgOiSRUm7BKJgR3+eVV0rqourVq7eGyXL/N4yiiE3SKKshFV6iO7lEDNRFFY/SMXtGblVkv1rv1sWgtWPnMMfoD6/MH3v2Shg==</latexit>

exp(i�X) =

motivated by SPT work of Else, Nayak (2014)

<latexit sha1_base64="vLun0iCs7W1ckX2SGo3qRuPMoQ8=">AAAB/XicbVDLSsNAFL3xWesrPnZuBotQNyURqS6rblxWMG2hDWEynbRDJw9mJkINxV9x40IRt/6HO//GaZqFth4YOPece7l3jp9wJpVlfRtLyyura+uljfLm1vbOrrm335JxKgh1SMxj0fGxpJxF1FFMcdpJBMWhz2nbH91M/fYDFZLF0b0aJ9QN8SBiASNYackzD52qfeq1UE+xkEqUV1eeWbFqVg60SOyCVKBA0zO/ev2YpCGNFOFYyq5tJcrNsFCMcDop91JJE0xGeEC7mkZY73Kz/PoJOtFKHwWx0C9SKFd/T2Q4lHIc+rozxGoo572p+J/XTVVw6WYsSlJFIzJbFKQcqRhNo0B9JihRfKwJJoLpWxEZYoGJ0oGVdQj2/JcXSeusZtdr9bvzSuO6iKMER3AMVbDhAhpwC01wgMAjPMMrvBlPxovxbnzMWpeMYuYA/sD4/AFaX5M/</latexit>

U(1)V ⇥ U(1)A

- lattice anomaly matches that of desired low energy theory



Strategy
2) (one layer) Construct a Hamiltonian        commuting with                          and 
realizing the desired low energy theory:

<latexit sha1_base64="vLun0iCs7W1ckX2SGo3qRuPMoQ8=">AAAB/XicbVDLSsNAFL3xWesrPnZuBotQNyURqS6rblxWMG2hDWEynbRDJw9mJkINxV9x40IRt/6HO//GaZqFth4YOPece7l3jp9wJpVlfRtLyyura+uljfLm1vbOrrm335JxKgh1SMxj0fGxpJxF1FFMcdpJBMWhz2nbH91M/fYDFZLF0b0aJ9QN8SBiASNYackzD52qfeq1UE+xkEqUV1eeWbFqVg60SOyCVKBA0zO/ev2YpCGNFOFYyq5tJcrNsFCMcDop91JJE0xGeEC7mkZY73Kz/PoJOtFKHwWx0C9SKFd/T2Q4lHIc+rozxGoo572p+J/XTVVw6WYsSlJFIzJbFKQcqRhNo0B9JihRfKwJJoLpWxEZYoGJ0oGVdQj2/JcXSeusZtdr9bvzSuO6iKMER3AMVbDhAhpwC01wgMAjPMMrvBlPxovxbnzMWpeMYuYA/sD4/AFaX5M/</latexit>

U(1)V ⇥ U(1)A

1+1d:

<latexit sha1_base64="YMPZOKz6VRDcr4kith7PDdIp298=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV2R6rHoxYOHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjfW8b7Syura+sVnYKm7v7O7tlw4Om0almrIGVULpdkgME1yyhuVWsHaiGYlDwVrh6Gbqt56YNlzJBztOWBCTgeQRp8Q6qdlNDO/d9Uplr+LNgJeJn5My5Kj3Sl/dvqJpzKSlghjT8b3EBhnRllPBJsVualhC6IgMWMdRSWJmgmx27QSfOqWPI6VdSYtn6u+JjMTGjOPQdcbEDs2iNxX/8zqpja6CjMsktUzS+aIoFdgqPH0d97lm1IqxI4Rq7m7FdEg0odYFVHQh+IsvL5PmecWvVqr3F+XadR5HAY7hBM7Ah0uowS3UoQEUHuEZXuENKfSC3tHHvHUF5TNH8Afo8wd4kY8U</latexit>

 L
<latexit sha1_base64="eKiHWoYn323p+Iy8Uy7bse3DjT8=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV2R6rHoxWMV+wHtUrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/VbT0wbruSDHScsiMlA8ohTYp3U7CaG9+57pbJX8WbAy8TPSRly1Hulr25f0TRm0lJBjOn4XmKDjGjLqWCTYjc1LCF0RAas46gkMTNBNrt2gk+d0seR0q6kxTP190RGYmPGceg6Y2KHZtGbiv95ndRGV0HGZZJaJul8UZQKbBWevo77XDNqxdgRQjV3t2I6JJpQ6wIquhD8xZeXSfO84lcr1buLcu06j6MAx3ACZ+DDJdTgFurQAAqP8Ayv8IYUekHv6GPeuoLymSP4A/T5A4Gpjxo=</latexit>

 R
<latexit sha1_base64="hmgYRimyvPaoDGx0pDwxk3ZKgzQ=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrDHokevGIibuQwIZ0Sxcq3XbTdk0I4T948aAxXv0/3vw3FtiDgi+Z5OW9mczMi1LOtHHdb6ewtr6xuVXcLu3s7u0flA+PAi0zRahPJJeqHWFNORPUN8xw2k4VxUnEaSsa3c781hNVmknxYMYpDRM8ECxmBBsrBX7VO+8FvXLFrblzoFXi5aQCOZq98le3L0mWUGEIx1p3PDc14QQrwwin01I30zTFZIQHtGOpwAnV4WR+7RSdWaWPYqlsCYPm6u+JCU60HieR7UywGeplbyb+53UyE1+HEybSzFBBFovijCMj0ex11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2/vEqCi5pXr9XvLyuNmzyOIpzAKVTBgytowB00wQcCj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8ASF2OTQ==</latexit>

U(1)V
<latexit sha1_base64="nAOuimiAux2PRvasK65CIMQnvpc=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrDHpEvXjExAUS2JBu6UKl227argnZ8B+8eNAYr/4fb/4bC+xB0ZdM8vLeTGbmhQln2rjul1NYWV1b3yhulra2d3b3yvsHLS1TRahPJJeqE2JNORPUN8xw2kkUxXHIaTsc38z89iNVmklxbyYJDWI8FCxiBBsrtfyqd9q/6pcrbs2dA/0lXk4qkKPZL3/2BpKkMRWGcKx113MTE2RYGUY4nZZ6qaYJJmM8pF1LBY6pDrL5tVN0YpUBiqSyJQyaqz8nMhxrPYlD2xljM9LL3kz8z+umJroMMiaS1FBBFouilCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMmG4C2//Je0zmpevVa/O680rvM4inAEx1AFDy6gAbfQBB8IPMATvMCrI51n5815X7QWnHzmEH7B+fgGKImOOA==</latexit>

U(1)A

<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1
<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1

<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1
<latexit sha1_base64="7qdlpxPacQLaH047tn50yfQNVtk=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cO71SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaV5UvGqlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+d0jPc=</latexit>�1

Dirac fermion

3+1d:

(rigorous 
construction)

(heuristic)

<latexit sha1_base64="PkBTD5ZTBp3XcOEb/nvUvRS7DiM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6inD+kG/XPGr/hxolQQ5qUCORr/81RtIkiZUWMKxMd3AVzbMsLaMcDot9VJDFSZjPKRdRwVOqAmz+bVTdOaUAYqldiUsmqu/JzKcGDNJIteZYDsyy95M/M/rpja+DjMmVGqpIItFccqRlWj2OhowTYnlE0cw0czdisgIa0ysC6jkQgiWX14lrYtqUKvW7i8r9Zs8jiKcwCmcQwBXUIc7aEATCDzCM7zCmye9F+/d+1i0Frx85hj+wPv8AU+ljvk=</latexit>

 1
<latexit sha1_base64="BUkgzVrN33C/lL+NXfWESBQ1CB8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqewWqR6LXjxWsLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaU7ITFMcMlallvBOolmJA4FewjHNzP/4Ylpw5W8t5OEBTEZSh5xSqyT2r3E8H6tX654VW8OvEr8nFQgR7Nf/uoNFE1jJi0VxJiu7yU2yIi2nAo2LfVSwxJCx2TIuo5KEjMTZPNrp/jMKQMcKe1KWjxXf09kJDZmEoeuMyZ2ZJa9mfif101tdBVkXCapZZIuFkWpwFbh2et4wDWjVkwcIVRzdyumI6IJtS6gkgvBX355lbRrVb9erd9dVBrXeRxFOIFTOAcfLqEBt9CEFlB4hGd4hTek0At6Rx+L1gLKZ47hD9DnD1Epjvo=</latexit>

 2
<latexit sha1_base64="ygk7ZarEaJzcl8XBfbrPodht3xM=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV2V6rHoxWMF+wHtUrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0O/VbT0wbruSDHScsiMlA8ohTYp3U7CaG9y56pbJX8WbAy8TPSRly1Hulr25f0TRm0lJBjOn4XmKDjGjLqWCTYjc1LCF0RAas46gkMTNBNrt2gk+d0seR0q6kxTP190RGYmPGceg6Y2KHZtGbiv95ndRG10HGZZJaJul8UZQKbBWevo77XDNqxdgRQjV3t2I6JJpQ6wIquhD8xZeXSfO84lcr1fvLcu0mj6MAx3ACZ+DDFdTgDurQAAqP8Ayv8IYUekHv6GPeuoLymSP4A/T5A1Ktjvs=</latexit>

 3
<latexit sha1_base64="eHggZ2CiD7xFD8IVlyvr5PJwoPk=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKqR6LXjxWsLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaU7ITFMcMlallvBOolmJA4FewjHNzP/4Ylpw5W8t5OEBTEZSh5xSqyT2r3E8H6tX654VW8OvEr8nFQgR7Nf/uoNFE1jJi0VxJiu7yU2yIi2nAo2LfVSwxJCx2TIuo5KEjMTZPNrp/jMKQMcKe1KWjxXf09kJDZmEoeuMyZ2ZJa9mfif101tdBVkXCapZZIuFkWpwFbh2et4wDWjVkwcIVRzdyumI6IJtS6gkgvBX355lbQvqn69Wr+rVRrXeRxFOIFTOAcfLqEBt9CEFlB4hGd4hTek0At6Rx+L1gLKZ47hD9DnD1Qxjvw=</latexit>

 4

<latexit sha1_base64="hmgYRimyvPaoDGx0pDwxk3ZKgzQ=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrDHokevGIibuQwIZ0Sxcq3XbTdk0I4T948aAxXv0/3vw3FtiDgi+Z5OW9mczMi1LOtHHdb6ewtr6xuVXcLu3s7u0flA+PAi0zRahPJJeqHWFNORPUN8xw2k4VxUnEaSsa3c781hNVmknxYMYpDRM8ECxmBBsrBX7VO+8FvXLFrblzoFXi5aQCOZq98le3L0mWUGEIx1p3PDc14QQrwwin01I30zTFZIQHtGOpwAnV4WR+7RSdWaWPYqlsCYPm6u+JCU60HieR7UywGeplbyb+53UyE1+HEybSzFBBFovijCMj0ex11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2/vEqCi5pXr9XvLyuNmzyOIpzAKVTBgytowB00wQcCj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8ASF2OTQ==</latexit>

U(1)V
<latexit sha1_base64="nAOuimiAux2PRvasK65CIMQnvpc=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrDHpEvXjExAUS2JBu6UKl227argnZ8B+8eNAYr/4fb/4bC+xB0ZdM8vLeTGbmhQln2rjul1NYWV1b3yhulra2d3b3yvsHLS1TRahPJJeqE2JNORPUN8xw2kkUxXHIaTsc38z89iNVmklxbyYJDWI8FCxiBBsrtfyqd9q/6pcrbs2dA/0lXk4qkKPZL3/2BpKkMRWGcKx113MTE2RYGUY4nZZ6qaYJJmM8pF1LBY6pDrL5tVN0YpUBiqSyJQyaqz8nMhxrPYlD2xljM9LL3kz8z+umJroMMiaS1FBBFouilCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMmG4C2//Je0zmpevVa/O680rvM4inAEx1AFDy6gAbfQBB8IPMATvMCrI51n5815X7QWnHzmEH7B+fgGKImOOA==</latexit>

U(1)A

<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1
<latexit sha1_base64="7qdlpxPacQLaH047tn50yfQNVtk=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cO71SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaV5UvGqlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+d0jPc=</latexit>�1

<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1
<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1
<latexit sha1_base64="7qdlpxPacQLaH047tn50yfQNVtk=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cO71SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaV5UvGqlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+d0jPc=</latexit>�1

<latexit sha1_base64="7qdlpxPacQLaH047tn50yfQNVtk=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cO71SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaV5UvGqlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+d0jPc=</latexit>�1

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

4 left-handed Weyls 

2 Dirac fermions
=

<latexit sha1_base64="m5MPsQPMLxP0C0j7KZeznXZzWE0=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjF6IrvGoEeiF45o5JHAhswOszBhdnYz02tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2L1iOOE+xEdKBEKRtFKD7XzXrHklt05yCrxMlKCDPVe8avbj1kacYVMUmM6npugP6EaBZN8WuimhieUjeiAdyxVNOLGn8wvnZIzq/RJGGtbCslc/T0xoZEx4yiwnRHFoVn2ZuJ/XifF8MafCJWkyBVbLApTSTAms7dJX2jOUI4toUwLeythQ6opQxtOwYbgLb+8SpqXZa9Srtxflaq3WRx5OIFTuAAPrqEKNahDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AEBYo0I</latexit>

H
0



Strategy

3) Tensor product of N copies ('stack'): not-on-site

<latexit sha1_base64="qMUa1we0LayqCJtp0Xfa2TR1xHc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDt8eM5g==</latexit>

W

<latexit sha1_base64="GArw6UcouOljgJCqBNSEI2TKHpw=">AAACDnicbVC7TgJBFJ3FF+ILtbSZSEigIbvGoCVqY2UwcYGERTI7zMKE2Udm7pqQDV9g46/YWGiMrbWdf+MsbKHgSSY595x7c+ceNxJcgWl+G7mV1bX1jfxmYWt7Z3evuH/QUmEsKbNpKELZcYliggfMBg6CdSLJiO8K1nbHV6nffmBS8TC4g0nEej4ZBtzjlICW+sWyXbGq2FGxqxjgSlr1W9gB7jOFZ9VF9f6mXyyZNXMGvEysjJRQhma/+OUMQhr7LAAqiFJdy4yglxAJnAo2LTixYhGhYzJkXU0Dotf1ktk5U1zWygB7odQvADxTf08kxFdq4ru60ycwUoteKv7ndWPwznsJD6IYWEDni7xYYAhxmg0ecMkoiIkmhEqu/4rpiEhCQSdY0CFYiycvk9ZJzarX6renpcZlFkceHaFjVEEWOkMNdI2ayEYUPaJn9IrejCfjxXg3PuatOSObOUR/YHz+APzmmO8=</latexit>

U(1) ⇢ (U(1)V ⇥ U(1)A)
N

anomaly-free 
U(1) generator

<latexit sha1_base64="HAVxy/77DfEejtoQbW/WOeu2/bM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbOLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdP/a8XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEEmI2k</latexit>q1
<latexit sha1_base64="qb/tfXDey1ZHG0Gq1YoCB5K5dGA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdZmHC7Ow602tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK94+9Sq9YcsvuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8ABhyNpQ==</latexit>q2

<latexit sha1_base64="giHl7Q3hwDEUCDm38iDDxxRUtPw=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbVoEeiF48Y5ZHAhswODUyYnV1nZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3n1BpHskHM47RD+lA8j5n1Fjp/rF73i2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNs7JXKVfuLkrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4AB6CNpg==</latexit>q3 <latexit sha1_base64="PNgZrVO+JcCjedg0x/W3LUVUSRs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL+xj0M=</latexit>. . .

constructed in discrete case by Seifnashri, Shirley (2025)

Given an anomaly-free subgroup                                       , construct a finite depth 
circuit of local unitaries ('symmetry disentangler')       such that

<latexit sha1_base64="0zYcGZN/0fHGM/g9tAOykJN0nHM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR2k1JRKrLqhtXUsG0hTaGyXTSDp1MwsxEKKFu/BU3LhRx61+482+cpllo64GBc8+5lzv3+DGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29lowSgYmDIxaJjo8kYZQTR1HFSCcWBIU+I21/dDX12w9ESBrxOzWOiRuiAacBxUhpyTMPKk7Frnot2FM0JBJm1UX1/sYzy1bNygAXiZ2TMsjR9MyvXj/CSUi4wgxJ2bWtWLkpEopiRialXiJJjPAIDUhXU470OjfNLpjAY630YRAJ/biCmfp7IkWhlOPQ150hUkM5703F/7xuooJzN6U8ThTheLYoSBhUEZzGAftUEKzYWBOEBdV/hXiIBMJKh1bSIdjzJy+S1knNrtfqt6flxmUeRxEcgiNQATY4Aw1wDZrAARg8gmfwCt6MJ+PFeDc+Zq0FI5/ZB39gfP4AhCyUZA==</latexit>

(U(1)V ⇥ U(1)A)
N

Define:
<latexit sha1_base64="v4vp0ykqrUqpMJ76GWw2go3Rzz8="></latexit>

H = W
†

 
NX

↵=1

H
0
↵

!
W

N identical 
copies of 

<latexit sha1_base64="m5MPsQPMLxP0C0j7KZeznXZzWE0=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjF6IrvGoEeiF45o5JHAhswOszBhdnYz02tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2L1iOOE+xEdKBEKRtFKD7XzXrHklt05yCrxMlKCDPVe8avbj1kacYVMUmM6npugP6EaBZN8WuimhieUjeiAdyxVNOLGn8wvnZIzq/RJGGtbCslc/T0xoZEx4yiwnRHFoVn2ZuJ/XifF8MafCJWkyBVbLApTSTAms7dJX2jOUI4toUwLeythQ6opQxtOwYbgLb+8SpqXZa9Srtxflaq3WRx5OIFTuAAPrqEKNahDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AEBYo0I</latexit>

H
0

<latexit sha1_base64="2eRtt6VmEK7M8KEO8YW87P8e2eg=">AAACFnicbVDJSgNBEO1xjXGLevTSGAQvhhkR9SIEvXhMwCyQiUNPpxJbe3rG7hoxDPkKL/6KFw+KeBVv/o2d5eD2oODxXhVV9cJECoOu++lMTc/Mzs3nFvKLS8srq4W19bqJU82hxmMZ62bIDEihoIYCJTQTDSwKJTTC69Oh37gFbUSszrGfQDtiPSW6gjO0UlDYbVz4HdbrgaZV2qDHtBpkPsIdZrEyAmEwOKa+SaPgit4EV0Gh6JbcEehf4k1IkUxQCQoffifmaQQKuWTGtDw3wXbGNAouYZD3UwMJ49esBy1LFYvAtLPRWwO6bZUO7cbalkI6Ur9PZCwyph+FtjNieGl+e0PxP6+VYveonQmVpAiKjxd1U0kxpsOMaEdo4Cj7ljCuhb2V8kumGUebZN6G4P1++S+p75W8g9JBdb9YPpnEkSObZIvsEI8ckjI5IxVSI5zck0fyTF6cB+fJeXXexq1TzmRmg/yA8/4FRMSe3A==</latexit>

W †QW = Qonsite =
X

j

qj

<latexit sha1_base64="ZPdcWAJdIIQRVWGK5ITcsYn9qww=">AAACAXicbVA9SwNBEN3zM8avqI1gsxgECwl3ItFGCNpYGjAaSI6wt5kkS/b2jt05MRyx8a/YWChi67+w89+4Sa7QxAcDj/dmmJkXxFIYdN1vZ25+YXFpObeSX11b39gsbG3fmijRHGo8kpGuB8yAFApqKFBCPdbAwkDCXdC/HPl396CNiNQNDmLwQ9ZVoiM4Qyu1CruNqyNabaVNhAdMI2UEwnDon7utQtEtuWPQWeJlpEgyXLcKX812xJMQFHLJjGl4box+yjQKLmGYbyYGYsb7rAsNSxULwfjp+IMhPbBKm3YibUshHau/J1IWGjMIA9sZMuyZaW8k/uc1Euyc+alQcYKg+GRRJ5EUIzqKg7aFBo5yYAnjWthbKe8xzTja0PI2BG/65Vlye1zyyqVy9aRYucjiyJE9sk8OiUdOSYVckWtSI5w8kmfySt6cJ+fFeXc+Jq1zTjazQ/7A+fwBGmGWsg==</latexit>

[H,Qonsite] = 0



Caveats

1) In 1+1d we realize the bosonized version of the 3-4-5-0 theory

in 3+1d we have an intrinsically fermionic Hilbert space

2) Hilbert spaces are constructed from tensor products of rotors instead of finite 
dimensional spins

<latexit sha1_base64="3ZusGv23OE37n1u57NCCijYUntI=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmIzHBhtwRgpZEGwsLjPKRwEH2lj3YsLd37u6ZkAt/wsZCY2z9O3b+Gxe4QsGXTPLy3kxm5nkRZ0rb9reVWVvf2NzKbud2dvf2D/KHR00VxpLQBgl5KNseVpQzQRuaaU7bkaQ48DhteePrmd96olKxUDzoSUTdAA8F8xnB2kjt2165eN9zzvv5gl2y50CrxElJAVLU+/mv7iAkcUCFJhwr1XHsSLsJlpoRTqe5bqxohMkYD2nHUIEDqtxkfu8UnRllgPxQmhIazdXfEwkOlJoEnukMsB6pZW8m/ud1Yu1fugkTUaypIItFfsyRDtHseTRgkhLNJ4ZgIpm5FZERlphoE1HOhOAsv7xKmuWSUy1V7yqF2lUaRxZO4BSK4MAF1OAG6tAAAhye4RXerEfrxXq3PhatGSudOYY/sD5/AF0RjuQ=</latexit>

L2(S1)

(countably) infinite orthonormal basis:rotor Hilbert space:

3) Our disentanglers will have unitaries that multiply by discontinuous functions of 

<latexit sha1_base64="yTFJwYyaDNgDhRCbQpvWr++ZHlA=">AAACDXicbZDLSgMxFIYzXmu9jbp0E6xCRSkzIlVcFd24rGAv0BlKJk3b0GQmJBmhDH0BN76KGxeKuHXvzrcxM52Ftv4Q+PjPOZycPxCMKu0439bC4tLyymphrbi+sbm1be/sNlUUS0waOGKRbAdIEUZD0tBUM9IWkiAeMNIKRjdpvfVApKJReK/HgvgcDULapxhpY3XtwyvoJdATipY9MaTH0JucwpSgpyjP6MTt2iWn4mSC8+DmUAK56l37y+tFOOYk1JghpTquI7SfIKkpZmRS9GJFBMIjNCAdgyHiRPlJds0EHhmnB/uRNC/UMHN/TySIKzXmgenkSA/VbC01/6t1Yt2/9BMailiTEE8X9WMGdQTTaGCPSoI1GxtAWFLzV4iHSCKsTYBFE4I7e/I8NM8qbrVSvTsv1a7zOApgHxyAMnDBBaiBW1AHDYDBI3gGr+DNerJerHfrY9q6YOUze+CPrM8fMrqZxQ==</latexit>

: { (�)},� ⇠ �+ 1
<latexit sha1_base64="pVfKAUgaVgQb5Ji/en22fhf5dKM=">AAACIXicbZDLSgMxFIYzXmu9VV26CRZBQcqMiLoRRDcuK1gVm1Iy6WkbTDIhyYhlnFdx46u4caGIO/FlzNQuvP0Q+PjPOeScP9aCWxeG78HY+MTk1HRppjw7N7+wWFlaPrdJahg0WCIScxlTC4IraDjuBFxqA1TGAi7i6+OifnEDxvJEnbmBhpakPcW7nFHnrXZln2R3khiqegIIPsAEbvXGNtEccywx0X2+SfKtArnCGZHU9eM4u8rzdqUa1sKh8F+IRlBFI9XblTfSSVgqQTkmqLXNKNSulVHjOBOQl0lqQVN2TXvQ9KioBNvKhhfmeN07HdxNjH/K4aH7fSKj0tqBjH1nsaL9XSvM/2rN1HX3WxlXOnWg2NdH3VRgl+AiLtzhBpgTAw+UGe53xaxPDWXOh1r2IUS/T/4L59u1aLe2e7pTPTwaxVFCq2gNbaAI7aFDdILqqIEYukeP6Bm9BA/BU/AavH21jgWjmRX0Q8HHJ6xzoqE=</latexit>

{|mi = exp(2⇡im�)},m 2 Z

<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

�

- in particular, they do not preserve the domain of the (unbounded) Hamiltonian operator



<latexit sha1_base64="wejEcINvtsJzlNwa8IuaPgO3eYU=">AAACAHicbVBNS8NAEJ34WetX1IMHL4tF8FQSkeqx6MVjFfsBTQib7bZdu9mE3Y1QQi7+FS8eFPHqz/Dmv3HT9qCtDwYe780wMy9MOFPacb6tpeWV1bX10kZ5c2t7Z9fe22+pOJWENknMY9kJsaKcCdrUTHPaSSTFUchpOxxdF377kUrFYnGvxwn1IzwQrM8I1kYK7EMvGbLgAXlMoMyLsB6GYXaX54FdcarOBGiRuDNSgRkagf3l9WKSRlRowrFSXddJtJ9hqRnhNC97qaIJJiM8oF1DBY6o8rPJAzk6MUoP9WNpSmg0UX9PZDhSahyFprM4Uc17hfif1011/9LPmEhSTQWZLuqnHOkYFWmgHpOUaD42BBPJzK2IDLHERJvMyiYEd/7lRdI6q7q1au32vFK/msVRgiM4hlNw4QLqcAMNaAKBHJ7hFd6sJ+vFerc+pq1L1mzmAP7A+vwBtGKWgQ==</latexit>

�j 2 R

<latexit sha1_base64="QfHxfuqkwzlrvRg0ToPr2iZlZIU=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBUEoiUl0W3bisYB/YhDCZTtppJ5MwMxFKCLjxV9y4UMStP+HOv3FSs9DWAxcO59zLvff4MaNSWdaXUVpYXFpeKa9W1tY3NrfM7Z22jBKBSQtHLBJdH0nCKCctRRUj3VgQFPqMdPzxVe537omQNOK3ahITN0QDTgOKkdKSZ+5xLx2djI7tDDqUw9QJkRr6fnqXZZ5ZtWrWFHCe2AWpggJNz/x0+hFOQsIVZkjKnm3Fyk2RUBQzklWcRJIY4TEakJ6mHIVEuun0hwweaqUPg0jo4gpO1d8TKQqlnIS+7sxPlLNeLv7n9RIVXLgp5XGiCMc/i4KEQRXBPBDYp4JgxSaaICyovhXiIRIIKx1bRYdgz748T9qnNbteq9+cVRuXRRxlsA8OwBGwwTlogGvQBC2AwQN4Ai/g1Xg0no034/2ntWQUM7vgD4yPb1+Xl2I=</latexit>

nj,j+1 2 Z
<latexit sha1_base64="9BDxUNMTp+xRkcCfxaf3JA68q1k="></latexit>

 ({�j +mj , nj,j+1 +mj+1 �mj}) =  ({�j , nj,j+1})

1+1d: Villain model

<latexit sha1_base64="Fm4i2AHU94WDbOkXg9eHFCn3L+c="></latexit>

QVil
V =

i

2⇡

X

j

d

d�j

<latexit sha1_base64="cYwMoDmcb9njOrLPk/Nh3+BfWaU="></latexit>

QVil
A =

X

j

(�j+1 � �j � nj,j+1) = �
X

j

nj,j+1

- Villain constraint:

-             and             symmetries:
<latexit sha1_base64="nAOuimiAux2PRvasK65CIMQnvpc=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrDHpEvXjExAUS2JBu6UKl227argnZ8B+8eNAYr/4fb/4bC+xB0ZdM8vLeTGbmhQln2rjul1NYWV1b3yhulra2d3b3yvsHLS1TRahPJJeqE2JNORPUN8xw2kkUxXHIaTsc38z89iNVmklxbyYJDWI8FCxiBBsrtfyqd9q/6pcrbs2dA/0lXk4qkKPZL3/2BpKkMRWGcKx113MTE2RYGUY4nZZ6qaYJJmM8pF1LBY6pDrL5tVN0YpUBiqSyJQyaqz8nMhxrPYlD2xljM9LL3kz8z+umJroMMiaS1FBBFouilCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMmG4C2//Je0zmpevVa/O680rvM4inAEx1AFDy6gAbfQBB8IPMATvMCrI51n5815X7QWnHzmEH7B+fgGKImOOA==</latexit>

U(1)A
<latexit sha1_base64="hmgYRimyvPaoDGx0pDwxk3ZKgzQ=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrDHokevGIibuQwIZ0Sxcq3XbTdk0I4T948aAxXv0/3vw3FtiDgi+Z5OW9mczMi1LOtHHdb6ewtr6xuVXcLu3s7u0flA+PAi0zRahPJJeqHWFNORPUN8xw2k4VxUnEaSsa3c781hNVmknxYMYpDRM8ECxmBBsrBX7VO+8FvXLFrblzoFXi5aQCOZq98le3L0mWUGEIx1p3PDc14QQrwwin01I30zTFZIQHtGOpwAnV4WR+7RSdWaWPYqlsCYPm6u+JCU60HieR7UywGeplbyb+53UyE1+HEybSzFBBFovijCMj0ex11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2/vEqCi5pXr9XvLyuNmzyOIpzAKVTBgytowB00wQcCj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8ASF2OTQ==</latexit>

U(1)V

<latexit sha1_base64="rODHv1AHIqwaXdiKB5ZqxQrfho8=">AAACH3icbVDLSgNBEJyN7/iKevQyGARPYTdI9CKIXjwmYB6QjWF2djYZMvtgplcMw/6JF3/FiwdFxFv+xkmyB00saCiquunu8hLBFdj2xCqsrK6tb2xuFbd3dvf2SweHLRWnkrImjUUsOx5RTPCINYGDYJ1EMhJ6grW90e3Ubz8yqXgc3cM4Yb2QDCIecErASP1SrdFvPWgX2BPoFhdZhq+wG0hCNc901U14hl0eQa75mfbdZMizfqlsV+wZ8DJxclJGOer90rfrxzQNWQRUEKW6jp1ATxMJnAqWFd1UsYTQERmwrqERCZnq6dl/GT41io+DWJoyt8zU3xOahEqNQ890hgSGatGbiv953RSCy57mUZICi+h8UZAKDDGehoV9LhkFMTaEUMnNrZgOiUkCTKRFE4Kz+PIyaVUrTq1Sa5yXr2/yODbRMTpBZ8hBF+ga3aE6aiKKntErekcf1ov1Zn1aX/PWgpXPHKE/sCY/aDKj2w==</latexit>

QVil
V =

i

2⇡

Z
d

d�

<latexit sha1_base64="Fw6Hu9yw+8lPW+ZwmmsTbIgxZD0=">AAACGHicbVDLSgMxFM3UV62vqks3wSLUReuMSHUjVN24bME+oFNLJk1taCYzJHfEMsxnuPFX3LhQxG13/o3pY6GtBwKHc+7h5h4vFFyDbX9bqaXlldW19HpmY3Nreye7u1fXQaQoq9FABKrpEc0El6wGHARrhooR3xOs4Q1uxn7jkSnNA3kHw5C1ffIgeY9TAkbqZE+qnav72AX2BHGdiyTBl9jlEnC+64Z9jgtYHmOjFaaqSeTsoj0BXiTOjOTQDJVOduR2Axr5TAIVROuWY4fQjokCTgVLMm6kWUjogDywlqGS+Ey348lhCT4yShf3AmWe2T5Rfydi4ms99D0z6RPo63lvLP7ntSLoXbRjLsMImKTTRb1IYAjwuCXc5YpREENDCFXc/BXTPlGEgukyY0pw5k9eJPXTolMqlqpnufL1rI40OkCHKI8cdI7K6BZVUA1R9Ixe0Tv6sF6sN+vT+pqOpqxZZh/9gTX6AbgLnac=</latexit>

QVil
A =

Z
(d�� n) = �

Z
n

<latexit sha1_base64="5vEm/CUTcWBS+IX2/xBBSNDZuA0=">AAACCnicbVDLSgMxFM34rPU16tJNtAgtLWVGpLoRim5cVrAPaIeSyWTa0CQzJBmhDF278VfcuFDErV/gzr8xfSDaeuDC4Zx7ufceP2ZUacf5spaWV1bX1jMb2c2t7Z1de2+/oaJEYlLHEYtky0eKMCpIXVPNSCuWBHGfkaY/uB77zXsiFY3EnR7GxOOoJ2hIMdJG6tpHnZqi+U7cp0VegqIY8AK8hD9iSRS6ds4pOxPAReLOSA7MUOvan50gwgknQmOGlGq7Tqy9FElNMSOjbCdRJEZ4gHqkbahAnCgvnbwygidGCWAYSVNCw4n6eyJFXKkh900nR7qv5r2x+J/XTnR44aVUxIkmAk8XhQmDOoLjXGBAJcGaDQ1BWFJzK8R9JBHWJr2sCcGdf3mRNE7LbqVcuT3LVa9mcWTAITgGeeCCc1AFN6AG6gCDB/AEXsCr9Wg9W2/W+7R1yZrNHIA/sD6+AZpjmFE=</latexit>

 (�+m,n+ dm) =  (�, n)

compact cochain notation:

(for periodic boundary conditions)



<latexit sha1_base64="wejEcINvtsJzlNwa8IuaPgO3eYU=">AAACAHicbVBNS8NAEJ34WetX1IMHL4tF8FQSkeqx6MVjFfsBTQib7bZdu9mE3Y1QQi7+FS8eFPHqz/Dmv3HT9qCtDwYe780wMy9MOFPacb6tpeWV1bX10kZ5c2t7Z9fe22+pOJWENknMY9kJsaKcCdrUTHPaSSTFUchpOxxdF377kUrFYnGvxwn1IzwQrM8I1kYK7EMvGbLgAXlMoMyLsB6GYXaX54FdcarOBGiRuDNSgRkagf3l9WKSRlRowrFSXddJtJ9hqRnhNC97qaIJJiM8oF1DBY6o8rPJAzk6MUoP9WNpSmg0UX9PZDhSahyFprM4Uc17hfif1011/9LPmEhSTQWZLuqnHOkYFWmgHpOUaD42BBPJzK2IDLHERJvMyiYEd/7lRdI6q7q1au32vFK/msVRgiM4hlNw4QLqcAMNaAKBHJ7hFd6sJ+vFerc+pq1L1mzmAP7A+vwBtGKWgQ==</latexit>

�j 2 R

<latexit sha1_base64="QfHxfuqkwzlrvRg0ToPr2iZlZIU=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBUEoiUl0W3bisYB/YhDCZTtppJ5MwMxFKCLjxV9y4UMStP+HOv3FSs9DWAxcO59zLvff4MaNSWdaXUVpYXFpeKa9W1tY3NrfM7Z22jBKBSQtHLBJdH0nCKCctRRUj3VgQFPqMdPzxVe537omQNOK3ahITN0QDTgOKkdKSZ+5xLx2djI7tDDqUw9QJkRr6fnqXZZ5ZtWrWFHCe2AWpggJNz/x0+hFOQsIVZkjKnm3Fyk2RUBQzklWcRJIY4TEakJ6mHIVEuun0hwweaqUPg0jo4gpO1d8TKQqlnIS+7sxPlLNeLv7n9RIVXLgp5XGiCMc/i4KEQRXBPBDYp4JgxSaaICyovhXiIRIIKx1bRYdgz748T9qnNbteq9+cVRuXRRxlsA8OwBGwwTlogGvQBC2AwQN4Ai/g1Xg0no034/2ntWQUM7vgD4yPb1+Xl2I=</latexit>

nj,j+1 2 Z

- bosonic Hamiltonian commuting with 
<latexit sha1_base64="A5CkzuRJ4ggVkOxvg7o5F/sFRFU=">AAACA3icbVBNS8NAEN3Ur1q/ot70sliEeimJSPVY9eKxgv2ANpTNdtMu3WzC7kQsoeDFv+LFgyJe/RPe/Ddu0x609cHA470ZZub5seAaHOfbyi0tr6yu5dcLG5tb2zv27l5DR4mirE4jEamWTzQTXLI6cBCsFStGQl+wpj+8nvjNe6Y0j+QdjGLmhaQvecApASN17YN6yT3pNnAH2AOkmMgeHuNMu+zaRafsZMCLxJ2RIpqh1rW/Or2IJiGTQAXRuu06MXgpUcCpYONCJ9EsJnRI+qxtqCQh016a/TDGx0bp4SBSpiTgTP09kZJQ61Hom86QwEDPexPxP6+dQHDhpVzGCTBJp4uCRGCI8CQQ3OOKURAjQwhV3NyK6YAoQsHEVjAhuPMvL5LGadmtlCu3Z8Xq1SyOPDpER6iEXHSOqugG1VAdUfSIntErerOerBfr3fqYtuas2cw++gPr8weDaJWJ</latexit>

U(1)V and U(1)A

- decoupled harmonic oscillators: Luttinger liquid (compact boson) with 
Luttinger parameter determined by U/J

-                             act as compact momentum and winding respectively 
<latexit sha1_base64="A5CkzuRJ4ggVkOxvg7o5F/sFRFU=">AAACA3icbVBNS8NAEN3Ur1q/ot70sliEeimJSPVY9eKxgv2ANpTNdtMu3WzC7kQsoeDFv+LFgyJe/RPe/Ddu0x609cHA470ZZub5seAaHOfbyi0tr6yu5dcLG5tb2zv27l5DR4mirE4jEamWTzQTXLI6cBCsFStGQl+wpj+8nvjNe6Y0j+QdjGLmhaQvecApASN17YN6yT3pNnAH2AOkmMgeHuNMu+zaRafsZMCLxJ2RIpqh1rW/Or2IJiGTQAXRuu06MXgpUcCpYONCJ9EsJnRI+qxtqCQh016a/TDGx0bp4SBSpiTgTP09kZJQ61Hom86QwEDPexPxP6+dQHDhpVzGCTBJp4uCRGCI8CQQ3OOKURAjQwhV3NyK6YAoQsHEVjAhuPMvL5LGadmtlCu3Z8Xq1SyOPDpER6iEXHSOqugG1VAdUfSIntErerOerBfr3fqYtuas2cw++gPr8weDaJWJ</latexit>

U(1)V and U(1)A

<latexit sha1_base64="NhTnzRnKw7BOZ9hTSCMMRn9bP3o="></latexit>

H
Vil = �U

2

X

j

d
2

d�
2
j

+
J

2

X

j

(�j+1 � �j � nj,j+1)
2
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1+1d: Villain model



1+1d: Disentangling the Villain Model
<latexit sha1_base64="wejEcINvtsJzlNwa8IuaPgO3eYU=">AAACAHicbVBNS8NAEJ34WetX1IMHL4tF8FQSkeqx6MVjFfsBTQib7bZdu9mE3Y1QQi7+FS8eFPHqz/Dmv3HT9qCtDwYe780wMy9MOFPacb6tpeWV1bX10kZ5c2t7Z9fe22+pOJWENknMY9kJsaKcCdrUTHPaSSTFUchpOxxdF377kUrFYnGvxwn1IzwQrM8I1kYK7EMvGbLgAXlMoMyLsB6GYXaX54FdcarOBGiRuDNSgRkagf3l9WKSRlRowrFSXddJtJ9hqRnhNC97qaIJJiM8oF1DBY6o8rPJAzk6MUoP9WNpSmg0UX9PZDhSahyFprM4Uc17hfif1011/9LPmEhSTQWZLuqnHOkYFWmgHpOUaD42BBPJzK2IDLHERJvMyiYEd/7lRdI6q7q1au32vFK/msVRgiM4hlNw4QLqcAMNaAKBHJ7hFd6sJ+vFerc+pq1L1mzmAP7A+vwBtGKWgQ==</latexit>

�j 2 R

<latexit sha1_base64="QfHxfuqkwzlrvRg0ToPr2iZlZIU=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBUEoiUl0W3bisYB/YhDCZTtppJ5MwMxFKCLjxV9y4UMStP+HOv3FSs9DWAxcO59zLvff4MaNSWdaXUVpYXFpeKa9W1tY3NrfM7Z22jBKBSQtHLBJdH0nCKCctRRUj3VgQFPqMdPzxVe537omQNOK3ahITN0QDTgOKkdKSZ+5xLx2djI7tDDqUw9QJkRr6fnqXZZ5ZtWrWFHCe2AWpggJNz/x0+hFOQsIVZkjKnm3Fyk2RUBQzklWcRJIY4TEakJ6mHIVEuun0hwweaqUPg0jo4gpO1d8TKQqlnIS+7sxPlLNeLv7n9RIVXLgp5XGiCMc/i4KEQRXBPBDYp4JgxSaaICyovhXiIRIIKx1bRYdgz748T9qnNbteq9+cVRuXRRxlsA8OwBGwwTlogGvQBC2AwQN4Ai/g1Xg0no034/2ntWQUM7vgD4yPb1+Xl2I=</latexit>

nj,j+1 2 Z

- Villain disentangler:

<latexit sha1_base64="NbJQhpoXvYxnKu1jYLuARo8oGYQ=">AAACI3icbZDLSsNAFIYn9VbrrerSzWARKpWSiFQRBNGNSwWrhSaWyfSknXYyCTMTocS+ixtfxY0LRdy48F2c1ojXHwZ+vnMOZ87vx5wpbduvVm5icmp6Jj9bmJtfWFwqLq9cqCiRFOo04pFs+EQBZwLqmmkOjVgCCX0Ol37/eFS/vAapWCTO9SAGLyQdwQJGiTaoVdwvw1XKXNplrbS31as4w+GN+LSuJKLDAR/gL1ZxMrrZKpbsqj0W/muczJRQptNW8dltRzQJQWjKiVJNx461lxKpGeUwLLiJgpjQPulA01hBQlBeOr5xiDcMaeMgkuYJjcf0+0RKQqUGoW86Q6K76ndtBP+rNRMd7HkpE3GiQdCPRUHCsY7wKDDcZhKo5gNjCJXM/BXTLpGEahNrwYTg/D75r7nYrjq1au1sp3R4lMWRR2toHZWRg3bRITpBp6iOKLpF9+gRPVl31oP1bL18tOasbGYV/ZD19g5L/6Nv</latexit>

(ei�j,j+1 |nj,j+1i = |nj,j+1 + 1i)

<latexit sha1_base64="i4a0QHH4Rfb6TA2Kqb6Qiq16/v4="></latexit>

C|{�j , nj,j+1}i = |{�j , nj,j+1 + b�j � �j+1e}i

- maps wavefunctions satisfying Villain condition to arbitrary wavefunctions of 
periodic (rotor) variables          and 

<latexit sha1_base64="GEFrEJ4gUzxqySdnt0TGimL9m10=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmBhIljA7mU0mmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNLtCBvKmaRNyyyn7URTLCJOH6Px7cx/fKLaMCUf7CShocADyWJGsHVSq5sMWW/UK1f8qj8HWiVBTiqQo9Erf3X7iqSCSks4NqYT+IkNM6wtI5xOS93U0ASTMR7QjqMSC2rCbH7tFJ05pY9ipV1Ji+bq74kMC2MmInKdAtuhWfZm4n9eJ7XxdZgxmaSWSrJYFKccWYVmr6M+05RYPnEEE83crYgMscbEuoBKLoRg+eVV0rqoBrVq7f6yUr/J4yjCCZzCOQRwBXW4gwY0gcAInuEV3jzlvXjv3seiteDlM8fwB97nD5U8jyc=</latexit>

�j
<latexit sha1_base64="ShqQK2BCNfXLIRTEqwdz4sE3ynU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBUMquSPVY9OKxgv2QdinZNNumTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHDR0litA6iXikWgHWlDNJ64YZTluxolgEnDaD0e3Ubz5RpVkkH8w4pr7AfclCRrCx0qPspsPz4Zk36RZLbtmdAS0TLyMlyFDrFr86vYgkgkpDONa67bmx8VOsDCOcTgqdRNMYkxHu07alEguq/XR28ASdWKWHwkjZkgbN1N8TKRZaj0VgOwU2A73oTcX/vHZiwms/ZTJODJVkvihMODIRmn6PekxRYvjYEkwUs7ciMsAKE2MzKtgQvMWXl0njouxVypX7y1L1JosjD0dwDKfgwRVU4Q5qUAcCAp7hFd4c5bw4787HvDXnZDOH8AfO5w8nE5AA</latexit>nj,j+1

<latexit sha1_base64="w/mt4fl4pJHWzUO0PgAPSeUG4O0="></latexit>

C =
Y

j

exp (ib�j � �j+1e�j,j+1)

<latexit sha1_base64="MiAjISBAwfpwOCkjVqQtaxIqi5A=">AAACGHicbVC7SgNBFJ2NrxhfUUubwSBYxV2RaCMEbSwjmAdkQ5id3E2GzO4sM3clIeQzbPwVGwtFbNP5N04ehUZPdTjnXu49J0ikMOi6X05mZXVtfSO7mdva3tndy+8f1IxKNYcqV1LpRsAMSBFDFQVKaCQaWBRIqAf926lffwRthIofcJhAK2LdWISCM7RSO3/mSw5C0gH1dSiV0vSa+ggDHIkYoQuacqkMGKSo6JgO2vmCW3RnoH+JtyAFskClnZ/4HcXTCGLkkhnT9NwEWyOmUXAJ45yfGkgY77MuNC2NWQSmNZoFG9MTq3RoaL8KVYx0pv7cGLHImGEU2MmIYc8se1PxP6+ZYnjVshGTFCHm80NhKqchpy3RjtDAUQ4tYVwL+yvlPaYZR9tlzpbgLUf+S2rnRa9ULN1fFMo3izqy5Igck1PikUtSJnekQqqEkyfyQt7Iu/PsvDofzud8NOMsdg7JLziTb02Mn/U=</latexit>

dxc = integer closest to x



compact cochain notation:

1+1d: Disentangling the Villain Model
<latexit sha1_base64="wejEcINvtsJzlNwa8IuaPgO3eYU=">AAACAHicbVBNS8NAEJ34WetX1IMHL4tF8FQSkeqx6MVjFfsBTQib7bZdu9mE3Y1QQi7+FS8eFPHqz/Dmv3HT9qCtDwYe780wMy9MOFPacb6tpeWV1bX10kZ5c2t7Z9fe22+pOJWENknMY9kJsaKcCdrUTHPaSSTFUchpOxxdF377kUrFYnGvxwn1IzwQrM8I1kYK7EMvGbLgAXlMoMyLsB6GYXaX54FdcarOBGiRuDNSgRkagf3l9WKSRlRowrFSXddJtJ9hqRnhNC97qaIJJiM8oF1DBY6o8rPJAzk6MUoP9WNpSmg0UX9PZDhSahyFprM4Uc17hfif1011/9LPmEhSTQWZLuqnHOkYFWmgHpOUaD42BBPJzK2IDLHERJvMyiYEd/7lRdI6q7q1au32vFK/msVRgiM4hlNw4QLqcAMNaAKBHJ7hFd6sJ+vFerc+pq1L1mzmAP7A+vwBtGKWgQ==</latexit>

�j 2 R

<latexit sha1_base64="QfHxfuqkwzlrvRg0ToPr2iZlZIU=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBUEoiUl0W3bisYB/YhDCZTtppJ5MwMxFKCLjxV9y4UMStP+HOv3FSs9DWAxcO59zLvff4MaNSWdaXUVpYXFpeKa9W1tY3NrfM7Z22jBKBSQtHLBJdH0nCKCctRRUj3VgQFPqMdPzxVe537omQNOK3ahITN0QDTgOKkdKSZ+5xLx2djI7tDDqUw9QJkRr6fnqXZZ5ZtWrWFHCe2AWpggJNz/x0+hFOQsIVZkjKnm3Fyk2RUBQzklWcRJIY4TEakJ6mHIVEuun0hwweaqUPg0jo4gpO1d8TKQqlnIS+7sxPlLNeLv7n9RIVXLgp5XGiCMc/i4KEQRXBPBDYp4JgxSaaICyovhXiIRIIKx1bRYdgz748T9qnNbteq9+cVRuXRRxlsA8OwBGwwTlogGvQBC2AwQN4Ai/g1Xg0no034/2ntWQUM7vgD4yPb1+Xl2I=</latexit>

nj,j+1 2 Z

<latexit sha1_base64="fmsKuSngOO20ZIBfRFd1zgE/rfs="></latexit>

QV = CQVil
V C�1 =

i

2⇡

X

j

d

d�j

<latexit sha1_base64="QGIcOHNA/zv3BOgZkysF2HeD+Q4="></latexit>

QA = CQVil
A C�1 =

X

j

(�j+1 � �j � b�j+1 � �je � nj,j+1)
<latexit sha1_base64="lhB2sZ5N4lNQ7FNx2RXLIKmtT5c=">AAACEnicbVDLSsNAFJ34rPUVdelmsAi6KUmR6kYounHZgn1AE8pkMmmHTibDzEQoId/gxl9x40IRt67c+TdO2yy09cCFwzn3cu89gWBUacf5tlZW19Y3Nktb5e2d3b19++Cwo5JUYtLGCUtkL0CKMMpJW1PNSE9IguKAkW4wvp363QciFU34vZ4I4sdoyGlEMdJGGtjnrUEHXkMvkghnNM9qnqA59CjXhRbmWeiJEc0HdsWpOjPAZeIWpAIKNAf2lxcmOI0J15ghpfquI7SfIakpZiQve6kiAuExGpK+oRzFRPnZ7KUcnholhFEiTZlbZurviQzFSk3iwHTGSI/UojcV//P6qY6u/IxykWrC8XxRlDKoEzjNB4ZUEqzZxBCEJTW3QjxCJgltUiybENzFl5dJp1Z169V666LSuCniKIFjcALOgAsuQQPcgSZoAwwewTN4BW/Wk/VivVsf89YVq5g5An9gff4AAVSdvw==</latexit>

QV =
i

2⇡

Z
d

d�

<latexit sha1_base64="BmpqyqLDKPisN8devGhXFA5QLIw=">AAACFXicbVDLSgMxFM34rPVVdekmWIQKtsyIVDdC1Y3LFuwDOsOQyWTa0EwyJBmhDP0JN/6KGxeKuBXc+Temj4W23tW559zLPfcECaNK2/a3tbS8srq2ntvIb25t7+wW9vZbSqQSkyYWTMhOgBRhlJOmppqRTiIJigNG2sHgdqy3H4hUVPB7PUyIF6MepxHFSBvKL5w2/Gt4BV3KNSyFbtKnsAxdFjEhJJz2rrlEGSzzE79QtCv2pOAicGagCGZV9wtfbihwGhOuMUNKdR070V6GpKaYkVHeTRVJEB6gHukayFFMlJdNvhrBY8OEMDI+ImHcTdjfGxmKlRrGgZmMke6reW1M/qd1Ux1dehnlSaoJx9NDUcqgFnAcEQypJFizoQEIS2q8QtxHEmFtgsybEJz5lxdB66ziVCvVxnmxdjOLIwcOwREoAQdcgBq4A3XQBBg8gmfwCt6sJ+vFerc+pqNL1mznAPwp6/MHtamcsw==</latexit>

QA =

Z
(d�� bd�e � n)

see also DeMarco, Wen 2020, 2021

<latexit sha1_base64="hk66vkDuH+UehwT4oKd18eR8XKI=">AAACBHicbVC7SgNBFJ31GeNr1TLNYBBsDLsi0UYIpkkZwTwg2YTZyWwyZPbBzF0xLFvY+Cs2ForY+hF2/o2TZAtNPHDhcM693HuPGwmuwLK+jZXVtfWNzdxWfntnd2/fPDhsqjCWlDVoKELZdoliggesARwEa0eSEd8VrOWOq1O/dc+k4mFwB5OIOT4ZBtzjlICW+mahhq9xFdd6SRfYAyRNLtIUV3vJmZ32zaJVsmbAy8TOSBFlqPfNr+4gpLHPAqCCKNWxrQichEjgVLA0340ViwgdkyHraBoQnyknmT2R4hOtDLAXSl0B4Jn6eyIhvlIT39WdPoGRWvSm4n9eJwbvykl4EMXAAjpf5MUCQ4inieABl4yCmGhCqOT6VkxHRBIKOre8DsFefHmZNM9LdrlUvr0oVm6yOHKogI7RKbLRJaqgGqqjBqLoET2jV/RmPBkvxrvxMW9dMbKZI/QHxucPtG+W5Q==</latexit>

H = CH
Vil

C
�1

exactly solvable, equivalent to free compact boson (Luttinger 
liquid), commutes with         and         , which generate compact 
momentum and winding respectively

<latexit sha1_base64="3Pvz/L5mWj1Ug6Ld/8eV5RS6uko=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rFF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZ6aPRb/VLZrbhzkFXi5aQMOer90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlqXFa9aqTauyrXbPI4CnMIZXIAH11CDe6hDExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AEL7I2p</latexit>

QV
<latexit sha1_base64="brK2phRa16Pr5JbnlNUTePwTkE8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY+oF48Q5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2L1iOOE+xEdKBEKRtFKD/XeTa9YcsvuHGSVeBkpQYZar/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNi7JXKVfql6XqbRZHHk7gFM7Bgyuowj3UoAEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8A7AmNlA==</latexit>

QA



1+1d: Stacked Hilbert space

<latexit sha1_base64="r8W2eYnoFQcqPN4bL6QPXfDdmDA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALHpjzo=</latexit>

· · ·

<latexit sha1_base64="TWp68T4BtAqzje1cFoEHoMUtZuc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWy3bRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbqt56Y0jyWD2acMD/CgeQhp2is1O6iSIZ47fVKZbfizkCWiZeTMuSo90pf3X5M04hJQwVq3fHcxPgZKsOpYJNiN9UsQTrCAetYKjFi2s9m907IqVX6JIyVLWnITP09kWGk9TgKbGeEZqgXvan4n9dJTXjlZ1wmqWGSzheFqSAmJtPnSZ8rRo0YW4JUcXsroUNUSI2NqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMoCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDhLmPpQ==</latexit>

↵ = 1

<latexit sha1_base64="nUcx6p9+J4Q6ldvn7FBsOstANhE=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyURqR6LXjxWsB/QhrLZTtqlm03YnYg19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5QSK4Rtf9tgpr6xubW8Xt0s7u3n7ZPjhs6ThVDJosFrHqBFSD4BKayFFAJ1FAo0BAOxjfzPz2AyjNY3mPkwT8iA4lDzmjaKS+Xe4hPGJGJeNCUJj27YpbdedwVomXkwrJ0ejbX71BzNIIJDJBte56boJ+RhVyJmBa6qUaEsrGdAhdQyWNQPvZ/PCpc2qUgRPGypREZ67+nshopPUkCkxnRHGkl72Z+J/XTTG88jMukxRBssWiMBUOxs4sBWfAFTAUE0MoU9zc6rARVZShyapkQvCWX14lrfOqV6vW7i4q9es8jiI5JifkjHjkktTJLWmQJmEkJc/klbxZT9aL9W59LFoLVj5zRP7A+vwBcfmTng==</latexit>

ancillae

<latexit sha1_base64="mGDZXWMos9Mqn3sCTlp6KffzO5A=">AAACFnicbVC7TsMwFHXKq5RXgJHFokJioSQIFcYKFsaC6EM0pXJcpzF1nMh2kKooX8HCr7AwgBArYuNvcNpIQMuRLB2fc6/uvceNGJXKsr6Mwtz8wuJScbm0srq2vmFubjVlGAtMGjhkoWi7SBJGOWkoqhhpR4KgwGWk5Q7PM791T4SkIb9Wo4h0AzTg1KMYKS31zAMn8mnv7tZBLPIRdCiHiRMg5btucpWm8PDne5OmPbNsVawx4Cyxc1IGOeo989PphzgOCFeYISk7thWpboKEopiRtOTEkkQID9GAdDTlKCCym4zPSuGeVvrQC4V+XMGx+rsjQYGUo8DVldmKctrLxP+8Tqy8025CeRQrwvFkkBczqEKYZQT7VBCs2EgThAXVu0LsI4Gw0kmWdAj29MmzpHlUsauV6uVxuXaWx1EEO2AX7AMbnIAauAB10AAYPIAn8AJejUfj2Xgz3ielBSPv2QZ/YHx8A4Ybn6A=</latexit>

�↵
j 2 R/Z

<latexit sha1_base64="IlEGVmRT4mZ6HCwpJD92AuncKfA=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0UQlJKIVJdFNy4r2Ac2MUymk3baySTMTIQSsnbjr7hxoYhbv8Cdf+O0zUJbD1w4nHMv997jx4xKZVnfRmFhcWl5pbhaWlvf2Nwyt3eaMkoEJg0csUi0fSQJo5w0FFWMtGNBUOgz0vKHV2O/9UCEpBG/VaOYuCHqcRpQjJSWPHOfe+ngZHBsZ/cOYnEfQYdymDohUn3fT++yzDPLVsWaAM4TOydlkKPumV9ON8JJSLjCDEnZsa1YuSkSimJGspKTSBIjPEQ90tGUo5BIN528ksFDrXRhEAldXMGJ+nsiRaGUo9DXneMT5aw3Fv/zOokKLtyU8jhRhOPpoiBhUEVwnAvsUkGwYiNNEBZU3wpxHwmElU6vpEOwZ1+eJ83Til2tVG/OyrXLPI4i2AMH4AjY4BzUwDWogwbA4BE8g1fwZjwZL8a78TFtLRj5zC74A+PzB9w2mmg=</latexit>

n↵
j,j+1 2 Z

<latexit sha1_base64="623+6JHe+sXPdIWf5TJw6qPrZg4=">AAACD3icbVC7TsMwFHV4lvIqMLJYVCCmkiBUGCtYGAuiD9FEkeO6ranjRPYNUhXlD1j4FRYGEGJlZeNvcB9C0HIkS8fn3Kt77wliwTXY9pc1N7+wuLScW8mvrq1vbBa2tus6ShRlNRqJSDUDopngktWAg2DNWDESBoI1gv7F0G/cM6V5JG9gEDMvJF3JO5wSMJJfOHChx4D4d9jlEqduSKAXBOl1lh39fG6zzC8U7ZI9Ap4lzoQU0QRVv/DptiOahEwCFUTrlmPH4KVEAaeCZXk30SwmtE+6rGWoJCHTXjq6J8P7RmnjTqTMk4BH6u+OlIRaD8LAVA5X1NPeUPzPayXQOfNSLuMEmKTjQZ1EYIjwMBzc5opREANDCFXc7IppjyhCwUSYNyE40yfPkvpxySmXylcnxcr5JI4c2kV76BA56BRV0CWqohqi6AE9oRf0aj1az9ab9T4unbMmPTvoD6yPb8+inS8=</latexit>

✓j 2 R/Z

<latexit sha1_base64="IN26jlUIyqcPgqCLmt/Jw8yjFYk=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IsniWAekCyhdzJJhszOrjOzQljyE148KOLV3/Hm3zhJ9qCJBQ1FVTfdXUEsuDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiaKsTiMRqVaAmgkuWd1wI1grVgzDQLBmMLqZ+s0npjSP5IMZx8wPcSB5n1M0Vmp1UMRDvLrrFktu2Z2BLBMvIyXIUOsWvzq9iCYhk4YK1LrtubHxU1SGU8EmhU6iWYx0hAPWtlRiyLSfzu6dkBOr9Eg/UrakITP190SKodbjMLCdIZqhXvSm4n9eOzH9Sz/lMk4Mk3S+qJ8IYiIyfZ70uGLUiLElSBW3txI6RIXU2IgKNgRv8eVl0jgre5Vy5f68VL3O4sjDERzDKXhwAVW4hRrUgYKAZ3iFN+fReXHenY95a87JZg7hD5zPH7Ctj8I=</latexit>

↵ = N



1+1d: Stacked Hilbert space

with

anomaly-free condition

- anomaly-free                                          : 
<latexit sha1_base64="GArw6UcouOljgJCqBNSEI2TKHpw=">AAACDnicbVC7TgJBFJ3FF+ILtbSZSEigIbvGoCVqY2UwcYGERTI7zMKE2Udm7pqQDV9g46/YWGiMrbWdf+MsbKHgSSY595x7c+ceNxJcgWl+G7mV1bX1jfxmYWt7Z3evuH/QUmEsKbNpKELZcYliggfMBg6CdSLJiO8K1nbHV6nffmBS8TC4g0nEej4ZBtzjlICW+sWyXbGq2FGxqxjgSlr1W9gB7jOFZ9VF9f6mXyyZNXMGvEysjJRQhma/+OUMQhr7LAAqiFJdy4yglxAJnAo2LTixYhGhYzJkXU0Dotf1ktk5U1zWygB7odQvADxTf08kxFdq4ru60ycwUoteKv7ndWPwznsJD6IYWEDni7xYYAhxmg0ecMkoiIkmhEqu/4rpiEhCQSdY0CFYiycvk9ZJzarX6renpcZlFkceHaFjVEEWOkMNdI2ayEYUPaJn9IrejCfjxXg3PuatOSObOUR/YHz+APzmmO8=</latexit>

U(1) ⇢ (U(1)V ⇥ U(1)A)
N

<latexit sha1_base64="T59LJL8CB0G6qmX58Jm6sMlVrxg="></latexit>

Q =
NX

↵=1

(q↵V Q
↵
V + q↵AQ

↵
A) +

i

2⇡

X

j

d

d✓j ancillae carry charge 1

- goal: disentangle        into an onsite operator
<latexit sha1_base64="piA13sINzKnJtVnrGZeqrtG2yP4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDrq+M4A==</latexit>

Q

<latexit sha1_base64="qJAL6y/qdlwoclKBR28i1Gug/Wc="></latexit>

e.g. N = 2, q1V = 3, q1A = 3, q2V = 9, q2A = �1 for 3� 4� 5� 0 theory

<latexit sha1_base64="CQ6s92341sWwTUV7cDQO5coMmCE="></latexit>

NX

↵=1

 ✓
q↵V + q↵A

2

◆2

�
✓
q↵V � q↵A

2

◆2
!

⇠
LX

↵=1

q↵V q
↵
A = 0



1+1d: Symmetry disentangler

- define
<latexit sha1_base64="TdiODpQYNsNCvnFgGwfCUNsiDKc=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lEqheh6MVjRfsBTSibzaZdusmG3UmhhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0gF1+A431ZpbX1jc6u8XdnZ3ds/sA+P2lpmirIWlUKqbkA0EzxhLeAgWDdVjMSBYJ1gdDfzO2OmNJfJE0xS5sdkkPCIUwJG6tt2B99grznk2KOhBPzYt6tOzZkDrxK3IFVUoNm3v7xQ0ixmCVBBtO65Tgp+ThRwKti04mWapYSOyID1DE1IzLSfzy+f4jOjhDiSylQCeK7+nshJrPUkDkxnTGCol72Z+J/XyyC69nOepBmwhC4WRZnAIPEsBhxyxSiIiSGEKm5uxXRIFKFgwqqYENzll1dJ+6Lm1mv1h8tq47aIo4xO0Ck6Ry66Qg10j5qohSgao2f0it6s3Hqx3q2PRWvJKmaO0R9Ynz9rfZJA</latexit>

W = � · S
<latexit sha1_base64="mln5s78luKqx9BcjVGAUHGhxh6s="></latexit>

S = exp

0

@
X

j,↵

q↵V ✓j
d

d�↵
j

1

A
<latexit sha1_base64="kLi36BMkVnGJhjUxmP8lBJWfQoA="></latexit>

� = exp

 
�i

Z
✓

 
X

↵

q↵Abd�↵e � db
X

↵

q↵A�
↵e
!!

<latexit sha1_base64="1Rk8EOTIuTcL7UUroeb63EcdISw="></latexit>

� = exp

0

@�i
X

j

✓j

 
X

↵

q↵Ab�↵
j+1 � �↵

j e � b
X

↵

q↵A�
↵
j+1e+ b

X

↵

q↵A�
↵
j e
!1

A

with
<latexit sha1_base64="EwvQrjHWJrcd2m7x9Lwb2n/Xn2c="></latexit>

S = exp

 Z
✓
X

↵

q↵V
d

d�↵

!compact cochain notation:

- claim:        is a finite depth circuit of local unitaries and 

(see also Seifnashri, Shirley 2025 
for disentangling anomaly-free 

discrete symmetries)

<latexit sha1_base64="qMUa1we0LayqCJtp0Xfa2TR1xHc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDt8eM5g==</latexit>

W

<latexit sha1_base64="IMLlyImZ/eFMtY59GA/3NT+zEhg="></latexit>

W †QW =
i

2⇡

X

j

d

d✓j
�

X

j,↵

q↵An
↵
j,j+1 ⌘ Qonsite

<latexit sha1_base64="JY+z/HNg7UwPoM5wK9fIDCtey9s="></latexit>

=
i

2⇡

Z  
d

d✓
�
X

↵

q↵An
↵

!



1+1d: Symmetry disentangler

- Proof: direct computation.

<latexit sha1_base64="rx3SlzlkrYPSTA10C7iS/f0bJEQ="></latexit>

W † exp(i�Q)W = �0 · exp(i�Qonsite)

where
<latexit sha1_base64="p6AKO8WVV9ZN7thRjZBcO0HCDuw="></latexit>

�0 = exp

Z
✓

 
db
X

↵

(q↵A�
↵ + q↵Aq

↵
V �)e � db

X

↵

q↵A�
↵e
!

= 1

by anomaly cancellation                     . 
<latexit sha1_base64="5bO1RiShRNcYqWNGIgk42erW3nU=">AAACG3icbZDLSgMxFIYz9VbrrerSTbAIdVNmilQ3QtWNywr2Ap1xyKSZNjRzMTkjlKHv4cZXceNCEVeCC9/G9KJo6w+Bj/+cw8n5vVhwBab5aWQWFpeWV7KrubX1jc2t/PZOQ0WJpKxOIxHJlkcUEzxkdeAgWCuWjASeYE2vfzGqN++YVDwKr2EQMycg3ZD7nBLQlpsv24L5ULRVErg2EXGP4Fv37OYHG994ik1b8m4PDt18wSyZY+F5sKZQQFPV3Py73YloErAQqCBKtS0zBiclEjgVbJizE8ViQvuky9oaQxIw5aTj24b4QDsd7EdSvxDw2P09kZJAqUHg6c6AQE/N1kbmf7V2Av6Jk/IwToCFdLLITwSGCI+Cwh0uGQUx0ECo5PqvmPaIJBR0nDkdgjV78jw0yiWrUqpcHRWq59M4smgP7aMistAxqqJLVEN1RNE9ekTP6MV4MJ6MV+Nt0poxpjO76I+Mjy+zSaCS</latexit> 
X

↵

q↵Aq
↵
V = 0

!



1+1d: Symmetry disentangler

- once a symmetry disentangler exists, symmetry can be made onsite

- once the symmetry is onsite, it can be consistently gauged, on the 
spatial lattice, by minimal coupling to lattice U(1) gauge field

- this gives a non-perturbative construction of a chiral gauge theory



1+1d: lattice diagnostic of anomaly

<latexit sha1_base64="YVs5vXP63jPRosm4QyRcxSwjK/0="></latexit>

QA =
X

j

(�j+1 � �j � b�j+1 � �je � nj,j+1)

<latexit sha1_base64="BkZirS3xLJHdCVdDDlMDKbxoLwk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCnG4zb</latexit>

L
<latexit sha1_base64="gA+KaQ8q4BwMGmTB+QI+KZDk2aQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALAzjOE=</latexit>

R

<latexit sha1_base64="/3J7eGtsUnoZxqbV4Mtl99/Ph/I=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL3pLwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+yOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A6KPjNg=</latexit>

I

<latexit sha1_base64="YA1leHBbjIppZlRoOTgRtmjZuOM="></latexit>

QI
A =

X

j2I

(�j+1 � �j � b�j+1 � �je � nj,j+1)

truncate to
<latexit sha1_base64="/3J7eGtsUnoZxqbV4Mtl99/Ph/I=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL3pLwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+yOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A6KPjNg=</latexit>

I

pumps              charge from 
one endpoint to the other

<latexit sha1_base64="DrIKqpLfdKGpuBZJ2yHu1JB+NeM="></latexit>

exp(2⇡iQI
A) = exp (2⇡i�R) exp (�2⇡i�L)

<latexit sha1_base64="hmgYRimyvPaoDGx0pDwxk3ZKgzQ=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrDHokevGIibuQwIZ0Sxcq3XbTdk0I4T948aAxXv0/3vw3FtiDgi+Z5OW9mczMi1LOtHHdb6ewtr6xuVXcLu3s7u0flA+PAi0zRahPJJeqHWFNORPUN8xw2k4VxUnEaSsa3c781hNVmknxYMYpDRM8ECxmBBsrBX7VO+8FvXLFrblzoFXi5aQCOZq98le3L0mWUGEIx1p3PDc14QQrwwin01I30zTFZIQHtGOpwAnV4WR+7RSdWaWPYqlsCYPm6u+JCU60HieR7UywGeplbyb+53UyE1+HEybSzFBBFovijCMj0ex11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2/vEqCi5pXr9XvLyuNmzyOIpzAKVTBgytowB00wQcCj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8ASF2OTQ==</latexit>

U(1)V

- can be justified by building 2+1d SPT with this edge anomaly and explicitly 
gauging                         , c.f. Else-Nayak and Levin-Gu <latexit sha1_base64="vLun0iCs7W1ckX2SGo3qRuPMoQ8=">AAAB/XicbVDLSsNAFL3xWesrPnZuBotQNyURqS6rblxWMG2hDWEynbRDJw9mJkINxV9x40IRt/6HO//GaZqFth4YOPece7l3jp9wJpVlfRtLyyura+uljfLm1vbOrrm335JxKgh1SMxj0fGxpJxF1FFMcdpJBMWhz2nbH91M/fYDFZLF0b0aJ9QN8SBiASNYackzD52qfeq1UE+xkEqUV1eeWbFqVg60SOyCVKBA0zO/ev2YpCGNFOFYyq5tJcrNsFCMcDop91JJE0xGeEC7mkZY73Kz/PoJOtFKHwWx0C9SKFd/T2Q4lHIc+rozxGoo572p+J/XTVVw6WYsSlJFIzJbFKQcqRhNo0B9JihRfKwJJoLpWxEZYoGJ0oGVdQj2/JcXSeusZtdr9bvzSuO6iKMER3AMVbDhAhpwC01wgMAjPMMrvBlPxovxbnzMWpeMYuYA/sD4/AFaX5M/</latexit>

U(1)V ⇥ U(1)A



1+1d: lattice diagnostic of anomaly

- continuum intuition: imagine breaking             and gauging            :

<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="QhaWXmnGoOlgmZu6DZZxvnONEzE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVqqNq3LtNo+jAKdwBhfgwTXU4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A47uNAw==</latexit>

t

<latexit sha1_base64="/y76EtRPYsokNDmErSO/wiJQp3U=">AAAB+3icbVDLTgIxFO34RHyNuHTTSExwQ2aIQZeoG91BIo+EGSed0oGGTqdpOwZC+BU3LjTGrT/izr+xwCwUPMlNTs65N/feEwpGlXacb2ttfWNzazu3k9/d2z84tI8KLZWkEpMmTlgiOyFShFFOmppqRjpCEhSHjLTD4e3Mbz8RqWjCH/RYED9GfU4jipE2UmAXPDISpYonKKSw8XgfXJ8HdtEpO3PAVeJmpAgy1AP7y+slOI0J15ghpbquI7Q/QVJTzMg076WKCISHqE+6hnIUE+VP5rdP4ZlRejBKpCmu4Vz9PTFBsVLjODSdMdIDtezNxP+8bqqjK39CuUg14XixKEoZ1AmcBQF7VBKs2dgQhCU1t0I8QBJhbeLKmxDc5ZdXSatSdqvlauOiWLvJ4siBE3AKSsAFl6AG7kAdNAEGI/AMXsGbNbVerHfrY9G6ZmUzx+APrM8f3d2TDA==</latexit>

exp(2⇡iQI
A)

<latexit sha1_base64="nAOuimiAux2PRvasK65CIMQnvpc=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrDHpEvXjExAUS2JBu6UKl227argnZ8B+8eNAYr/4fb/4bC+xB0ZdM8vLeTGbmhQln2rjul1NYWV1b3yhulra2d3b3yvsHLS1TRahPJJeqE2JNORPUN8xw2kkUxXHIaTsc38z89iNVmklxbyYJDWI8FCxiBBsrtfyqd9q/6pcrbs2dA/0lXk4qkKPZL3/2BpKkMRWGcKx113MTE2RYGUY4nZZ6qaYJJmM8pF1LBY6pDrL5tVN0YpUBiqSyJQyaqz8nMhxrPYlD2xljM9LL3kz8z+umJroMMiaS1FBBFouilCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMmG4C2//Je0zmpevVa/O680rvM4inAEx1AFDy6gAbfQBB8IPMATvMCrI51n5815X7QWnHzmEH7B+fgGKImOOA==</latexit>

U(1)A
<latexit sha1_base64="hmgYRimyvPaoDGx0pDwxk3ZKgzQ=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrDHokevGIibuQwIZ0Sxcq3XbTdk0I4T948aAxXv0/3vw3FtiDgi+Z5OW9mczMi1LOtHHdb6ewtr6xuVXcLu3s7u0flA+PAi0zRahPJJeqHWFNORPUN8xw2k4VxUnEaSsa3c781hNVmknxYMYpDRM8ECxmBBsrBX7VO+8FvXLFrblzoFXi5aQCOZq98le3L0mWUGEIx1p3PDc14QQrwwin01I30zTFZIQHtGOpwAnV4WR+7RSdWaWPYqlsCYPm6u+JCU60HieR7UywGeplbyb+53UyE1+HEybSzFBBFovijCMj0ex11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2/vEqCi5pXr9XvLyuNmzyOIpzAKVTBgytowB00wQcCj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8ASF2OTQ==</latexit>

U(1)V

then acting with                       amounts to shifting 

<latexit sha1_base64="UCbUcq72L4bPRKQLZWUWVt4CL1Y=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBbBVUlEqsuiG91VsQ9oYplMp+3QycOZiVBCdm78FTcuFHHrL7jzb5y0WWjrgQuHc+7l3nu8iDOpLOvbKCwsLi2vFFdLa+sbm1vm9k5ThrEgtEFCHoq2hyXlLKANxRSn7UhQ7HuctrzRRea3HqiQLAxu1Tiiro8HAeszgpWWuub+FXIU86lEieNjNfS85Ca9S5wBvUdWmnbNslWxJkDzxM5JGXLUu+aX0wtJ7NNAEY6l7NhWpNwEC8UIp2nJiSWNMBnhAe1oGmC92k0mf6ToUCs91A+FrkChifp7IsG+lGPf053ZrXLWy8T/vE6s+mduwoIoVjQg00X9mCMVoiwU1GOCEsXHmmAimL4VkSEWmCgdXUmHYM++PE+axxW7Wqlen5Rr53kcRdiDAzgCG06hBpdQhwYQeIRneIU348l4Md6Nj2lrwchnduEPjM8fqMWZNA==</latexit>

I ⇥ R�0

<latexit sha1_base64="sDm5DtNhGP7deeObBm2qdi6t/fE=">AAACCXicbVBNS8NAEN3Ur1q/oh69LBZBEEpSpHosevFYwbZCE8pmu2mWbrJhd6KU0KsX/4oXD4p49R9489+4/RC09cHA470ZZuYFqeAaHOfLKiwtr6yuFddLG5tb2zv27l5Ly0xR1qRSSHUbEM0ET1gTOAh2mypG4kCwdjC4HPvtO6Y0l8kNDFPmx6Sf8JBTAkbq2tiDiAHBnuL9CIhS8v5HOsFVL+Vdu+xUnAnwInFnpIxmaHTtT68naRazBKggWndcJwU/Jwo4FWxU8jLNUkIHpM86hiYkZtrPJ5+M8JFRejiUylQCeKL+nshJrPUwDkxnTCDS895Y/M/rZBCe+zlP0gxYQqeLwkxgkHgcC+5xxSiIoSGEKm5uxTQiilAw4ZVMCO78y4ukVa24tUrt+rRcv5jFUUQH6BAdIxedoTq6Qg3URBQ9oCf0gl6tR+vZerPep60Fazazj/7A+vgGfjeZkQ==</latexit>

✓ ! ✓ + 2⇡

so that
<latexit sha1_base64="UfBK1QgPzvPKtaU/UhX1S4dwZl8="></latexit>

S ! S + 2⇡

Z

I⇥R�0

FV = S + 2⇡

Z

@(I⇥R�0)
AV

<latexit sha1_base64 ="Sm3R+xebVDAdlVaemphDjNu+WUs=">AAACDHic bVDLSgMxFM3UV62vqks3wSK4KGVGpLosCuKyon1A ZyiZTNqGZjJDckcsQz/Ajb/ixoUibv0Ad/6NaTsLbT0QOJxzLrn3+LHgGmz728otLa+sruXXCxubW9s7xd29po4SRVmDRiJSbZ9oJrhkDeAgWDtWjIS+YC1/eDnxW/dMaR7JOxjFzAtJX/IepwSM1C2WbrGreYhdLgGnAbjl4GHslrELAwbEkKtu06Tsij0FXiRORkooQ71b/HKDiCYhk0AF0brj2DF4KVHAqWDjgptoFhM6JH3WMVSSkGkvnR4zxkdGCXAvUuaZnabq74mUhFqPQt8kQwIDPe9NxP+8TgK9cy/lMk6ASTr7qJcIDBGeNIMDrhgFMTKEUMXNrpgOiCIUTH8FU4Izf/IiaZ5UnGqlenNaql1kdeTRATpEx8hBZ6iGrlEdNRBFj+gZvaI368l6sd6tj1k0Z2Uz++gPrM8ff/aaBA==</latexit>

S ⇠
Z

dt dx ✓ FV

<latexit sha1_base64="BkZirS3xLJHdCVdDDlMDKbxoLwk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCnG4zb</latexit>

L
<latexit sha1_base64="gA+KaQ8q4BwMGmTB+QI+KZDk2aQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALAzjOE=</latexit>

R

charge pumped from L to R

<latexit sha1_base64="E8FAY+OLF7H02ml4H9Hvk2cz494=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoiUr0IVUE8VrBpoQ1hs9m2SzebsLsRSujf8OJBEa/+GW/+G7dtDtr6YODx3gwz84KEM6Vt+9sqrKyurW8UN0tb2zu7e+X9A1fFqSS0RWIey06AFeVM0JZmmtNOIimOAk7bweh26refqFQsFo96nFAvwgPB+oxgbaRe9c530RUKr3331C9X7Jo9A1omTk4qkKPpl796YUzSiApNOFaq69iJ9jIsNSOcTkq9VNEEkxEe0K6hAkdUedns5gk6MUqI+rE0JTSaqb8nMhwpNY4C0xlhPVSL3lT8z+umun/pZUwkqaaCzBf1U450jKYBoJBJSjQfG4KJZOZWRIZYYqJNTCUTgrP48jJxz2pOvVZ/OK80bvI4inAEx1AFBy6gAffQhBYQSOAZXuHNSq0X6936mLcWrHzmEP7A+vwBnFuQIA==</latexit>

(FV = dAV )



- on a manifold          with no boundary:

self-linking number of vortex configuration 

<latexit sha1_base64="Mg9Lvhw0HmP4YNB4jPLjoNxp6HE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRI9BL16EiOYByRpmJ5NkyOzsMtMrhCWf4MWDIl79Im/+jZNkDxotaCiquunuCmIpDLrul5NbWl5ZXcuvFzY2t7Z3irt7DRMlmvE6i2SkWwE1XArF6yhQ8lasOQ0DyZvB6GrqNx+5NiJS9ziOuR/SgRJ9wSha6e7m4bRbLLlldwbyl3gZKUGGWrf42elFLAm5QiapMW3PjdFPqUbBJJ8UOonhMWUjOuBtSxUNufHT2akTcmSVHulH2pZCMlN/TqQ0NGYcBrYzpDg0i95U/M9rJ9i/8FOh4gS5YvNF/UQSjMj0b9ITmjOUY0so08LeStiQasrQplOwIXiLL/8ljZOyVylXbs9K1cssjjwcwCEcgwfnUIVrqEEdGAzgCV7g1ZHOs/PmvM9bc042sw+/4Hx8A880jYE=</latexit>

M3

<latexit sha1_base64="C+9m6Jb6Ili8JTNth3baYduwSnM=">AAACAHicdZC7TsMwFIadcivlFmBgYLGokJiqpEKh3SpYGItEL1ITVY7jtFYdO7IdpCrqwquwMIAQK4/BxtvgtEUCBGf69P/n2Of8Ycqo0o7zYZVWVtfWN8qbla3tnd09e/+gq0QmMelgwYTsh0gRRjnpaKoZ6aeSoCRkpBdOrgq/d0ekooLf6mlKggSNOI0pRtpIQ/sogj6LmRASGkrHFPrmYcqGdtWpOaY8DxbgNhzXQLPZqNeb0J1bjlMFy2oP7Xc/EjhLCNeYIaUGrpPqIEdSU8zIrOJniqQIT9CIDAxylBAV5PMDZvDUKBGMzRKx4BrO1e8TOUqUmiah6UyQHqvfXiH+5Q0yHTeCnPI004TjxUdxxqAWsEgDRlQSrNnUAMKSml0hHiOJsDaZVUwIX5fC/6Fbr7lezbs5r7Yul3GUwTE4AWfABRegBa5BG3QABjPwAJ7As3VvPVov1uuitWQtZw7Bj7LePgECopYT</latexit>

dbd�e
Xu Senthil 2013

3+1d (bosonic): Not-on-site symmetry action

<latexit sha1_base64="yY7+RUgPifKOpoLnhCAmtCqQRgU="></latexit>

QA =

Z

M3

(d�� bd�e) [ dbd�e

(Fidkowski, Xu, Zhang arXiv:2510.17969)

<latexit sha1_base64="VQNL733Rbr/YUFgisTwVxvbc4+4=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVZMq1Y1QdONGaME+oKlhMpm0QyeTMDMRSshnuPFX3LhQxG13/o3TNgttPXDhcM693HuPFzMqlWV9G4WV1bX1jeJmaWt7Z3fP3D9oyygRmLRwxCLR9ZAkjHLSUlQx0o0FQaHHSMcb3U79zhMRkkb8QY1j0g/RgNOAYqS05JpnTbcNr6ETCIRTmqVVJ6YZdChXbnr/eJ7ljp+lvhMPaeaaZatizQCXiZ2TMsjRcM2J40c4CQlXmCEpe7YVq36KhKKYkazkJJLECI/QgPQ05Sgksp/OHsvgiVZ8GERCF1dwpv6eSFEo5Tj0dGeI1FAuelPxP6+XqOCqn1IeJ4pwPF8UJAyqCE5Tgj4VBCs21gRhQfWtEA+RTkLpLEs6BHvx5WXSrlbsWqXWvCjXb/I4iuAIHINTYINLUAd3oAFaAINn8ArewYfxYrwZn8bXvLVg5DOH4A+MyQ+Y7aAw</latexit>

QV =
i

2⇡

Z

M3

d

d�

<latexit sha1_base64="s/rrjXCE3k66hfZ5kbFycZuHUV0="></latexit>

exp(i✓QA) = exp

✓
�i✓

Z

M3

bd�e [ dbd�e
◆

(need simplicial manifold with 
branching structure)



3+1d (bosonic): Not-on-site symmetry action

- on a manifold          with boundary:
<latexit sha1_base64="Mg9Lvhw0HmP4YNB4jPLjoNxp6HE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRI9BL16EiOYByRpmJ5NkyOzsMtMrhCWf4MWDIl79Im/+jZNkDxotaCiquunuCmIpDLrul5NbWl5ZXcuvFzY2t7Z3irt7DRMlmvE6i2SkWwE1XArF6yhQ8lasOQ0DyZvB6GrqNx+5NiJS9ziOuR/SgRJ9wSha6e7m4bRbLLlldwbyl3gZKUGGWrf42elFLAm5QiapMW3PjdFPqUbBJJ8UOonhMWUjOuBtSxUNufHT2akTcmSVHulH2pZCMlN/TqQ0NGYcBrYzpDg0i95U/M9rJ9i/8FOh4gS5YvNF/UQSjMj0b9ITmjOUY0so08LeStiQasrQplOwIXiLL/8ljZOyVylXbs9K1cssjjwcwCEcgwfnUIVrqEEdGAzgCV7g1ZHOs/PmvM9bc042sw+/4Hx8A880jYE=</latexit>

M3

<latexit sha1_base64="Wxo287hDT25hvHBV6VLcfo0v82A="></latexit>

UA(2⇡) = exp

✓
2⇡i

Z

@M3

� [ dbd�e
◆

<latexit sha1_base64="OcRMNN0BVXCK/Dszf7l7k4qNCv8="></latexit>

pumps 2+1d bosonic SPT of U(1)V to the boundary of M3

DeMarco, Wen 2020, 2021

- continuum intuition: break             and gauge            : 
<latexit sha1_base64="nAOuimiAux2PRvasK65CIMQnvpc=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrDHpEvXjExAUS2JBu6UKl227argnZ8B+8eNAYr/4fb/4bC+xB0ZdM8vLeTGbmhQln2rjul1NYWV1b3yhulra2d3b3yvsHLS1TRahPJJeqE2JNORPUN8xw2kkUxXHIaTsc38z89iNVmklxbyYJDWI8FCxiBBsrtfyqd9q/6pcrbs2dA/0lXk4qkKPZL3/2BpKkMRWGcKx113MTE2RYGUY4nZZ6qaYJJmM8pF1LBY6pDrL5tVN0YpUBiqSyJQyaqz8nMhxrPYlD2xljM9LL3kz8z+umJroMMiaS1FBBFouilCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMmG4C2//Je0zmpevVa/O680rvM4inAEx1AFDy6gAbfQBB8IPMATvMCrI51n5815X7QWnHzmEH7B+fgGKImOOA==</latexit>

U(1)A
<latexit sha1_base64="hmgYRimyvPaoDGx0pDwxk3ZKgzQ=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrDHokevGIibuQwIZ0Sxcq3XbTdk0I4T948aAxXv0/3vw3FtiDgi+Z5OW9mczMi1LOtHHdb6ewtr6xuVXcLu3s7u0flA+PAi0zRahPJJeqHWFNORPUN8xw2k4VxUnEaSsa3c781hNVmknxYMYpDRM8ECxmBBsrBX7VO+8FvXLFrblzoFXi5aQCOZq98le3L0mWUGEIx1p3PDc14QQrwwin01I30zTFZIQHtGOpwAnV4WR+7RSdWaWPYqlsCYPm6u+JCU60HieR7UywGeplbyb+53UyE1+HEybSzFBBFovijCMj0ex11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2/vEqCi5pXr9XvLyuNmzyOIpzAKVTBgytowB00wQcCj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8ASF2OTQ==</latexit>

U(1)V

<latexit sha1_base64="dyZ4njJpM/N0xFVS1mnXMgZulyE=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAbBQwgzItFjUBCPEc0CmRB6eipJk56F7ho1DHkOL76KFw+KeBMvvo2d5aCJPzR8/FVFV/1eLIVG2/62FhaXlldWM2vZ9Y3Nre3czm5NR4niUOWRjFTDYxqkCKGKAiU0YgUs8CTUvf7FqF6/A6VFFN7iIIZWwLqh6AjO0FjtnHNDXZ3EGpC6IkSa+ugW/IehW6Au9gCZgct2jbr34HdhhO1c3i7aY9F5cKaQJ1NV2rlP1494EkCIXDKtm44dYytlCgWXMMy6iYaY8T7rQtNgyALQrXR82pAeGsennUiZZ9Yb u78nUhZoPQg80xkw7OnZ2sj8r9ZMsHPWSkUYJwgh n3zUSSTFiI5yor5QwFEODDCuhNmV8h5TjKNJM2tCcGZPnofacdEpFUvXJ/ny+TSODNknB+SIOOSUlMkVqZAq4eSRPJNX8mY9WS/Wu/UxaV2wpjN75I+srx/voZ+O</latexit>

S �
Z

dt dx ✓ FV ^ FV

then acting with                       , where                  , amounts to shifting 
<latexit sha1_base64="sDm5DtNhGP7deeObBm2qdi6t/fE=">AAACCXicbVBNS8NAEN3Ur1q/oh69LBZBEEpSpHosevFYwbZCE8pmu2mWbrJhd6KU0KsX/4oXD4p49R9489+4/RC09cHA470ZZuYFqeAaHOfLKiwtr6yuFddLG5tb2zv27l5Ly0xR1qRSSHUbEM0ET1gTOAh2mypG4kCwdjC4HPvtO6Y0l8kNDFPmx6Sf8JBTAkbq2tiDiAHBnuL9CIhS8v5HOsFVL+Vdu+xUnAnwInFnpIxmaHTtT68naRazBKggWndcJwU/Jwo4FWxU8jLNUkIHpM86hiYkZtrPJ5+M8JFRejiUylQCeKL+nshJrPUwDkxnTCDS895Y/M/rZBCe+zlP0gxYQqeLwkxgkHgcC+5xxSiIoSGEKm5uxTQiilAw4ZVMCO78y4ukVa24tUrt+rRcv5jFUUQH6BAdIxedoTq6Qg3URBQ9oCf0gl6tR+vZerPep60Fazazj/7A+vgGfjeZkQ==</latexit>

✓ ! ✓ + 2⇡

<latexit sha1_base64="E8FAY+OLF7H02ml4H9Hvk2cz494=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoiUr0IVUE8VrBpoQ1hs9m2SzebsLsRSujf8OJBEa/+GW/+G7dtDtr6YODx3gwz84KEM6Vt+9sqrKyurW8UN0tb2zu7e+X9A1fFqSS0RWIey06AFeVM0JZmmtNOIimOAk7bweh26refqFQsFo96nFAvwgPB+oxgbaRe9c530RUKr3331C9X7Jo9A1omTk4qkKPpl796YUzSiApNOFaq69iJ9jIsNSOcTkq9VNEEkxEe0K6hAkdUedns5gk6MUqI+rE0JTSaqb8nMhwpNY4C0xlhPVSL3lT8z+umun/pZUwkqaaCzBf1U450jKYBoJBJSjQfG4KJZOZWRIZYYqJNTCUTgrP48jJxz2pOvVZ/OK80bvI4inAEx1AFBy6gAffQhBYQSOAZXuHNSq0X6936mLcWrHzmEP7A+vwBnFuQIA==</latexit>

(FV = dAV )

<latexit sha1_base64="5r20O/BgGkh9XwOQN2zVHbH2hNc=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6qYkpVSXVTduhBbsA5o0TKaTduhkEmYmYold+CtuXCji1t9w5984fSy09cCFwzn3cu89fsyoVJb1bWRWVtfWN7Kbua3tnd09c/+gKaNEYNLAEYtE20eSMMpJQ1HFSDsWBIU+Iy1/eD3xW/dESBrxOzWKiRuiPqcBxUhpyTOPHPIQF0pOTCGF9W562y2Pvcszz8xbRWsKuEzsOcmDOWqe+eX0IpyEhCvMkJQd24qVmyKhKGZknHMSSWKEh6hPOppyFBLpptP7x/BUKz0YREIXV3Cq/p5IUSjlKPR1Z4jUQC56E/E/r5Oo4MJNKY8TRTieLQoSBlUEJ2HAHhUEKzbSBGFB9a0QD5BAWOnIcjoEe/HlZdIsFe1KsVIv56tX8ziy4BicgAKwwTmoghtQAw2AwSN4Bq/gzXgyXox342PWmjHmM4fgD4zPH+iPlMI=</latexit>

exp(2⇡iQM4

A )
<latexit sha1_base64="AuRvr9w6fn1TpEDMWeN5L+0IcO4=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KomU6rLoxo1QxT6gScvMdNIOnUzCzEQooeDGX3HjQhG3/oQ7/8ZJm4W2HrhwOOde7r0Hx5wp7Tjf1tLyyuraemGjuLm1vbNr7+03VZRIQhsk4pFsY6QoZ4I2NNOctmNJUYg5beHRVea3HqhULBL3ehxTP0QDwQJGkDZSzz686VagpxKsqIapFyI9xDi9m0y6lZ5dcsrOFHCRuDkpgRz1nv3l9SOShFRowpFSHdeJtZ8iqRnhdFL0EkVjREZoQDuGChRS5afTHybwxCh9GETSlNBwqv6eSFGo1DjEpjM7Us17mfif10l0cOGnTMSJpoLMFgUJhzqCWSCwzyQlmo8NQUQycyskQyQR0Sa2ognBnX95kTTPym61XL2tlGqXeRwFcASOwSlwwTmogWtQBw1AwCN4Bq/gzXqyXqx362PWumTlMwfgD6zPH2wZl2k=</latexit>

M4 ⇢ R4

<latexit sha1_base64="gGxUTAL8c6jXYwUTWnL/IJ5434A="></latexit>

S ! S + 2⇡

Z

M4

FV ^ FV = S + 2⇡

Z

@M4

AV ^ dAV

bosonic U(1) SPT



3+1d (bosonic): Not-on-site symmetry action

compare 1+1 d case:

inserting 2 pi 
axial flux...

pulls in a 0+1d bosonic 
charge of U(1)_V

action of 4+1d anomaly in-flow SPT phase:

inserting 2 pi 
axial flux...

pulls in a 2+1d bosonic 
SPT state with U(1)_V Hall 

conductivity

<latexit sha1_base64="jiaNMDFlUA50TSdKeGdzFusgGP4="></latexit>

S ⇠ AA ^ dAV ^ dAV ⇠ � 1

4⇡2
dAA ^AV ^ dAV

<latexit sha1_base64="Yf4yJ/Uu1FEMq+0/y64+v6tNquo=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEpLpsdeOyon1AE8JkctMOnTyYmSilduGvuHGhiFt/w51/47TNQlsPXDiccy/33uOnnEllWd9GYWl5ZXWtuF7a2Nza3jF391oyyQSFJk14Ijo+kcBZDE3FFIdOKoBEPoe2P7ia+O17EJIl8Z0apuBGpBezkFGitOSZB7fYkSzCQd2rY+cBgh7gutfyzLJVsabAi8TOSRnlaHjmlxMkNIsgVpQTKbu2lSp3RIRilMO45GQSUkIHpAddTWMSgXRH0/vH+FgrAQ4ToStWeKr+nhiRSMph5OvOiKi+nPcm4n9eN1PhhTticZopiOlsUZhxrBI8CQMHTABVfKgJoYLpWzHtE0Go0pGVdAj2/MuLpHVasauV6s1ZuXaZx1FEh+gInSAbnaMaukYN1EQUPaJn9IrejCfjxXg3PmatBSOf2Ud/YHz+AMSclK0=</latexit>

S ⇠ dAA ^AV



3+1 d bosonic lattice model with two U(1) symmetries

- can construct 4+1d commuting projector SPT phase whose 3+1d boundary 
can be modeled with our not-on-site symmetries

<latexit sha1_base64="kf+FItwnFkqAKmixyrl8uHFfSuA=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6rLVjcuK9gFNCJPJTTt08mBmopTQD3Djr7hxoYhbP8Cdf+O0zcK2Hhg4nHMud+7xEs6kMs0fo7Cyura+UdwsbW3v7O6V9w/aMk4FhRaNeSy6HpHAWQQtxRSHbiKAhB6Hjje8nvidBxCSxdG9GiXghKQfsYBRorTklit32JYsxA23ge1H8PuA/YbbnuM6ZVbNKfAysXJSQTmabvnb9mOahhApyomUPctMlJMRoRjlMC7ZqYSE0CHpQ0/TiIQgnWx6zBifaMXHQSz0ixSeqn8nMhJKOQo9nQyJGshFbyL+5/VSFVw6GYuSVEFEZ4uClGMV40kz2GcCqOIjTQgVTP8V0wERhCrdX0mXYC2evEzaZ1WrVq3dnlfqV3kdRXSEjtEpstAFqqMb1EQtRNETekFv6N14Nl6ND+NzFi0Y+cwhmoPx9QtiKZlR</latexit>

S ⇠ AA ^ dAV ^ dAV

Else, Nayak 2014

4+1d commuting 
projector SPT

anomalous boundary 3+1d system with not-
on-site symmetries

<latexit sha1_base64="kMtG9mgb0OSkkRoem6uRAIqs2xo=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquSPVY9OKxgv2AdinZNNuGZpMlmVXq0l/ixYMiXv0p3vw3pu0etPXBwOO9GWbmhYngBjzv2ymsrW9sbhW3Szu7e/tl9+CwZVSqKWtSJZTuhMQwwSVrAgfBOolmJA4Fa4fjm5nffmDacCXvYZKwICZDySNOCVip75Z7gkWg+XAERGv12HcrXtWbA68SPycVlKPRd796A0XTmEmgghjT9b0Egoxo4FSwaamXGpYQOiZD1rVUkpiZIJsfPsWnVhngSGlbEvBc/T2RkdiYSRzazpjAyCx7M/E/r5tCdBVkXCYpMEkXi6JUYFB4lgIecM0oiIklhGpub8V0RDShYLMq2RD85ZdXSeu86teqtbuLSv06j6OIjtEJOkM+ukR1dIsaqIkoStEzekVvzpPz4rw7H4vWgpPPHKE/cD5/AG3ok5w=</latexit>$

finite depth circuit 
of local unitaries
('truncated symmetric 
disentangler')



3+1 d fermionic lattice model with two U(1) symmetries

- decorate our system with fermionic degrees of freedom and modify the two 
U(1) generators so:

<latexit sha1_base64="kf+FItwnFkqAKmixyrl8uHFfSuA=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6rLVjcuK9gFNCJPJTTt08mBmopTQD3Djr7hxoYhbP8Cdf+O0zcK2Hhg4nHMud+7xEs6kMs0fo7Cyura+UdwsbW3v7O6V9w/aMk4FhRaNeSy6HpHAWQQtxRSHbiKAhB6Hjje8nvidBxCSxdG9GiXghKQfsYBRorTklit32JYsxA23ge1H8PuA/YbbnuM6ZVbNKfAysXJSQTmabvnb9mOahhApyomUPctMlJMRoRjlMC7ZqYSE0CHpQ0/TiIQgnWx6zBifaMXHQSz0ixSeqn8nMhJKOQo9nQyJGshFbyL+5/VSFVw6GYuSVEFEZ4uClGMV40kz2GcCqOIjTQgVTP8V0wERhCrdX0mXYC2evEzaZ1WrVq3dnlfqV3kdRXSEjtEpstAFqqMb1EQtRNETekFv6N14Nl6ND+NzFi0Y+cwhmoPx9QtiKZlR</latexit>

S ⇠ AA ^ dAV ^ dAV

4+1d fermionic 
commuting projector 
SPT

anomalous boundary 3+1d system with not-
on-site symmetries

<latexit sha1_base64="SYqwe3KJjGCPGDj8c5Emh6eWC9U=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCe7AkItWLUBXEYwXTFtoYNttNu3SzCbsbpcT+FC8eFPHqL/Hmv3Hb5qCtDwYe780wM8+PGZXKsr6N3NLyyupafr2wsbm1vWMWd5sySgQmDo5YJNo+koRRThxFFSPtWBAU+oy0/OHVxG89ECFpxO/UKCZuiPqcBhQjpSXPLDreRbkb0wo8h+Uju3J/7Zklq2pNAReJnZESyNDwzK9uL8JJSLjCDEnZsa1YuSkSimJGxoVuIkmM8BD1SUdTjkIi3XR6+hgeaqUHg0jo4gpO1d8TKQqlHIW+7gyRGsh5byL+53USFZy5KeVxogjHs0VBwqCK4CQH2KOCYMVGmiAsqL4V4gESCCudVkGHYM+/vEiax1W7Vq3dnpTql1kcebAPDkAZ2OAU1MENaAAHYPAInsEreDOejBfj3fiYteaMbGYP/IHx+QOijZGr</latexit>

UA(⇡) = (�1)F

<latexit sha1_base64="kMtG9mgb0OSkkRoem6uRAIqs2xo=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquSPVY9OKxgv2AdinZNNuGZpMlmVXq0l/ixYMiXv0p3vw3pu0etPXBwOO9GWbmhYngBjzv2ymsrW9sbhW3Szu7e/tl9+CwZVSqKWtSJZTuhMQwwSVrAgfBOolmJA4Fa4fjm5nffmDacCXvYZKwICZDySNOCVip75Z7gkWg+XAERGv12HcrXtWbA68SPycVlKPRd796A0XTmEmgghjT9b0Egoxo4FSwaamXGpYQOiZD1rVUkpiZIJsfPsWnVhngSGlbEvBc/T2RkdiYSRzazpjAyCx7M/E/r5tCdBVkXCYpMEkXi6JUYFB4lgIecM0oiIklhGpub8V0RDShYLMq2RD85ZdXSeu86teqtbuLSv06j6OIjtEJOkM+ukR1dIsaqIkoStEzekVvzpPz4rw7H4vWgpPPHKE/cD5/AG3ok5w=</latexit>$

finite depth circuit 
of local unitaries
('truncated symmetric 
disentangler')

U(1) rotors

Majorana fermions



3+1 d fermionic field theory saturating the anomaly

- instead: 4 left-handed Weyl fermions with charges:

<latexit sha1_base64="kf+FItwnFkqAKmixyrl8uHFfSuA=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwVRKR6rLVjcuK9gFNCJPJTTt08mBmopTQD3Djr7hxoYhbP8Cdf+O0zcK2Hhg4nHMud+7xEs6kMs0fo7Cyura+UdwsbW3v7O6V9w/aMk4FhRaNeSy6HpHAWQQtxRSHbiKAhB6Hjje8nvidBxCSxdG9GiXghKQfsYBRorTklit32JYsxA23ge1H8PuA/YbbnuM6ZVbNKfAysXJSQTmabvnb9mOahhApyomUPctMlJMRoRjlMC7ZqYSE0CHpQ0/TiIQgnWx6zBifaMXHQSz0ixSeqn8nMhJKOQo9nQyJGshFbyL+5/VSFVw6GYuSVEFEZ4uClGMV40kz2GcCqOIjTQgVTP8V0wERhCrdX0mXYC2evEzaZ1WrVq3dnlfqV3kdRXSEjtEpstAFqqMb1EQtRNETekFv6N14Nl6ND+NzFi0Y+cwhmoPx9QtiKZlR</latexit>

S ⇠ AA ^ dAV ^ dAV

4+1d free fermion 
SPT

4 Weyl fermions

<latexit sha1_base64="yXDLcrAYlUrewIGDSiNLN7v7BQo=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXpIqnohePFdy20C4lm2bb0Gx2SbJCWfojvHhQxKu/x5v/xrTdg7Y+GHi8N8PMvCARXBvH+UaFtfWNza3idmlnd2//oHx41NJxqijzaCxi1QmIZoJL5hluBOskipEoEKwdjO9mfvuJKc1j+WgmCfMjMpQ85JQYK7W9qnveb930yxWn5syBV4mbkwrkaPbLX71BTNOISUMF0brrOonxM6IMp4JNS71Us4TQMRmyrqWSREz72fzcKT6zygCHsbIlDZ6rvycyEmk9iQLbGREz0sveTPzP66YmvPYzLpPUMEkXi8JUYBPj2e94wBWjRkwsIVRxeyumI6IINTahkg3BXX55lbQuam69Vn+4rDRu8ziKcAKnUAUXrqAB99AEDyiM4Rle4Q0l6AW9o49FawHlM8fwB+jzB8a/jpE=</latexit>

U(1)V :

<latexit sha1_base64="EbezfPjgJa/9vhbqlir/18zy13Q=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9kVqeKp6sVjBbcttEvJptk2NJssSVYoS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZFyacaeO6387K6tr6xmZhq7i9s7u3Xzo4bGqZKkJ9IrlU7RBrypmgvmGG03aiKI5DTlvh6G7qt56o0kyKRzNOaBDjgWARI9hYqeVXvLPezXWvVHar7gxomXg5KUOORq/01e1LksZUGMKx1h3PTUyQYWUY4XRS7KaaJpiM8IB2LBU4pjrIZudO0KlV+iiSypYwaKb+nshwrPU4Dm1njM1QL3pT8T+vk5roKsiYSFJDBZkvilKOjETT31GfKUoMH1uCiWL2VkSGWGFibEJFG4K3+PIyaZ5XvVq19nBRrt/mcRTgGE6gAh5cQh3uoQE+EBjBM7zCm5M4L8678zFvXXHymSP4A+fzB6bWjnw=</latexit>

U(1)A :

<latexit sha1_base64="PkBTD5ZTBp3XcOEb/nvUvRS7DiM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6inD+kG/XPGr/hxolQQ5qUCORr/81RtIkiZUWMKxMd3AVzbMsLaMcDot9VJDFSZjPKRdRwVOqAmz+bVTdOaUAYqldiUsmqu/JzKcGDNJIteZYDsyy95M/M/rpja+DjMmVGqpIItFccqRlWj2OhowTYnlE0cw0czdisgIa0ysC6jkQgiWX14lrYtqUKvW7i8r9Zs8jiKcwCmcQwBXUIc7aEATCDzCM7zCmye9F+/d+1i0Frx85hj+wPv8AU+ljvk=</latexit>

 1
<latexit sha1_base64="BUkgzVrN33C/lL+NXfWESBQ1CB8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqewWqR6LXjxWsLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaU7ITFMcMlallvBOolmJA4FewjHNzP/4Ylpw5W8t5OEBTEZSh5xSqyT2r3E8H6tX654VW8OvEr8nFQgR7Nf/uoNFE1jJi0VxJiu7yU2yIi2nAo2LfVSwxJCx2TIuo5KEjMTZPNrp/jMKQMcKe1KWjxXf09kJDZmEoeuMyZ2ZJa9mfif101tdBVkXCapZZIuFkWpwFbh2et4wDWjVkwcIVRzdyumI6IJtS6gkgvBX355lbRrVb9erd9dVBrXeRxFOIFTOAcfLqEBt9CEFlB4hGd4hTek0At6Rx+L1gLKZ47hD9DnD1Epjvo=</latexit>

 2
<latexit sha1_base64="ygk7ZarEaJzcl8XBfbrPodht3xM=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV2V6rHoxWMF+wHtUrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0O/VbT0wbruSDHScsiMlA8ohTYp3U7CaG9y56pbJX8WbAy8TPSRly1Hulr25f0TRm0lJBjOn4XmKDjGjLqWCTYjc1LCF0RAas46gkMTNBNrt2gk+d0seR0q6kxTP190RGYmPGceg6Y2KHZtGbiv95ndRG10HGZZJaJul8UZQKbBWevo77XDNqxdgRQjV3t2I6JJpQ6wIquhD8xZeXSfO84lcr1fvLcu0mj6MAx3ACZ+DDFdTgDurQAAqP8Ayv8IYUekHv6GPeuoLymSP4A/T5A1Ktjvs=</latexit>

 3

<latexit sha1_base64="eHggZ2CiD7xFD8IVlyvr5PJwoPk=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKqR6LXjxWsLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaU7ITFMcMlallvBOolmJA4FewjHNzP/4Ylpw5W8t5OEBTEZSh5xSqyT2r3E8H6tX654VW8OvEr8nFQgR7Nf/uoNFE1jJi0VxJiu7yU2yIi2nAo2LfVSwxJCx2TIuo5KEjMTZPNrp/jMKQMcKe1KWjxXf09kJDZmEoeuMyZ2ZJa9mfif101tdBVkXCapZZIuFkWpwFbh2et4wDWjVkwcIVRzdyumI6IJtS6gkgvBX355lbQvqn69Wr+rVRrXeRxFOIFTOAcfLqEBt9CEFlB4hGd4hTek0At6Rx+L1gLKZ47hD9DnD1Qxjvw=</latexit>

 4

<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1
<latexit sha1_base64="7qdlpxPacQLaH047tn50yfQNVtk=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cO71SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaV5UvGqlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+d0jPc=</latexit>�1

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1
<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1
<latexit sha1_base64="7qdlpxPacQLaH047tn50yfQNVtk=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cO71SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaV5UvGqlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+d0jPc=</latexit>�1

<latexit sha1_base64="7qdlpxPacQLaH047tn50yfQNVtk=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cO71SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaV5UvGqlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+d0jPc=</latexit>�1

Kaplan 1992

- naive guess - Dirac fermion - has mixed U(1) gravitational anomaly for 
<latexit sha1_base64="nAOuimiAux2PRvasK65CIMQnvpc=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrDHpEvXjExAUS2JBu6UKl227argnZ8B+8eNAYr/4fb/4bC+xB0ZdM8vLeTGbmhQln2rjul1NYWV1b3yhulra2d3b3yvsHLS1TRahPJJeqE2JNORPUN8xw2kkUxXHIaTsc38z89iNVmklxbyYJDWI8FCxiBBsrtfyqd9q/6pcrbs2dA/0lXk4qkKPZL3/2BpKkMRWGcKx113MTE2RYGUY4nZZ6qaYJJmM8pF1LBY6pDrL5tVN0YpUBiqSyJQyaqz8nMhxrPYlD2xljM9LL3kz8z+umJroMMiaS1FBBFouilCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMmG4C2//Je0zmpevVa/O680rvM4inAEx1AFDy6gAbfQBB8IPMATvMCrI51n5815X7QWnHzmEH7B+fgGKImOOA==</latexit>

U(1)A



4+1d fermionic 
commuting projector SPT

Put together the two SPTs

4+1d free fermion SPT

4 Weyl fermions
putative trivially 
gapped interface

can be modeled as 
3+1d system with 
not-on-site actions of 

<latexit sha1_base64="A5CkzuRJ4ggVkOxvg7o5F/sFRFU=">AAACA3icbVBNS8NAEN3Ur1q/ot70sliEeimJSPVY9eKxgv2ANpTNdtMu3WzC7kQsoeDFv+LFgyJe/RPe/Ddu0x609cHA470ZZub5seAaHOfbyi0tr6yu5dcLG5tb2zv27l5DR4mirE4jEamWTzQTXLI6cBCsFStGQl+wpj+8nvjNe6Y0j+QdjGLmhaQvecApASN17YN6yT3pNnAH2AOkmMgeHuNMu+zaRafsZMCLxJ2RIpqh1rW/Or2IJiGTQAXRuu06MXgpUcCpYONCJ9EsJnRI+qxtqCQh016a/TDGx0bp4SBSpiTgTP09kZJQ61Hom86QwEDPexPxP6+dQHDhpVzGCTBJp4uCRGCI8CQQ3OOKURAjQwhV3NyK6YAoQsHEVjAhuPMvL5LGadmtlCu3Z8Xq1SyOPDpER6iEXHSOqugG1VAdUfSIntErerOerBfr3fqYtuas2cw++gPr8weDaJWJ</latexit>

U(1)V and U(1)A

- now make stacks of such systems, with 
<latexit sha1_base64="Adnw9d5XTc8VubfIsuqFcaPJA/E=">AAACKHicbZDLSsNAFIYn9VbrLerSzWARKkJJRKobserGZQv2Ak0Mk+mkHTq5dGYilNDHceOruBFRpFufxGkbqbb+MPDxn3M4c343YlRIwxhpmaXlldW17HpuY3Nre0ff3auLMOaY1HDIQt50kSCMBqQmqWSkGXGCfJeRhtu7Hdcbj4QLGgb3chAR20edgHoUI6ksR7+qwktoidh3LMSiLoKFvlN/SLk6wxPYd65n/g8eO3reKBoTwUUwU8iDVBVHf7PaIY59EkjMkBAt04iknSAuKWZkmLNiQSKEe6hDWgoD5BNhJ5NDh/BIOW3ohVy9QMKJ+3siQb4QA99VnT6SXTFfG5v/1Vqx9C7shAZRLEmAp4u8mEEZwnFqsE05wZINFCDMqforxF3EEZYq25wKwZw/eRHqp0WzVCxVz/LlmzSOLDgAh6AATHAOyuAOVEANYPAEXsA7+NCetVftUxtNWzNaOrMP/kj7+gbubqS2</latexit>

Q =
X

↵

(q↵V Q
↵
V + q↵AQ

↵
A)

being anomaly-free:
<latexit sha1_base64="LFDE6S44SwbPMjA7PdoqEO5Jl3c=">AAACF3icbZDLSgMxFIYz9VbrbdSlm2ARXA0zItWNUHXjsoK9QGccMmmmDU0yY5IRSulbuPFV3LhQxK3ufBvTdhBt/SHw8Z9zODl/lDKqtOt+WYWFxaXlleJqaW19Y3PL3t5pqCSTmNRxwhLZipAijApS11Qz0kolQTxipBn1L8f15j2RiibiRg9SEnDUFTSmGGljhbbjq4yHPmJpD8G78Pz2BxvzeOaGdtl13IngPHg5lEGuWmh/+p0EZ5wIjRlSqu25qQ6GSGqKGRmV/EyRFOE+6pK2QYE4UcFwctcIHhinA+NEmic0nLi/J4aIKzXgkenkSPfUbG1s/ldrZzo+DYZUpJkmAk8XxRmDOoHjkGCHSoI1GxhAWFLzV4h7SCKsTZQlE4I3e/I8NI4cr+JUro/L1Ys8jiLYA/vgEHjgBFTBFaiBOsDgATyBF/BqPVrP1pv1Pm0tWPnMLvgj6+MbRv6fXg==</latexit>X

↵

q↵Aq
↵
V q

↵
V = 0

- can disentangle not-on-site action of Q, and 
hence gap out bottom boundary in exactly 
solvable zero correlation length setting

(an exactly solvable version of symmetric mass 
generation, c.f. Eichten Preskill 1986)



U(1) hypercharge in Standard Model

<latexit sha1_base64="yXDLcrAYlUrewIGDSiNLN7v7BQo=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXpIqnohePFdy20C4lm2bb0Gx2SbJCWfojvHhQxKu/x5v/xrTdg7Y+GHi8N8PMvCARXBvH+UaFtfWNza3idmlnd2//oHx41NJxqijzaCxi1QmIZoJL5hluBOskipEoEKwdjO9mfvuJKc1j+WgmCfMjMpQ85JQYK7W9qnveb930yxWn5syBV4mbkwrkaPbLX71BTNOISUMF0brrOonxM6IMp4JNS71Us4TQMRmyrqWSREz72fzcKT6zygCHsbIlDZ6rvycyEmk9iQLbGREz0sveTPzP66YmvPYzLpPUMEkXi8JUYBPj2e94wBWjRkwsIVRxeyumI6IINTahkg3BXX55lbQuam69Vn+4rDRu8ziKcAKnUAUXrqAB99AEDyiM4Rle4Q0l6AW9o49FawHlM8fwB+jzB8a/jpE=</latexit>

U(1)V :
<latexit sha1_base64="EbezfPjgJa/9vhbqlir/18zy13Q=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9kVqeKp6sVjBbcttEvJptk2NJssSVYoS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZFyacaeO6387K6tr6xmZhq7i9s7u3Xzo4bGqZKkJ9IrlU7RBrypmgvmGG03aiKI5DTlvh6G7qt56o0kyKRzNOaBDjgWARI9hYqeVXvLPezXWvVHar7gxomXg5KUOORq/01e1LksZUGMKx1h3PTUyQYWUY4XRS7KaaJpiM8IB2LBU4pjrIZudO0KlV+iiSypYwaKb+nshwrPU4Dm1njM1QL3pT8T+vk5roKsiYSFJDBZkvilKOjETT31GfKUoMH1uCiWL2VkSGWGFibEJFG4K3+PIyaZ5XvVq19nBRrt/mcRTgGE6gAh5cQh3uoQE+EBjBM7zCm5M4L8678zFvXXHymSP4A+fzB6bWjnw=</latexit>

U(1)A :

<latexit sha1_base64="PkBTD5ZTBp3XcOEb/nvUvRS7DiM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6inD+kG/XPGr/hxolQQ5qUCORr/81RtIkiZUWMKxMd3AVzbMsLaMcDot9VJDFSZjPKRdRwVOqAmz+bVTdOaUAYqldiUsmqu/JzKcGDNJIteZYDsyy95M/M/rpja+DjMmVGqpIItFccqRlWj2OhowTYnlE0cw0czdisgIa0ysC6jkQgiWX14lrYtqUKvW7i8r9Zs8jiKcwCmcQwBXUIc7aEATCDzCM7zCmye9F+/d+1i0Frx85hj+wPv8AU+ljvk=</latexit>

 1
<latexit sha1_base64="BUkgzVrN33C/lL+NXfWESBQ1CB8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqewWqR6LXjxWsLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaU7ITFMcMlallvBOolmJA4FewjHNzP/4Ylpw5W8t5OEBTEZSh5xSqyT2r3E8H6tX654VW8OvEr8nFQgR7Nf/uoNFE1jJi0VxJiu7yU2yIi2nAo2LfVSwxJCx2TIuo5KEjMTZPNrp/jMKQMcKe1KWjxXf09kJDZmEoeuMyZ2ZJa9mfif101tdBVkXCapZZIuFkWpwFbh2et4wDWjVkwcIVRzdyumI6IJtS6gkgvBX355lbRrVb9erd9dVBrXeRxFOIFTOAcfLqEBt9CEFlB4hGd4hTek0At6Rx+L1gLKZ47hD9DnD1Epjvo=</latexit>

 2
<latexit sha1_base64="ygk7ZarEaJzcl8XBfbrPodht3xM=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV2V6rHoxWMF+wHtUrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0O/VbT0wbruSDHScsiMlA8ohTYp3U7CaG9y56pbJX8WbAy8TPSRly1Hulr25f0TRm0lJBjOn4XmKDjGjLqWCTYjc1LCF0RAas46gkMTNBNrt2gk+d0seR0q6kxTP190RGYmPGceg6Y2KHZtGbiv95ndRG10HGZZJaJul8UZQKbBWevo77XDNqxdgRQjV3t2I6JJpQ6wIquhD8xZeXSfO84lcr1fvLcu0mj6MAx3ACZ+DDFdTgDurQAAqP8Ayv8IYUekHv6GPeuoLymSP4A/T5A1Ktjvs=</latexit>

 3

<latexit sha1_base64="eHggZ2CiD7xFD8IVlyvr5PJwoPk=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKqR6LXjxWsLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaU7ITFMcMlallvBOolmJA4FewjHNzP/4Ylpw5W8t5OEBTEZSh5xSqyT2r3E8H6tX654VW8OvEr8nFQgR7Nf/uoNFE1jJi0VxJiu7yU2yIi2nAo2LfVSwxJCx2TIuo5KEjMTZPNrp/jMKQMcKe1KWjxXf09kJDZmEoeuMyZ2ZJa9mfif101tdBVkXCapZZIuFkWpwFbh2et4wDWjVkwcIVRzdyumI6IJtS6gkgvBX355lbQvqn69Wr+rVRrXeRxFOIFTOAcfLqEBt9CEFlB4hGd4hTek0At6Rx+L1gLKZ47hD9DnD1Qxjvw=</latexit>

 4

<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1
<latexit sha1_base64="7qdlpxPacQLaH047tn50yfQNVtk=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cO71SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaV5UvGqlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+d0jPc=</latexit>�1

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1
<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1
<latexit sha1_base64="7qdlpxPacQLaH047tn50yfQNVtk=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cO71SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaV5UvGqlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+d0jPc=</latexit>�1

<latexit sha1_base64="7qdlpxPacQLaH047tn50yfQNVtk=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cO71SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaV5UvGqlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+d0jPc=</latexit>�1

- Standard model (single generation, assuming sterile neutrino):

<latexit sha1_base64="irtXHaYMAbobl4ziuXHNRD/Rg1c="></latexit>

SU(3)⇥ SU(2)⇥ U(1)Y : (3, 2)1 + (3̄, 1)�4 + (3̄, 1)2 + (1, 2)�3 + (1, 1)6

lepton hypercharges:

<latexit sha1_base64="N/SXDUzQJhNs8slHFxPFLqs07QE="></latexit>

(6, 0,�3,�3) = 3 ⇤ (1,�1, 0, 0) + 3 ⇤ (1, 1,�1,�1)

quark hypercharges (x 3):

<latexit sha1_base64="d8Fua+T2Wc/ANrn0bmQ+LXn81Wc="></latexit>

(2,�4, 1, 1) = 3 ⇤ (1,�1, 0, 0) + (�1) ⇤ (1, 1,�1,�1)



U(1) hypercharge in Standard Model

- Assuming the free fermion / commuting projector interface can be trivially gapped, 
this gives a well controlled way to realize the hypercharge sector of one generation of 
the Standard Model, with the U(1) hypercharge acting onsite

- a heuristic for trivially gapping the interface: can break U(1)_V, 
which results in a state whose U(1)_A charge is the self-linking 
number of the U(1)_V vortices.  This cancels between the 
commuting projector and free fermion SPTs, allowing U(1)_V to be 
restored through quantum disordering the U(1)_V order parameter

- Since the hypercharge U(1) is onsite, it can straightforwardly be gauged using the 
usual methods (minimal coupling on the spatial lattice)



Future directions

- incorporating chiral SU(2); Witten anomaly and mixed U(1) - SU(2) anomaly

- implications of rotors vs. finite dimensional Hilbert spaces

- numerical simulation?


