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Big goal: Find all fixed points of the
renormalization group.

Strategies so far have not been systematic:

e do experiments and simulations.

e construct special examples from supersymmetry and string
theory.

e find free fixed points, do perturbation theory.
e find fixed points that are close to violating simple

unitarity bounds (conformal bootstrap).
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Central Dogma of Entanglement Bootstrap: All the

universal properties of a state of matter are encoded in a

single representative density matrix on a ball.

Universal = intrinsic to an RG fixed point,

representative of a phase of matter or critical point.

Why we care about locality:
While the full many-body wavefunction in the thermodynamic limit is an
object of terror, the reduced density matrix of a small-enough ball is

finitary.
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Reasons to believe the Central Dogma

Central Dogma: All the universal properties of a state of matter

are encoded in a single representative density matrix on a ball pp.

Some evidence: Warning: not mathematical physics‘

e In a groundstate of a local Hamiltonian, the entanglement entropy
satisfies an area law, Sp = —trppplogpp = |8B|/ed_1 + smaller

(modulo some important and well-understood exceptions)

e In a groundstate with liquid topological order, for B ~ disk,
Sp = 128l _ v,y = topo. entanglement entropy (TEE) extracts anyon data

€
[Levin-Wen, Kitaev-Preskill 06, Grover-Turner-Vishwanath]
e There is more info in pp than entropies: px = e Kx

Kx = —logpx entanglement Hamiltonian

=i e “
Ju(4, B,C) = i{|[Kap, Kpoll¥) = — 0
chiral central charge, the net number of edge modes of a FQH state

[Kim-Shi-Kato-Albert 21, Zou-Shi-Sorce-Lim-Kim 22] also: [Kitaev-Preskill, Li-Haldane]
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Local conditions

A consequence of the above Central Dogma is that there
should be local conditions on a wavefunction that tell us

which category of state it represents:
Is it topologically ordered? Is it a CF'T groundstate?

Is it a fracton state?

Once we identify these conditions for a category of states, they can be used
in (at least) two ways (‘bootstrap’):

1. impose the conditions as axioms and prove structural properties of the
universal data.

2. directly look for states satisfying the axioms.

So the goal of Entanglement Bootstrap is to understand the structure of
this universal info and learn to extract it from the local density matrix.
Because this universal info is usually encoded in a QFT, this can teach us
about QFT.



So far

>

Entanglement Bootstrap for liquid topological order
[2112.08398, 2301.07119 with Bowen Shi (UCSD, UQM postdoc — BIMSA faculty)
and Jin-Long Huang (UCSD — Hong Kong City U), based on foundational work by
Bowen Shi, Isaac Kim, Kohtaro Kato 1906.09376, 2008.11793]

Entanglement Bootstrap for gapped domain walls

[Bowen Shi, Isaac Kim 2008.11793]

Entanglement Bootstrap for 1+1d CFT

[2303.05444 with Ting-Chun (David) Lin (UCSD — Stanford), 2509.04596 with XL

and TCL.]

Entanglement Bootstrap for Mixed States

[Tai-Hsuan Yang, Bowen Shi, Jong-Yeon Lee, 2506.04221]

Entanglement Bootstrap for 2+1d chiral topological states
2403.18410 2404.03725 2408.10306 2510.23720 with Xiang Li (UCSD — Oxford), BS,
TCL, Isaac Kim

Entanglement Bootstrap for CFT in any dimension

[2606.12540 with Rolando Ramirez Camasca, XL, TCL]


https://arxiv.org/abs/2112.08398
https://arxiv.org/abs/2301.07119
https://arxiv.org/abs/2303.05444
http://arxiv.org/abs/2509.04596
https://arxiv.org/abs/2403.18410
https://arxiv.org/abs/2404.03725
https://arxiv.org/abs/2408.10306
https://arxiv.org/abs/2510.23720

Entanglement Bootstrap
for liquid topological order

[Topological order: a gapped phase of matter with local excitations not
creatable by any local operator (anyons).

Liquid: the set of anyons does not depend on geometry (no fractons).]

= we expect a low-energy topological quantum field theory (TQFT).
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Axioms of EB for liquid topological order

Quantum marginal problem (Hard):
given pap and ppc with pp = trapap = trecppc, can we merge them into

paBc with marginals pag, ppc?

e Al: 0=A(B,C,D), =

(Spc + Scp — S —Sb), @ Merging is possible.
B

for all regions of the form:

® A0: 0=A(B,C), =
(Spc + Sc — SB)p
for all regions of the form:

Merging is unique.

Al = I[(A:C|B)s =SaB+ Spc —SB—Sapc =0

(quantum Markov chain). ﬂ
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[Shi-Kato-Kim 1906.09376, Huang-JM-Bowen Shi 2112.08398, 2301.07119]

e From A0, A1, much of the structure of 24+1d TQFT can be derived.

Anyon types, quantum dimensions, fusion rules, a

non-degenerate S-matrix, generalized symmetry

operators...

e The same axioms work in any dimension.

In D > 2+ 1, the correct determining structure is

not entirely clear yet.

e AO and A1 hold at fized points of the RG.

®9

®
Akdo ®

RG

forget details

® @

L

Strategy 1: Show that (small-enough) violation of

Frontier: robust EB.

A0 and A1 decays under coarse-graining.

Strategy 2: replace the axioms with a version that is
true everywhere in the phase [Kim-Kitaev-Moses-Ranard,

Kim-Shi, in progress]|

21




Instructions for doing Entanglement Bootstrap

0. Pick a category of states of matter (Liquid TO, CFT,

fractons....).

1. Identify conditions on the reduced density matrix of a ball
satisfied by the fixed points in that category.

Ideally, the violation of these conditions is an RG monotone.

2. a) Use those conditions as axioms and prove structural
properties of the resulting data.



Instructions for doing Entanglement Bootstrap

0. Pick a category of states of matter (Liquid TO, CFT,

fractons....).

1. Identify conditions on the reduced density matrix of a ball
satisfied by the fixed points in that category.

Ideally, the violation of these conditions is an RG monotone.

2. a) Use those conditions as axioms and prove structural
properties of the resulting data.
FIND ALL THE
FIXED POINTS! '

b) Find states that satisfy the
conditions and use them to
enumerate universality classes.

[adapted from Allie Brosh]
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Entanglement Bootstrap for 141d CEFT [mreoms baidt b

JM 2303.05444]

The behavior of the EE of an interval A is Sa = § log|A|/e
[Holzhey-Larsen-Wilczek, Cardy-Calabrese] where c¢ is the central Charge.
Not a sufficient condition for CFT.

We know the entanglement Hamiltonian of a single interval for 1+1d CFT
with groundstate |’ll)> [Bisognano-Wichmann 75, Casini-Huerta-Myers 11,
Cardy-Tonni 16]

Ka=—logpa = / Ba(x)h(z) + Sal
where h(z) is the Hamiltonian densityjfx
A B C
T Ty w3 T

_ (za—z1)(za—23)
T Gaen(e—ey)
h(n) = —nlogn — (1 —n)log(1 —n)

Fact: Sap(z) + Bec(x) —n(Ba(z) + Be(x)) — (1 —n)(Be(x) + Bapc(x)) =0, V.

Blay ea) () = WG@ € [z1,2))

To—x1

Kn=Kap+ Kpc —n(Ka+ Kc)— (1—1)(Kp+ Kagc) = gh(n)]l .

Kx=Kx®1xg
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Entanglement Bootstrap for 141d CFT e b b

JM 2303.05444]

So far: continuum formulae. To compare with

quantum critical lattice models, divide up the 1d Tn = Na

4
t

space into equal-size intervals; regard each as a ‘site’ $¥1 1:'2 fE‘S x 4

(with infinite-dimensional H).

In a finite-dimensional H, the operator equation above does not hold.

error = \/(¢\Ki|w> - <1/)|KA|1/’>2

The vector fized-point equation 4 X
|[Al =|B| =|C|=|D| = L/4

Kalw) = Sh(n)) | (VFPE) e
=
is a more robust statement, but still a very strong -
constraint (N equations on N components). g,
This is a plot of the variance of Ka as a function 375
of system size for the critical Ising model. — ,

4.0 4.5
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Entanglement Bootstrap for 1+1d CFT

Claim: all universal data encoded in local density matrix of a ground state.
But what is the full set of universal data?

We don’t know yet!

Hack: Reconstruct the full groundstate and a parent Hamiltonian from

the local reduced density matrix.

Reconstruct the groundstate (merging): solve the FPE for Kapc:
KABC—(KAB KB+KBc)717 (KABJrKBchAch) K=K—(K).
= We can reconstruct papc given pap and ppc.

Reduces to Markov/Petz reconstruction when n = 0.

What about H?
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The density matrix on ABC' can be used to

reconstruct a local lattice Hamiltonian for
the CFT.
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Entanglement Bootstrap for 14+1d CF'T (ringchun pavida Lin,

JM 2303.05444]

> (Briva (@) = Baisny(z) =1

The density matrix on ABC' can be used to
reconstruct a local lattice Hamiltonian for
the CFT.

oo

Hiee = > (Kiiro) = Kppisn) & /dmh(w)

i=—00

Hrec = ZlA(’L— 1,74,Z+17’L+2) 2 0 by
operator weak monotonicity [Ting-Chun Lin,

Kim, Hsieh 22]

|1) satisfies FPE —
|1) is the groundstate of Hyec.

On 4 sites, Ka|¥) = Hrec|¥) by purity.

AN

It works even when the local

Hilbert space is small:

25 55°°
=]
BEEEE D
s
[
[ 2@ L=8
s
O TFIM, with £5=1
o] @ @ % Hrec theoretical normalization

¢ 2 4 © & 1o 12 1s

[e.g., Ising chain on 8 sites]



A systematic search for CFTs in very small spaces

Wonderful surprise: VFPE is the condition to extremize the function

] ca(|))h(n)/3 = Sap + Spc —n(Sa + Sc) — (1 = n)(Sp + Sasc) \ >0.
Key: dS = (dy|K|¢) + (Y| K|dip)

The value of this function at the

critical point is the central charge.
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A systematic search for CFTs in very small spaces

Wonderful surprise: VFPE is the condition to extremize the function

\ ca(|))h(n)/3 = Sap + Spc —n(Sa + Sc) — (1 = n)(Sp + Sasc) \ >0.

Key: dS = (d)|K[) + (| K]dy)

The value of this function at the

critical point is the central charge.

Conjecture: critical points of this

function are RG fixed points.

ST
Moreover: it is numerically

effective even for tiny systems!
In the table at right A, B,C
(and their complement on S*)

is each a single, measly qubit:

o
02
20,50, 02 00
0, 04702

10
08
4 06

[ ca [ Description [  Explicit form up to on-site unitary |
0 cat states al0000) + b[1111)
0.526 Ising CFT
1.132 W state 1(/0001) + [0010) + 0100) + |1000))
1
—1(|0101) + [1010))+
1211 XX model 5 (10011) +[0110) + [1100) + [1001))
1
. —2=(10101) +[1010)+
1245 | Heisenberg 54=(10011) + [0110) + [1100) +[1001))
1
—|0000)+
3.510 ferromagnet V3
° & 2=(/0111) + [1011) + [1101) + [1110))
4.165 | Fibonacci chain | = (10000) + \/~5=1(j0101) + |1010>))
6.000 | maximum point 2

0000) + [1111) +[0101) + |1010))
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err vs. cy along gradient descent of the err function

err vs. c, along gradient descent of ca
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a
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A systematic search for CFTs in very small spaces
4 qubits:

err vs. cy along gradient descent of the err function

err vs. c, along gradient descent of ca

 Gapped
Ising
W state
XX
= Heisenberg
*  Femomagnet
« Fbonacci

© Maxstate

 Gapped

= Heisenberg
+ Femomagnet

+ Fibonacci

« Maxstate

o 1 2

4 qutrits:

s

Consistent with c-d conjecture [Latorre-Sierra, 2403.17242]: in a

err vs. cy along gradient descent of the err function

% Gapped/GSD > 1
« Ising group
T
< potts
+ Qubit W state
« XXgroup
“ Heisenberg group
« c=1T8D 7
« Mystery CFTs
8D

Clusters of the solutions of the VFPE

ore unshown

- * Gapped/GSD > 1
o lsing

% Degen. lsing

Approx. qubit Ising.

© Qubt Ising
Ising in Fib.
T

-
>
>

Potts
Qubit W state

Qubit X

Heisenberg
Qubit Heisenberg
o c-178D

lattice model with local Hilbert space C¢. we’ll onlvfind é> d =1. =

nearest-neighbor

N



Approximate solutions of VFPE

values

05

c = 1 CFT on the circle line from g.d. of err

© = 1 free boson CFT on the circle line.

o Heisenberg
--- gs.of XXZ

03
N
]
02
01
= 1 ree boson CFT on the cicle ne
oz
©
- < meisenberg 00
2 120 121 122 123 124 125
ca Ca
Reconstructed scaling dimension, g.d. of ca Reconstructed scaling dimension, g.d. of err
08 * B - M
by o8 - om
o e .
o7 M 07 & e e
. Ce
06 x b5 06 T
—— ref from XXZ g.s. -
0s . ref from XXZ 9.5,
0
o
04 = 04
g
03 03
02 0z
01 01
00 00

120 1215 1220 1225 1230 1235 1240 1245

[

10 1255 1220 125 120 13 1340 124
Ca

DA



Entanglement Bootstrap for 1+1d
CFT with symmetry

Imposing symmetries, we can find CFTs with larger c.



EB for CFT with symmetry

[in progress]

Setup: Pick G, take H =R®** =A®B®C® D



EB for CFT with symmetry

[in progress]

Setup: Pick G, take H = R®** =A@ B C® D
If R is multiplicity-free, G-invariant states are labelled by a in
R ® R = @aRa

A B

D C

Translation-invariant states are eigenvectors of FIERE

with eigenvalue 1.

Let’s search for solutions of the VFPE among translation-invariant

G-singlets.
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Search for solutions of VFPE among translation-invariant G-singlets:
Symmetry G Known CFTs Result
SU(2),R=2 c((SU(2))1) =1

Gy, R=T7

C((Gz)l) =28

[in progress]

—5(0101) +...) +

Egs, R = 248

c((Es)1) =8
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EB for CFT with symmetry [in progress|

Search for solutions of VFPE among translation-invariant G-singlets:

Symmetry G Known CFTs Result
SU(2),R=2 c((SU@2)1) =1 —5(10101) +...) + 5= (.
G27 R _ 7 C((Gz)l) _ 28 Gy syrnmemcstates

/0

m
¢ (Central Charge)
By symmemc states on ;5!

Error (sqrt(var))

ES,R: 248 C((Es)l) :8
Fib, R=7 c(tri-Ising) = 0.7  ca = 0.8512 (unique)
Haagerup, R=p =20 ca = 2.175 (unique)

Monster, R = 196883 c¢(Monster) =24 ca = 29.897



EB for CFT with symmetry

® G = Monster, R = 196883
Compare: ¢(Monster CFT) = 24

Error (sqrt(var))

[in progress]

Monster-symmetric states
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EB fOI' CFT Wlth Symmetry [in progress]

Monster-symmetric states

® G = Monster, R = 196883
Compare: ¢(Monster CFT) = 24

Error (sqrt(var))

20 a0 60 80 100
c (Central Charge)

Analytic approximate solution: Suppose R=R*. f RRR=R®---, a
unique invariant 3-R tensor:

A B A B
R <

DS R

R ” S

D C D C
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EB for CFT with symmetry
Current bottleneck:

65 symbols for e.g. the Monster do not appear in the literature!
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EB for CFT with symmetry

Current bottleneck:
65 symbols for e.g. the Monster do not appear in the literature!

Following [Searle, 1988 (for Lie groups)], we can bootstrap their values:

e Fis unitary: Zf,t,u [ngc}(f,t,u),(e,r,s)[F;bc](f,t,u),(e’,r/,s/) = 655’67‘7"’555’-

e F' satisfies the pentagon equation

bed xd be NV,
> F oo Fr N s.m).0r0 [Fp @amiers XY

x,00,8,7

ab ccd ' g
= > g e N s 3 Ry

T \/ a a s




C—functlons [Isaac Kim, Xiang Li, Ting-Chun David Lin, JM, Bowen Shi, 2403.18410]

Theorem: the vector fixed point equation 1= 08/c 4 =61/c

(A4, B,CC’) + (1 =m)(A: CIB)) ) o |¥)
,a_.%

< dc(y) =0 for all norm-preserving state variations.



C—functlons [Isaac Kim, Xiang Li, Ting-Chun David Lin, JM, Bowen Shi, 2403.18410]

Theorem: the vector fixed point equation 1= 08/c 4 =61/c
[4)

(nA(AA B,CC") + (1 =m)I(A: CIB)) 1) o< |19) T
/A

< dc(yp) = 0 for all norm-preserving state variations.

In the case of a 141d relativistic QF'T groundstate,

for a certain choice of intervals, this ¢(¢)) is closely - \
related to the entropic c-function of Casini and E‘ X Y
Huerta [hep-th/0405111]: JJI' k1o
A 25(¢) — 25(¢ — 64 ~lgr—
c(yp) ~ 6 6 S(8) = 25¢( ) = 6£0,S({) = ccu.-

Inl/n - 264
The above theorem shows that c(v) is

stationary, not just under variation of
couplings, but under arbitrary
variations of the state.

Q: can we relate ¢’| to the spectrum
of operator dimensions, and ¢”’| to
the OPE coefficients?
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EB for CFT in any dimension Xiang Li, TingChun David
Let A;(R2),7 = 1..k be concentric disks centered at 2, Lin, JM, 2606&2@
Drec = ddQ )\ZK . . ¥ 1 c
LS K

Choose \; to cancel the UV stuff.



EB for CFT in any dimension

Let A;(Q),7 = 1..k be concentric disks centered at €2,

Diec = | dQS NKa(q) .
LS K

Choose \; to cancel the UV stuff.
e Starting from a given, human-chosen model with a quantum critical

|fvolando hamirez CLamasca,

Xiang Li, Ting-Chun David

Lin, JM, 2606.1254,

point, we can do gradient descent on o(Drec) to move closer to the ideal
CFT at fixed system size.

Gradient descent of the error function in the Ising model

: 01

b= h, i o0

= NS
i 0.4
£
=
:
;L:l‘ 0.2

0.0 L L L 1 L n n

-0.6 -0.4 =0.2 0 100 200 300 400 500
F Mggeps
e Search is doable, maybe we can find new CFTs.



Preliminary search results

CFT search: F-gradient flow trajectories

Error of the VFPE

4 orbitals, with spin %, at half-filling.

u]
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I
i
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Final words.

Central Dogma of Entanglement Bootstrap: all the uni-
versal data about a state of matter is encoded in a local
region of a single representative wavefunction.

So far: liquid bulk topological order, gapped interfaces between topological
orders, 14+1d CFT, 2+1d chiral states, 2+1d CFT.

Important open problem: show that the violations of the local conditions
(A0 & A1, VFPE) are RG monotones.

Future: Non-relativistic fixed points? Non-unitary CFT? Fractons?
Thermal states? Non-equilibrium steady states? String theory?



The end.

Thanks for listening.

err vs. ¢, along gradient descent of ¢y

6 CFT search: F-gradient flow trajectories
Gapped
Ising ——
5 W state sL
XX Z
«  Heisenberg
«  Ferromagnet
41 - Fibonacci w
+  Max state L,0
/ 2
53 =
5
s
2 St
1
ol
0
0 1 2 3 4 5 6
Ca

u]
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i
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Entanglement Bootstrap for 2+1d
states with gapless boundary

The following statements also apply to ordinary 1+1d CFTs.



Entanglement Bootstrap for 2+1d chiral states

[Isaac Kim, Xiang Li, Ting-Chun David Lin, JM, Bowen Shi, 2403.18410]
Next challenge: gapped states in 2+1d with gapless boundaries. e.g. c— # 0.

Consider such a chiral state on a cylinder. By dimensional
reduction, this is a (non-chiral) 14+1d CFT:

(nA(AB.C)+ (1= )I(A: CIB)) 1v) = ShOI)

A(A,B,C) = Kag + Kpc — Ka — Kc

I(A:C|B)= Kap + Kpc — K — Kasc.
. Bulk Al plus some weak assumptions
o @ — fixed point equation on a single O I¥)
‘ + boundary: ;

(nA(AA B,CC) + (1= 0)I(A: C|B)) ) o ).




Entanglement Bootstrap for 24-1d chiral states

[Isaac Kim, Xiang Li, Ting-Chun David Lin, JM, Bowen Shi, 2403.18410]

Next challenge: gapped states in 2+1d with gapless boundaries. e.g. c— # 0.

Consider such a chiral state on a cylinder. By dimensional
reduction, this is a (non-chiral) 14+1d CFT:

(nA(AB.C)+ (1= )I(A: CIB)) 1v) = ShOI)

(A,B,C)=Kap+ Kpc — Ka— K¢
I(A:C|B)= Kap + Kpc — Kp — Kapc.

. Bulk Al plus some weak assumptions
o @ — fixed point equation on a single

+ boundary:

(A4, B,CC') + (1= m(A: CIB)) ) o [¥).

e This is a combination from which the UV cutoff
cancels.

e Bulk A1 = independent of deformations in bulk.




Boundary conformal geometry from the state

A useful perspective:

e given any three contiguous bdry intervals, compute O
A(AA',B,CC") = Saarg + Spccr — Saar — Scor

and I(A: C|B) = Sap + Spc — S — Sasc.
e Determine ¢ = ¢(¢) as the solution to

1= e—GA/c + 6_61/8.

e Determine 1 = n(¢) by
a
1

Inn

T lnl-—np

T ] 'y rry Pry PrS 5 C
(or by n = e~ 587¢),



Boundary conformal geometry from the state

A useful perspective:

e given any three contiguous bdry intervals, compute O )
A(AA',B,CC") = Saar + Spccr — Saar — Scer

and I(A: C|B) = Sap + Spc — S — Sasc.
e Determine ¢ = ¢(¢) as the solution to

1= e—ﬁA/c + 6_61/8.

e Determine 1 = n(¢) by

T lnl-—np

A Inn
I

(or by n = e_GA/C).

Contexts: (1) No bulk, 1+1d CFT. Then this follows from S(¢) = £ log £.
Then 7 is the ordinary geometric cross-ratio,
A = —6¢clogn, I = —6¢log(l — 7).

(2) Gapped boundary: ¢ = 0. In this case, the fixed-point equation '
reduces to boundary A1l of [Kim-Shi, 2008.11793]

(3) CFT on the boundary of a 2+41d chiral state.
(4) Rough edge of chiral state.



Boundary conformal %(eometr y from the state

[Isaac Kim, Xiang Li, Ting-Chun David Lin, JM, Bowen Shi, 2403.18410]

) _ _—6A/c —61I/c é o 1n77
(A T) = (e,n): 1=e +e T T hi-n)

Theorem: The ns computed in this way from a fixed point state (with a

weak non-degeneracy condition) are the cross-ratios of intervals on a circle,

and c is the same for any choice of regions.

i.e. Jamap @ : 0% — St with n(z;, x5, 2, 1)) = 2ilkPL

PiPLD; Pl

Pn D

Pn-1

QTP

Idea of proof: Associativity of decomposition of Kypeqd.



Boundary conformal %(eometr y from the state

[Isaac Kim, Xiang Li, Ting-Chun David Lin, JM, Bowen Shi, 2403.18410]

CoN. 1 _—6A/c —6I/c é: Inn
(A T) = (e,n): 1=e +e T T o

Theorem: The ns computed in this way from a fixed point state (with a

weak non-degeneracy condition) are the cross-ratios of intervals on a circle,

and c is the same for any choice of regions.
i.e. Jamap @ : 0% — St with n(z;, x5, 2, 1)) = 2ilkPL

PiPLD; Pl

Pn D

Pn-1

PiTi P

Idea of proof: Associativity of decomposition of Kypeqd.

Furthermore, certain modular flows produce a new state that still satisfies
the VFPE. This gives a deformation of ¢: an element of Diff(S'). In this

way we can build a representation of the Virasoro algebral



Extract Virasoro generators

[Isaac Kim, Xiang Li, Ting-Chun David Lin, JM, Bowen Shi, 2404.03725]
. 2m 04,0
Based on the expectation K, g,] = |, dopl221(0)T(0) + age, 0y 1,
we can extract the chiral Virasoro generators:

L, =L +ilY, L, =L -y

) . An 2n .
with LY = S 2(—1)1 ! (KX]R + KXJL)
j=
. An 2n o
and HJSL) = 721(71)'7 ! (KY'JR +Kij) 5
j=

L. It works: (data for p 4 ip groundstate)
) i

JFEEERE o
Joxe | x| xe | xe X ’Jz" VU|[Lp, L_,|¥
et = n | (P, La]T) predictions
; = ]

s "y e B

CFT emerges even without

=

0(1079) 0
0.24399045 0.24399193
0.97200578 0.97201215
242663026 2.42665060
4.85014000 4.85020037
848474652 8.48491574

=

DO = | W N =

translation symmetry.



Entanglement Bootstrap
for CF'T in any dimension



Entanglement Bootstrap for 24+1d CFT

[Xiang Li, Ting-Chun David Lin, JM, Rolando

Ramirez Camasca, 2606.12540]

In any dim D = d + 1, for a round ball A, K4 for a CFT groundstate takes
the form

CFT / d Z'BA )TOO( )+ ]LfA . Bax)




Entanglement Bootstrap for 2+1d CFT

[Xiang Li, Ting-Chun David Lin, JM, Rolando

Ramirez Camasca, 2606.12540]

In any dim D = d + 1, for a round ball A, K4 for a CFT groundstate takes
the form

CFT / d JfﬁA )TOO( )+ ]LfA . Bax)

Again, we can look for linear combinations Kp = 3 A )\EK 4 such that the
operator part cancels: > , MiBa(x) =0, and Kr|gs)crr = Flgs)crr.

In D > 1+ 1, this requires an integral over regions.
We can also look for combinations Hyec = ) 4 AaK 4 such that

ZA AafBa(z) =1



Entanglement Bootstrap for 2-+1d CFT Xiene Li TingChun

David Lin, JM,

Rolando Ramirez
Simplest and most numerically-robust answer so
far, on S%: let A;(Q),i = 1..k be concentric disks
centered at €,

Hrec = /Sd dszi:AiKAi(Q) = zl:AlKiAz .

Basic idea:

JAQKG() = KST = [4q d*QTo0(Q) = H'.
Choose \; to cancel the UV stuff in

K = KOFT 4 KUV,

Cama,




Entanglement Bootstrap for 2-+1d CFT Xiene Li TingChun

David Lin, JM,

Rolando Ramirez
Simplest and most numerically-robust answer so
far, on S%: let A;(Q),i = 1..k be concentric disks
centered at €,

Hrec = /Sd ddQXi:AiKAi(Q) = Z)\lKiAZ .

Basic idea:

JAQKG() = KST = [4q d*QTo0(Q) = H'.
Choose \; to cancel the UV stuff in

K = KOFT 4 KUV,

Cama,

How to check? For 2+1d CFT
e ... on the icosahedron [Brower et al 12, Lao-Rychkov 23]
e ... on fuzzy sphere with orbital cuts

e ... on fuzzy sphere with real-space cuts [Hu-Zhu-Te

2401.17362)




Ising model on Icosahedron

Begin with k = 2: Hyec = AMEKa+ A\sKB.

Choose A4,p to cancel the area law contributions in
Sa = (Ka)=1|0A|/e—F.

|0A| = 27 sin(fa) with 0.4 determined by |A| = [, dQ = 27(1 — cos(fa))

@ __ num of sites in A
47~ total num of sites

fitting for area law of entanglement entropy
-0.0651986 + 0.0666236*x

0.4

0.3+

Pretty good area law 021
(and F!):

S(A)

0.1

0.0 1




Ising model on Icosahedron b

Possible balls:

Error of VFPE:

2 2 2
0° = (Hz.) — (Hrec)
oK. —xK.)
0] — Famxky
— Rg = xK:
074 — Re—xKy
— X
061 x
— %
05
04
03
02
01
[
00
0o 05 10 15 20 25 30
X

DA

u]

8]
I
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Ising model on Icosahedron

err=0(Hrec) vs. hy

* data
—— critical point from Lao & Rychkov
. — location of the local min of err
Possible balls: 008 - .
0.06 . ‘
5 : 3
0.04 N .
0.02
1 2 3 4 5 6
. hy
Error of VFPE:
2 2 2 _ _
lea (Hrec> — <Hrec > spectrum of Hyec = AsKs — AsKa, A © B, after a shift s.t. Eg= 0
Ao = PAII3AIV ~ [9BIV,),Aa = [9BI/(9AIVz — [3B]Va)
o(R. —xR.) X Hyec using Ks, Ky % %
— sl L Heusing Koy o 8 5 5 5 o
08{ — K—xki R B ®8 ® ® X 4 4
— Re=xks * Huec using Ke. Ky 11444 1100
% ©  Conf. Bootstrap oo o
0.7 ook O from original Hamiltonian
— X 2.0 o o o o
069 xiy
— xa
15
04 6 B 0
03
1.0
0.2
01 N 05 &
>
00
0o 05 10 15 20 25 30
x 0.0 L




[sing model on F'S, orbital cuts

[fig from 2407.15914 Zhou-Zou]
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(3 similar results for other CFTs.)



I[sing model on FS, orbital cuts

—
==

_G
N
]
G
i
N

Lo
::/ur.u
(4,B) =(1,2)
—L=8
0.20 | i
L-11
i
= 015 |
X
© 0.10 -
0.05
=-=-.>-.
0.00 I L L L L
0 1 2 3 4 5

h
(3 similar results for other CFTs.)

[fig from 2407.15914 Zhou-Zou]
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Getting closer to the fixed point

Starting from the groundstate of a
human-made Hamiltonian that
approximates the fixed point, we can
improve upon it by doing gradient
descent on the error of the vector
fixed-point equation.

Here the cost function is a measure
(cooked up by Ruihua Fan et al) of
the extent to which the low-lying
spectrum fits into multiplets of
conformal symmetry and agrees with

conformal bootstrap results.

CB cost function

Ising CFT under gradient descent




Getting closer to the fixed point

Starting from the groundstate of a
human-made Hamiltonian that
approximates the fixed point, we can
improve upon it by doing gradient
descent on the error of the vector
fixed-point equation.

Here the cost function is a measure
(cooked up by Ruihua Fan et al) of
the extent to which the low-lying
spectrum fits into multiplets of
conformal symmetry and agrees with

conformal bootstrap results.

This also improves upon the estimate
of F = (Kr).

CB cost function

Ising CFT under gradient descent
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Why are we doing this?
e Starting from a given, human-chosen model with a quantum critical
point, we can do gradient descent on o(Hyec) to move closer to the ideal
CFT at fixed system size.

e Yin-Chen He [2506.14904] recently made an interesting analytic ansatz for
the groundstate of the fuzzy sphere transverse-field Ising model. Our
method gives a good way to extract the spectrum of scaling dimensions.

e Search is doable, maybe we can find new CFTs.
Gradient descent of the error function in the Ising model

016

Ferromagnet
Ising CFT

Error of the VFPE

0.6 Paramagnet
h,

Error of the VFPE
CB cost function

I B

-0.4 -0.2 0.0 0 100 200 300 400 500
F Msteps







Sheaves of quantum states

[Ting-Chun (David) Lin]

A presheaf F on a topological space X is:

e for each open set U C X, a set F(U) > sections of F over U.

FV) — FU)
foo=

with resy,r = id, and U < V — W implies the corresponding maps

e for each inclusion U — V, a restriction map, resy,y :

commute.
e.g.: functions on X (perhaps with some adjectives).

a good reference is [R. Vakil, The Rising Sea|



Sheaves of quantum states

[Ting-Chun (David) Lin]

A presheaf F on a topological space X is:

e for each open set U C X, a set F(U) > sections of F over U.

FV) — FU)
foo=

with resy,r = id, and U < V — W implies the corresponding maps

e for each inclusion U — V, a restriction map, resy,y :

commute.
e.g.: functions on X (perhaps with some adjectives).

a good reference is [R. Vakil, The Rising Sea|

Appearances of presheaves in quantum physics:

e In algebraic QFT, the net of operator algebras is

Faqrr(U) = {bounded ops on U} ~ observables on U.

e Instead, let F(U) = {density matrices p on U} (p > 0,trp =1)
FV) — F{)

with resy,y :
—  try\up



Sheaves of quantum states

A sheaf is a presheaf such that for any open cover of U, {U; }ier:
e Gluing axiom (existence of gluing): given f; € F(U;) with
filvinv; = filv;nuy, Vi, j then 3f € F(U) with flu, = fi.

e Identity axiom (uniqueness of gluing): given f1 2 € F(U) with
filu, = f2lu, Vi, then fi1 = fo.

(works for functions on X.)



Sheaves of quantum states

A sheaf is a presheaf such that for any open cover of U, {U; }ier:
e Gluing axiom (existence of gluing): given f; € F(U;) with
filvinv; = filv;nuy, Vi, j then 3f € F(U) with flu, = fi.

e Identity axiom (uniqueness of gluing): given f1 2 € F(U) with
filu, = f2lu, Vi, then fi1 = fo.

(works for functions on X.)

The presheaf of all quantum states is not a sheaf, for good reasons:

e Gluing does not always exist. Because of monogamy of entanglement:

e.g. let a,b,c = qubits, |EPR) = (|00) + |11)) /V/2,

0ap = |[EPRYEPR| = 0,. Then oup|p = 0|y = 1p/2. But Apape with
SSA

pabclab = Oab, pabc'bc = 0_1/;(;7 since: Sab + Sbc 2 Sb + Sa,bc
———— ~

=0 =log 2 >0
e Gluing is not unique. Topological order means multiple groundstates that

are locally indistinguishable.



Sheaves of quantum states

Consider instead F(U) = {density matrices on U satisfying A0, A1}.

A0: 0= A(B,C), =
(Spc + Sc — SB)p,
Al 0=A(B,C,D), =
(Spc +Scp — S — Sp),
¢ A1l — 3 gluing (Merging lemma 3.8 of 1906.09376): given p; € F(U;)

with pilv;nv; = pjlu,nu;, Vi, j then 3p € F(U) with plu, = ps.

idea: A1 = I(A:C|B) =0, which means

1/2 1/2 —1/2 1/2
pap v panc = phops *paspp pye.

¢ A0 = ! gluing (Prop 3.5 of 1906.09376): for all contractable U, given
p1,2 € ]‘—(U) with p1|U,- = p2|UiVi then p1|U7 = P2|U,-
idea: A0 = local purity ppc = Wi (pB ® [¥B,cX¥Byc|) W

B : Hp, ® Hp, — Hp is an isometry.



Sheaves of quantum states

Consider instead F(U) = {density matrices on U satisfying A0, A1}.

A0: 0=A(B,C), =

(Spc + Sc — SB),,

Al: 0=A(B,C,D), =

(Spc +Scp — S — Sp),
¢ A1l — 3 gluing (Merging lemma 3.8 of 1906.09376): given p; € F(U;)

with pilv;nv; = pjlu,nu;, Vi, j then 3p € F(U) with plu, = ps.

idea: A1 = I(A:C|B) =0, which means

1/2 1/2 —1/2 1/2
pap v panc = phops *paspp pye.

¢ A0 = ! gluing (Prop 3.5 of 1906.09376): for all contractable U, given
p1,2 € F(U) with p1|u, = p2|v,Vi then pi|lu_ = pa2lu_.
idea: A0 = local purity ppc = Wi (pB ® [¥B,cX¥Byc|) W

B : Hp, ® Hp, — Hp is an isometry.

Given a reference state o, we can further restrict to sections that locally
agree with o, to pick out a particular topological order.
This gives a construction of TQFT.






The reference state is the groundstate of the

reconstructed Hamiltonian Priang Ll Tine-Chun

Lin, JM, to appear]

Prop: Assume that |¥) satisfies the operator fixed-point
equation for every choice of three contiguous intervals. Then

| W) is the groundstate of Hyec = % 25:1 (k[iﬂ:_‘_ﬂ — f([iﬂ-ﬂ]) .
K =K — (U|K|¥).

Idea of proof:

L
Hy = Y (Kpirr/o) = Kiivr/o-1) Steps:
i=1 1. Hr > 0 by operator weak
1 Al L . L. tonicity (A > 0). [Kim, TOL
_ - A ZZ+7—1,Z+*,Z+L—1 monotonicity = . [Kim, oL,
2 XZ: ( ’ 2 2 ) Hsieh 22
(L even) 2. HL :aLHrec+bL-
. 3. limpyecar =al, a > 0,a < oo,
A& l 1 XS limL_mo by, =0.
( > \ | s



Some practical applications iane L e Chun

Lin, JM 2509.04596]
» The multiplicative normalization of Hec = ZZ Ai K; is completely

fixed by Y, \iff(x) < 1. There is no need to search for |T) at A = 2.
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» The multiplicative normalization of Hec = ZZ Ai K; is completely

fixed by Y, \iff(x) < 1. There is no need to search for |T) at A = 2.
» H,.. for the optimized states we find gives the best realization of the
continuum CFT in the given Hilbert space, often better than our

favorite lattice model.



Some practical applications iane L e Chun

Lin, JM 2509.04596]
» The multiplicative normalization of Hec = ZZ Ai K; is completely

fixed by Y, \iff(x) < 1. There is no need to search for |T) at A = 2.

» H,.. for the optimized states we find gives the best realization of the
continuum CFT in the given Hilbert space, often better than our
favorite lattice model.

» Minimal error of VFPE detects fixed points of RG:
Ising chain in various fields:

L
> ZiZin—gx y_ Xj—gv )Y,
j=1 J J

0(Cs), Ising in fields

<

PBC, L =38 ( = 56})

Cyp, Ising in fields




Some practical applications iane L e Chun

Lin, JM 2509.04596]
» The multiplicative normalization of Hec = ZZ Ai K; is completely

fixed by Y, \iff(x) < 1. There is no need to search for |T) at A = 2.

» H,.. for the optimized states we find gives the best realization of the
continuum CFT in the given Hilbert space, often better than our
favorite lattice model.

» Minimal error of VFPE detects fixed points of RG:
Antiferromagnetic Ising chain:

L
H:+ZZJ'Z]'+1 _gZXJ_hZZ]
Jj=1 J J

0(Cy), anti-ferro Ising cp, anti-ferro Ising

4

2 5 2
06
< o < o
04
-2 = -2

-4

4

-4

00
3 2 -1 [ 1 2 3 -3 -2 -1 0 1 2 3

PBC, L =8 (A=[1,2],B =[3,4],C = [5,6])

00



Some practical applications iane L e Chun

Lin, JM 2509.04596]
» The multiplicative normalization of Hyec = ZZ Ai K; is completely

fixed by Y, \iff(x) < 1. There is no need to search for |T) at A = 2.

» H,.. for the optimized states we find gives the best realization of the
continuum CFT in the given Hilbert space, often better than our
favorite lattice model.

» Minimal error of VFPE detects fixed points of RG:
Ferromagnetic Ising chain:

L
_ZZJZJ+1 —9gx ZXJ _gZZZj
j=1 J J

0(Cs), Ising in fields

-

PBC, L =38 ( = 56})

Cp, Ising in fields




Entanglement Bootstrap for 1+1d CFT (Recap)

Claim: the local condition for 1+1d # A # B , ¢ ,
CFT is the vector fixed-point equation T1 To T3 T4

K = —h VFPE x3—x1)(Tg4—T2
alwr = Fhtmi) | ) h(n) = —nlogn — (1 —n)log(1 —n)

Kan=Kap+ Kpe —n(Ka+Ke)— (1—n)(Kp+ Kapc) from the state |))



Entanglement Bootstrap for 1+1d CFT (Recap)

Claim: the local condition for 1+1d # A # B , ¢ ,
CFT is the vector fixed-point equation T1 To T3 T4

p n= 5«1'2*:61521‘4*-?3;
K = —h VFPE x3—x1)(Tg4—T2
al) 3 )¢ ) h(n) = —nlogn — (1 —n)log(1 —n)

Kan=Kap+ Kpe —n(Ka+Ke)— (1—n)(Kp+ Kapc) from the state |))

» Exactly true in continuum CFT.

» Generalizes the Markov condition, allows
merging!

» Makes sense and is UV-safe on the lattice.



Entanglement Bootstrap for 1+1d CFT (Recap)

Claim: the local condition for 1+1d # A # B , ¢ ,
CFT is the vector fixed-point equation T1 To T3 T4

c n= 2«1'2*%1521‘4*-?3;
KalY) = =h VFPE s3—o1)(@a—a2
alé) = ghmlv) | ( ) h(n) = —nlogn — (1 —n)log(1 —n)

Kan=Kap+ Kpe —n(Ka+Ke)— (1—n)(Kp+ Kapc) from the state |))

error = \/<1/J\KZW)> — (V[ Kal)?

-5

» Exactly true in continuum CFT.

» Generalizes the Markov condition, allows
merging!

|
o

» Makes sense and is UV-safe on the lattice.

log error
4

|
©

» Improves with system size in quantum critical
lattice models. —

» On 4 sites, KA|\I/> = Hrec|\I/> by purity. 255 30 35 2.0 45
log L
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Strict area law versus chirality

[Xiang Li, Ting-Chun David Lin, JM, Bowen Shi, 2408.10306]

In 241d gapped phases, c— # 0 is an obstruction to gapped boundaries.

c— = B (Y|[Kap, Kpc]|Yh) Kim-ShiKato-Albert 2022] “

Above we studied examples with & > 0 and approximate A0, Al:
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Q: 3 a ¢ =0 fixed point state in a tensor product Hilbert space with finite

local dimension?
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— 0.0004 3 -204 0.0005 3 50 R
8 . — = -
5 = Q 0.0004 5 10
QO y O 1
- 0.0003 N © i
QQ; @ 4.0003-
Q — Slope: -1.66, Intercept: -1.66 | = —— Slope: -1.59, Intercept: -1.59
g 0.0002 —— Slope: -1.67, Intercept: -0.73 —— Slope: -1.61, Intercept: -0.85
Slope: -1.66, Intercept: -0.81 0.0002 - Slope: -1.6, Intercept: -0.86
3 %
0.0001 o 0.0001 4 o
0.0000 ® o 2 0 o o o o o 0.0000 4 ¢ a & a a a a a
4 6 8 10 12 14 4 6 8 10 12 14
1 2

Q: 3 a ¢ =0 fixed point state in a tensor product Hilbert space with finite

local dimension?
A: No.



Strict area law versus chirality

[Xiang Li, Ting-Chun David Lin, JM, Bowen Shi, 2408.10306]

The following properties cannot coexist:

1. strict area law (A1)

2. finite local Hilbert space dimension

3. non-zero modular commutator.
Property 2) can be replaced by finite entropy.

Property 3) can be replaced by a version related to Hall conductivity [Ruihua

Fan et al 2023].

This is a strong motivation to develop a robust version of Entanglement
Bootstrap for liquid TO.

[Work in progress by Isaac Kim, Alexei Kitaev, Daniel Ranard, Bowen Shi, Milo Moses]



Instantaneous Modular Flow
[Isaac Kim, Xiang Li, Ting-Chun David Lin, JM, Bowen Shi, 2404.03725]

The proof uses a new QI primitive: Za(t) : [1b) — p't|¥), pa = trz]eb )|
‘instantaneous’ means Z always uses the p of the state it acts on:
Ta(O)Za()|0) = (0a)* pishe) where ply comes from p§v).

Nice things: Za(t) = Z5(t).
Ta(s)Ip(t) =Z(t)Za(s)if AC Bor BC A.




Instantaneous Modular Flow
[Isaac Kim, Xiang Li, Ting-Chun David Lin, JM, Bowen Shi, 2404.03725]

The proof uses a new QI primitive: Za(t) : [1b) — p't|¥), pa = trz]eb )|
‘instantaneous’ means Z always uses the p of the state it acts on:
Ta(O)Za()|0) = (0a)* pishe) where ply comes from p§v).

Nice things: Za(t) = Z5(t).
Ta(s)Is(t) = Tp(t)Ta(s) if AC B or BC A.

We can find a family of states (|U(t)) = Zap(t)|¥)) with

TC—

%SBC(t) =i(¥(t)|[KaB(t), Kc(t)]|¥(t)) A1 = ‘&

so that Spc(t) is unbounded or negative.



Bulk reconstructed Hamiltonian
Exact A0, Al gives a commuting parent H [Kim-Lin-Ranard-Shi 2404.05867]

Assume AO, A1l on regions bigger than &.
Let D be a big region > ¢ with the topology

of a disk. O
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Bulk reconstructed Hamiltonian
Exact A0, A1l gives a commuting parent H [Kim-Lin-Ranard-Shi 2404.05867]

Assume AO, A1l on regions bigger than &.

Let D be a big region > ¢ with the topology
of a disk. O
Al =

Ko=Y K- Y Kt Y K

Compare: x =F —-E+V
3
= Kp,,, + Kp, . .
:ZiA(Xi_lYi_::Xmm:H?eczo ‘«»’
(Hpaky on M=oty (M) >
— Hrk;'élk = Z Ky — Z K.+ Z K, ~YuniversalX (M) [Kim-Levin-Lin-Ranard-Shi
I e 'u

2302.00689]

feb e€D\AD veD\OD

R A2 > A(Bj, C}, D;) — v where each B;C;D; is an A1 region
The iterative process 1) — HEW () = 1) = HEE () — - - decreases

error of A0, A1, J — WZ*, VFPE.




Corner entanglement for chiral gapped phases

D
Al = Kply) | |2>>€ faD dzO(z)|y) [Xiang Li et al, 2510.23720]

e for z in a smooth component of D, O(x) ~ T () as if p = e BHTT
with 8 = £/Rbay small — high temperature.

e for z near a corner, the CFT is at low temperature.



Corner entanglement for chiral gapped phases
Al — KD|¢ |>>€ faD dzO(z)|y) [Xiang Li et al, 2510.23720]
e for z in a smooth component of D, O(x) ~ T () as if p = e BHTT
with 8 = £/Rbay small — high temperature.

e for z near a corner, the CFT is at low temperature.
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Corner entanglement for chiral gapped phases
Al — KD|¢ |>>€ faD dzO(z)|y) [Xiang Li et al, 2510.23720]
e for z in a smooth component of D, O(x) ~ T () as if p = e BHTT
with 8 = £/Rbay small — high temperature.

e for z near a corner, the CFT is at low temperature.

Two perspectives: 1) symmetries of a yeavy I ® »
topological theory > confo:fnal group 3 ‘gy — Q‘&

inversion map I : " — —75.

2) FQH states can be filled with holes.
[Brehm-Runkel 21, Sopenko 23, Cheng-Chen-Gu-Hung

23, Kane-Mukhopadhyay-Lubensky 01]

Strategy: replace the tip of the corner with
a hole — actual edge CFT in its groundstate
— Kx =~ [, d0Bx (0)T"" (0).

(really: A = ACFT)

generically cior will take the minimum

possible value.



Corner entanglement for chiral gapped phases
[Xiang Li et al, 2510.23720.]

A
Consequences: e Sy = %

-7+ CtTOt 10g sin 9/2 + Snon—universal
[Rodriguez-Sierra 10, Witzak-Krempa et al 21, Liu et al 24]
A combinations are cutoff-independent and depend on cross-ratios.

ctot 7 0 < no gapped boundary. [Siva-Zou-Soejima-Mong-Zaletel 21]

e We can measure angles! A non-topological property even for ¢ = 0.
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Corner entanglement for chiral gapped phases

[Xiang Li et al, 2510.23720.]

9A
Consequences: e Sy = %

C .
- + té)t 10g s 0/2 + Snon—universal
[Rodriguez-Sierra 10, Witzak-Krempa et al 21, Liu et al 24]

A combinations are cutoff-independent and depend on cross-ratios.

ctot 7 0 < no gapped boundary. [Siva-Zou-Soejima-Mong-Zaletel 21]

e We can measure angles! A non-topological property even for ¢ = 0.
e VFPE around any

bulk point & Crot (1)) is stationary.
Kp(n)|) o< [¥)

\'4

e A systematic calculation of the modular '
commutator J from the edge 77" OPE. N

New result: J(4, B,C) = Z5=n(a,b,c) o







Aside: Why does the fuzzy sphere work so well?
[This was explained to me by Ting-Chun David Lin.]
Besides manifest SO(3) symmetry, it also preserves well the locality of the
operator algebra in several senses.

Consider the following local Hamiltonian on “Hg,” for continuum spinful
fermions on S? in a magnetic field:

Heay = F/dm/)T (D2 - M)2 Y + Hing
with (e.9.) Hint = — [dQhnx () — [dQ [dQ'g(Q — Q)nz(Q)nz () .
na(Q2) = ¥ Q)" Y(Q), 9(Q) = 908(Q) — g1 V?6(Q) + -+

Choosing p appropriately and taking I' large, the low-energy theory is

governed by the fuzzy sphere Hamiltonian.

[Pedantic comment: Pfuzznyull(w)Pfuzzy # Hfull(zzj = Pfuzzywpfuzzy) in
general, but for the TFIM of [2210.13482] these are equal.|



Aside: Non-magnetic fuzzy spheres?

This property (3 a local Hg whose low-energy subspace is the image of

Pruzzy) is shared by various ‘non-magnetic fuzzy spheres’:
1/) = Pfuzzywpfuzzy = Z[GC Yomcem.-

one layer: L= L1 = {lo}

two layers: £ = Lo = {lo, 4o + 1} ‘

many layers: £ = Lmany = {0,1- - lrmax}-

[see also Gao-Wang-Lee, 2504.15338 for Gross-Neveu]

Practical drawback of Lmany: N = (bmax + 1) jumps quickly with £may.

It would be great if we could use just one layer, because that would work in
3+1d too.



Aside: Non-magnetic fuzzy spheres?
A second notion of preserving locality of the operator algebra is:

{(h(Q), ()1} = 52 — ).



Aside: Non-magnetic fuzzy spheres?
A second notion of preserving locality of the operator algebra is:
b(Q), D)}~ 5(Q — ).
{0(Q), ()"} = &( ) o

s=10
fuzzy sphere:

W' OWONI,

one layer: £1 = {{o} — a fuzzy RP?!

two layers:
L = {lo, bo + 1} (./

many layers:
['many = {07 1--- ‘emax} &



What are we cancelling in He. = Zle NG ?

Model of UV: K4 = K$T + KYV Analogy: Ssre =

KYV = Jou (a+bs+ck?+ )
fBA dd71$ (Og (l‘) + liO’f' (m) + Ii202n({l7) + - ) is [Grover-Turner-Vishwanath
supported on OA. (7 is the normal to JA at z.) 1108.4038 |

For each point p and direction 7, we want:

(1) >, Ail0A:;] = 0. (Cancel area law.)

(2) Y, Vi =1, Va = [d*QB4a(Q). (Normalize.)
(3) >, Ai = 0. (Positivity: If A C B, we expect
Ks—Kp>0.)

For k = 3 this determines the \;.

A check: A TQFT is a special case of a CFT. The
same conditions work to determine H,.. for the 2+1d
gapped case HE9F "' =3 Kp -, Kp+3Y., Kv.



What are we cancelling in He. = Zle NG ?

Model of UV: K4 = K$T + KYV Analogy: Ssre =

KYV = Jou (a+bs+ck?+ )
fBA dd71$ (Og (l‘) + liO’f' (m) + Ii202n({l7) + - ) is [Grover-Turner-Vishwanath
supported on OA. (7 is the normal to JA at z.) 1108.4038 |

For each point p and direction 7, we want:

(1) >, Ail0A:;] = 0. (Cancel area law.)

(2) Y, Vi =1, Va = [d*QB4a(Q). (Normalize.)
(3) >, Ai = 0. (Positivity: If A C B, we expect
Ks—Kp>0.)

For k = 3 this determines the \;.

A check: A TQFT is a special case of a CFT. The
same conditions work to determine H,.. for the 2+1d
gapped case HE9F "' =3 Kp -, Kp+3Y., Kv.

Q: why did k = 2 work earlier?



Purity

(0,,8,,0,) — (1.22,1.40, 1.57)
For both real-space and orbital cuts, o I""“‘ .
—_— [ by
the gram matrix of {Ka,|1)}F_; has sl / e,
/ .
two small singular values (for k > 2): g ! i
KiAEIdQAKA”,OEO—«)X T o0 _‘J‘J
z ;
/
This is why k£ = 2 regions works too: aos /
.
-2.0 4./-‘.\7. ]
s - nou»¢/g//o — ;13’3 3 8066000060000
0.8 0 2 . 4 6
-1.0
06 Why:

As

1.0

Joa (kOT™ — KOT) [¥) = 0.
** Analogy: In Sspe =
o Joalatbrter?+--) =

by purity.

[Grover-Turner-Vishwanath 1108.4038 ]



Ising CFT on fuzzy sphere, real-space cuts

Current status:

Aa

we think it will eventually do better than orbital cuts.

(P H, P, ), real space cuts, k — 3,h — 316

@ theoretical minimum
O numerical minimum

=26 -24 =22 =20

-5



Metaphysical viewpoint

Heuzzy is nOt a tensor product over space.

Real space cut requires enlarging Hruzzy. [Hu-Zhu-He 2401.17362]

When we enlarge Heuzzy — Ha @ H z we are embedding Heuzzy C Heull-

Cm = PACi, + PACH = PBCH, + PBC

paco + PB\ACﬁ\A + pécg

Different embeddings A C B are compatible:

B:

]

With the real-space cut, our estimate of the error is a lower bound:

2 2 2 2
0 =0rrL +0uLL 2 OLLL-




Ising model on F'S, real-space cuts
circles: h = hy, lines: h > 1

dependence of the first 80 eigenvals of Kx on 64

u]
8]
1
n
it

DA



Ising model on FS, real-space cuts

circles: h = hy, lines: h > 1
0.006
o dependence of the first 80 eigenvals of Ka on 6
& LZ; 0.005
B 3
N S
8 o S 0.004
o -3
A ) °
%3 s
o N g 0.003
6 >, ©°
= E 0.002
E
N é’ 0.001
2 0.000
0 low-lying spectrum of K, 84 = n/2
E frcm‘ Kac—Moc;dy cnar:;cter “
0.0 02 04 06 08 10 12 14 16 351 o N=6
& + N=10 . ;
304 x N=20
. +
Observation: s 4 X x
|gsh=oo> = |IQH> ® | =>> 2.0 ] ]
lgsh=o) = HQH) @ (| 1) + | 1)) s &
lgsh=n,) = [IQH) ® |8814ng crT) 10
IQH
+ K" we understand 0s
analytically in terms of 141d chiral 00
) 2 4 6 8 10 12 14

boson, and can therefore remove.



