
From Stabilizer codes to Fraction Phases 1.

Based on work of Haah
, Ruba-Yang ...

and conversations with Hermele
, Shirley ,Spiegel,Wickenden ,Yang

PartI : Stabilizer Codes and Charge .

What this is about? Latticemodels
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Trivial/Ancilla : H = -[ X>
x=T

t +
zX-Cube : H = - [x - [z2* = =

Z
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All exhibit different behaviour ground state and excitation

but can be modeled using common framework .

Key :

- products of Paulis Gal :

- Commuting
- Algebraic framework

- translation invariant - Mobility
- Locally generated

- Fractions

-finite range.

- Phases
.
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Part 1 : Pauli Group Generalized Pauli's ~

~

# gudits
Let Xei=eit,

Shift

Let Aion= Maces
* m

Zei : Sei
d ↑ on site dim . Pclock
DLspatial dim EX = e 24inxZ

"
Aloc is spaned by Pauli Group p < HIbio) and Phases

/ Zx
,

ax,mybx,m

zXaz : => T I
ax, bxi

....X e

-
X/

Xm X
, m

xexd me e
on 15th On mith

qudit qudit
= forwhere z=U(I and axij ,big all but fin . Many

xex

Encode this algebraically :

Let R = <n[d] = KnIxt
, ...
x*) Involution -

X= (x , . . ,
xd) He x = x,

...

d
xi Xi=XiXd

(aib) = (ax,, . . ., ax , m ; bx , , - . .,
bx

,m)x

H (a,x) , . . . , am(x) ;b, (x). . . . ., bm(x)) - RMoRM = : D

Pauli I
ai(x) : = [ax,x module :

xExd

Central extension :

-
forgets phase

1- UK - D- P - 0

!z! lan
, ...,

du; bi , ...,
bul

u1 I

e-translate + X lar , ...,
an ;b, , ..., bm)

Action of R records translation on the lattice



Encode phase in symplectic form :
1 . 3

,

gad-bu xazx'zd= x 2dxazstab3t2 , :)[2)
For p= (m ..., am ; b

, ..., bm)I w(p ,q) = [axjdx , j-by. j(xj
x , j

TIq = 14 ..., cm
;
d s ...,
da h ,keomte iff colp,q1=0 .

Ple w(xYp , xxg) = wip , 2) /translation inv
.)

Let h : 4 *RP-R be (p .9) : [w(x p ,q) x
*

Me &(p ,a)
= p+[0F

.72 pr = Tai,...., am -al
- I

and &(p ,q)0 =w(p ,q)
- constant term.

Ruch : (D
,
&) is a symplectic space .

-

&(p ,9) = 0 iff ha commutes with all
Let :Lap be a submodule .

translates of hp .

it = <4 tP/ & (p .
e) = 0 for all etL3

.

Def* Lis istropic if Lat : Statecode (SC)

Drop : If Lis isotropic ,
there exists a gphomo

HiL-P S .t.
I He : fle)he

er- He p - P
↑ phase

It is finitely generated Choose h , ..,
lu gen .



1 .Y
H = -[ Heit... + Herth . c .

is commuting , locally generated Pauli Hamiltonian of finite range

A frustration free ground state is a starts 107 sit

Helo) = 12) for all ltL .

= tabilizers

th I has a unique frustration free ground state

if Lis Loggian i .e .= L
* topological"

DA :
A Lagrangian Stabilizer Code is LCP s.

1
. = Lt-

Localisations :

Specify which terms are excitatedL
-

ground Let Hom!"32 ,Tn) be the homomorphismState

excited terms So : L- In s . 1 . So (x2) =0 /x) > P0 (re)(l)=

=

Y(e)

Hom' ( , n) = Homp(L ,R)
= L*

so im the [solixel x
*

We get pure state (S) s .

t
. He (s) = -Sole) Is

The iss is in the super selection sector of 10)

if 1s = hp 10) for some peP Hels>=Help10)
= gwCp .e(

up 10)iff - peP s . t . S(e)=14p , e) for all et1 . ↑

Def Siel=&p , e) is tally table
.

Def" The charge module RL=
L
* Loc excitations

Phase invariant . Re,
el=01.

I

-

locally nectable



Complex : Let LCD be isotropic .

1 . Ex

· -P + PK - 0 ↓ex
free resof P/L I ⑧ Il -changes-

do d
.,

d-2

# F - Fi-- E-F-z
- F- - ...

d2 di
Ele Il II Il

↳exact - * Al xdi de di
-> F, *- E*

-F3
*

E
& : P -

* *
pr- /p,-( P

*# ~coc:L

RopiallowasminiR
4
Ruba-Yang

Deft The ith dimensional charge module is

Q: = Ext (P/ ,R)

d = 3 1 G point like excitations

2) CL loop excitations

3) R membrane excitations

Def* A Lagrangian code is pointlike if Ro it iso

Rmk : If all Q =0
,
related to invertible phases and QCA's .

See
,g .: Haah-Fidkowshi-Hashings ,Chen-tin , Shirley et .al.

Raba-Yang ,
Geilo-Shuklin . Ellisch etal.



PartIt : Mobility and Phase . 2 .I- 2

Example (2D Toric Code) H = - [Ar-[Bp
·

roo oe
W P

2d = 2
,
n= 2

, m
= 2

O

③

d

An = Xc-1
, 01 Xco ,ai Xco ,

12 Xp , 0 ,2

E> cercise : Write
-

a code for Ising .

Bp = Z,0, 01 Eco , 11 Z10
, 02 Zx1 ,02

Prove not Lagrangian

I : = (1 + x
,

1 + 5 ;
ooh Lic is the R-sub .

I

of P = R2 gen . by
== 10 ,

0 ; 1 + y
,
1+x) these .

D

2
di 11

4
do 2

tx = 1- x
& - R S R- R - 0

- 8
E 8 a

-

0 x5 ]
ty

= 1-Y

t 10I
X

I I
- ~

0 Y
t

2
tx 0

exact so Lagrangian

Q =Coher(d0) = [23e , m3=
Finite zes ec
-

Example (X-Cubel H = - [Ac- [B+ Br +B Et
-

d= 3
,
u= 2

,
m= 3 E

R3- R-R3
X

11

*
*4 tytz te

O oooI
EE O O

I
P L

tzI-

tx ⑧o · ExEyo o

0i
e Qxc = REC]/(ytyc , tytz, txtz)

0
Not

⑧
RENY 3/tzutx(+)

, tyw)finite



2-2

Mobility
: In the toric code xiyie=e Vi .j . So we can

-

more the e-excitation to anywhere in space by application
of local operators zzzzzz

Same for m .

Or is fully mobile . Local operators implement mobility
In X-Cube

,
excitations have restricted mobility

Fractions : c can't move

Planon : Exc can move in yz-plane I all fractors

lineon :

ob can more along y direction .

Deft let M be an R-module . The annihilator ideal is

Ann(M) = GreR / vm = ofmeM3
.

The Krull) dimension of M ,
dimM ,

is the maximal R S . t.

Ann (M) <PoIPI? ... [Pu
for pi prime ideas .

⑩te dim (M) =dim (R) = d. : (p) < (p,
1-x,) ... [p,

r-x
,,,
x

E : dim (RTC) = 0 since

Ann(Ric) = <1- X ,
1- y) = Po < fe[s+ ,=]

Pmaximal
.

Ex
: dim(GxC) = 1 Since

Do=

Ann(0xc) = (txty ,txtz, tytz) <(tx , ty) !(txty ,+z)



Haah
, Ruba-Yay 2.3

Mobility hamma :

dim(M) = 0 if J K s.+ (x ,
-1

, . . .,
xa-1) (Amn(M)

Interpretation
:

I can be moved (nearby) anywhere by
Local operators .

stopological/liquid topological
Left Lis fullymobile if dimG! =0 for all is, 0

.

-

L is fretonic if dimQ O for some i.

(non-liquid topological)
Th /Haah , Ruba-Yang) Let L be a Lagrangian Stab . code

i
dim GL = d-2-i

Inparticular : d = 1
: &L = 0 Note n=

p invertible phase
--

toric Code ,
Double servion (Ty)Pure fractonic : d = 2 : dimk,=0 Note Nofractors in 2D

.-

All submodules 3D toric code
e

of Ghauedim = 1d= 3 : dimDL =

0 fully mobile or

Hy fractor ic Hybrid X-Cabe

some fully mobile excitations dimRL=1 fractoric .

X-cube , Haah's lode
, Chamon, Shirley-Slayle-Chen (SSC)

If For any R-module /Govenstein , equicodi .
CohenMacaulay)

dim Ext (M ,R) = dri for all in

Note P/L
*25*

T

Ldim)Ri)= am (Ext" (P/2
,
RC) = dim) =x+*/ ,R[d-2 -i



2.4
stacking : Fix d and n

Faesthetic Corresponds to usual
(P)o(Li p') = Lol pop' stacking operation

m m m +m Hel & IQH

So codes form a monoid . RLOR = GOL

Amillas :

m=1 Lx = R x < R
,
OR==P H = [xx + X!

x = Td

2charge comple
: R -R - 1 trivial invertible phase
[l [01]

So G = 0 for all i.

Isomely " Det An iso .
of R-modules & : PEp sit

-

((x(p) ,x(q)) = 2(p ,4)
is called a symplectic is onorphism .

We say flat and L'are isavehic if 7 x : PEP s
.1 .CL=L .

Example LxCR2 is ison. Lo 2 R2 via the
-

Hodaward :so ti !] -

Example : Permuting quits :

Decoupledmers : Let d'd and 4 : xd'-" an inj . homo .

Ra
L Rd

1

↑ 3D -

/ indy : Mod (in"[d'3) - Mod (Int2d])/
-

Mr RIM.

-
- IntTcd'

P =RYORY-Pa= RMeRYa d

-indy(t)
Deft L is decoupled lagers
if it is is quebic to indul for some 4.



Restructuring A lattic transformation is a homomorphism 2.5

8 -a

4 : x*-7d S . 1 . det10l> 1
. 2

.

If
-5 5

resp
: Mod(R)-Mod(RI ~IsLt- -

M1-resplot) rim
= P(rm .

Example: 4 =

[... wal Niss
:

coarsening of translation

symmetry ↑

Example
:

⑧ even permutation Matrix : rotating He lattice
+m .de

Role : resp(RM0RM)= RdutdmaR -more qudits .

resoIL) is Lagrangian .

reso is an exact functor
resp(G2) Fas GrespIL commutes with deals

Rach : If ( is decoupled layers I &s .
t . resplL)=(

* detd

↳ Def* Fix and d
. Lagrangian Stabilizer wods

-- are in the same pase if they are equivalent- under equivalence vell generated by :

isauebry 2-CIL) Phases form a monoid
2) restructuring resplL)-L under stacking .

3) Stabilization (LOLX

Th (Haah) Let ni p be prime The Ellison-Chen .Dua-Shirky-
· d= 1

, phases are trivial Tantivasadaklarn ,
Williamson

d= 2 , n = composite
· d = 2 , phases are 7

, 0
:

Doublesemion not toric code.

gen . by 2 p-Toris code . Any Wilt trivial (twisted quantum double)Staces of Th

For d= 1
, composite n . VariasWill Mic is a code .

classification results : Thu (Ruba-Yang) &= 2, n
= composite

-

Ruba RubaYang ,
Gako-Shuklin Any code gives rise to Will trivial MTC.



D

2
di 11

do
8of R

-

S RY- R - 0

E 8
t x[00xxty]I
X

I I
- ~

0 Y
t

2
tx 0 O

exact so Lagrangian

Errata: Split codes are invertible phases but not known if triviall .
-

evolved From vacum . by Clifford RCA but maybe not

finite deph: Quantan circuits .

· night consider phases with not all I's allowed

not to will non-trivial invertible phase .... disssification
· Ising is gapped just not topological .(nounque G . s .

)



PartI Mutual Statistics .

3. 1

zz

Torode : - Z x x

-

-a loop operator - 14 2 z = detector ble,m) = 1 = w/loop ,
erection

z

T2
#O

E ->

b(e
,
e) = 0

⑧ 0
&

->

weather operator blu
,M) = 0

->
↓d

Perfect
sym bil . form

: be Ric x Gi-42 internal statistics

Day 2D system has it (G2 ,
b
,

~ (Q2
,
O27

↑quadiclic
2D theories of abelian anyone

refinement-

are classified by 191 ,F2*Mic .

How to see braiding inhomological context? The more

general pairings are "excitation-detecto" painings .

W ? "Products of stabilizer
Def

↓ injective cogenpremil to
will extended supp"-

Let R = Hom(R
, n) = TnIxi

, ...,
x no restriction

For
any M

,
HaulM

,Kn)= Haup/M , R) Saxxx
xeT

LV = extended excitations = Haup' ,R)
Let POR = operators will - support

R
o

LQpR = combinations of stabilizers will or supp.

Exact seg
*

-

· STar
,/leLpR -PoR-PKR -o

=xople
& Fil [xi = ID > OL belongs ⑰

-
to Tor .

i j
-
T

-



Deft The its module of detectors 3.2

i

Dr = = Torit ,
(P/

,
R) =To ,R) for iso

Leve : Let Mbe J .g and N be injective them is an iso

Tor M
,
NIE HaulExt:(,R1 ,NI

/ men It ot dimin
17

Excitation-dectector Parking
There is an non-degenerate bilninear map

Dix Q- Ru

n

If : TreY
,
/P/

,
R1 = HauLExt 1P/, R) ,

R)
s

Take constant term of the associate map D*& -R
.

R

Fro : DLXRL->Tu

Ruah : (Yangiya) There is a map d-z-i↑

i+
(P/2

,
R)- RD : = TorR =Extra-"CPK ,R

If L is fully mobile ,
this is an iso .

P Flat res.
-R + Td-+

- ... - ToeR to of R

Also und support
-

-

↳& lended
on ex

dectectors as extend /
to

an
orthant

op's that neate
ran # A

op's
with

sup

excitations whose

support is at =>F.T ** F
-
[d]

the bondary of F. *R 9- i

ahigher dim. Strate
on it homology gives the map .

If code fully mobile* *



This gives rise to mutual statistics for fully mobile theories

Thm(Ruba-Yang) If L is fully mobile
,
there's a perfect pairing

Qx Q-2-i- In
If diz

,
i = 0 this is the braiding.

Matistics forAveReories

Reall L is point like if G=0 for ito . Only have

Tor
,
14L

,
R) x G:- Im

Lana : If Lis pointlike, Tor ,
(P1L

,
R) = Torz/QL ,R) -

So braiding :

b : Toz /Gr,R) x &2- Tu

completely described in terms of RL .

Meathu /Shirky-Wickender lang -B.

- Hemele)

For pointlike theories with n old (Quibi isa complete invariat .

↳ Stift perspecte und Study Ich ,
bil. and its properties .

Peon-only fromorders
-

Def* D planon- only code is a point like
-

L/ ↳interlager Stabiliter code in d= 3 which is in
8

i I
action

the restructured phase of a code with
-t /-

5↳
1 (1- x

,
1 -y) (Ann(QL)

study. Codeenter
21 RL is pere fractoric /no fully
mobile excitations)



: T LFix n =ph Let He = R/c1- x, 1 - y)

-

z=] Me = prIzi
3.4

ph 7

Note GL is a I-module
.

Let Su be De darge module
-

viewed as IK-module .

Study Plavon only candes by looking at codes satisfying is s'2)

bene For p .o . code.
, Sc is It torsion free . e if vs =o

-

and pr ,
Du S=0 ·

ELuna : For a p.
o . ty Q,H DC as Imodules .

PI use flat res
.

-

Usot :
= G*R .

the There is a non-degenerate dilinear pairly
--

b : S x S2 - Yu
↳ - doesn'tPS
, x SL

b
- nondegenerate-Zus

see S

b satisfies :
so loal

) Strausin blz"s ,
z"s')= bis,

s') Isis' F2) (locity) b1s ,
t"s') = 0 if (k) > 0

-

sRun(WSBH) 7

Dis is equivalent to a perfectsyn pairing : bls,
s

· Wichenden . Qi ,Dua-Hemde
B : SSL - Al. ·

song
them Huang

Martin-Delgado
·Rai-Hermeleage:Shirke Slagt Chen

Se i
·

Sons -Tantivasacakarn
mi Me 2

, es Shirley ~ Herme'e
--

Let s =xm , Me ,
e, e25 B=

0 z- 1 2 0 ↳
E- 1 0 0 2 Les I

24 = 2ez = 0 2

00 -/2m = E -11ez 2 M2= 1z-1)e ,

I
0 O

I mizm



↑WitgenerateabeenitMeInduced
Sum (ASee 2.5

trivial

-

The 1Wicundu-Shirky-B .
-Hemade + Yay)

· All prine fusion order p . o . Codes are decoupled largess.
· P2

,
phases cre generated by p-SSC . and decoupled layers

General theories : Not all phases come from codes . Need a more
-

gewere Framework .

Wilbur-Shirley · Generalize He change complex

Tregeneral -> Braided fusion complexes (to appear soon)

forms .

· taking homologu is destructive if not pointlike

- Quasi-iso type that malturs ...
devived

Plainly (S ,
5) S is a forsion free fin .Den .

He-mod.Sp
B is a perfect synn .

bil . Jan .

this is an exact categorywall dudity
Witt , GrottendiedWill , K-groups .

W(P) =WIEp) ,
GWIP) : AWIIp) ,

KID)= KCE)
For p. o . Cheories

,
He fun is in the now-split nature. So localizing

invariants toodestructive · Group completion + retructuring give
algebraic inversionk of rings thatIdon't

recognize .... excity and interesting.



Example
: Haal's Cubic Code &=3 ,

1= 2
, M= 2

2

12 RT R
-

1 + xy
+ xz+ yz 0 - 01 + xy + xz + yz1+ x++E

1 + X + y
+20

-

+E 0I 0 1+x+Y I LIx++z Itxy+x7+7 0 I
-

0 1 + xy+xEz

QHC .

= R2a3/ (1+x + xz + 5z, 1+ + +E) (dowento⑪
infinite
-> R3b3/(1 + x + y + z ,

1xy + xz +yz) I : NType II
o planous

No keneons

Example (Chamon) &
= 3

,
1

= 2
, M= 1

-

· - R- R2-- R - 0

[x
+ 5 + 4 +4

4 + 4 + z +
z) [ +4 + z += x+ x + u +4)

Not CSS

Q(= R4e3/(4+5 + z+2
,

x +x +y
+y)e (Calderbank -

Show-Sleame)
Infinite-

Example 13D Thic Code) Example (Shirley-Slagle-Chen ,
SSC on

-

Kitaer/Hamna-Zavardi-Wen twisted 1-foliated) 3D
, Ty-code

fully mobile
loop- point excitations e

Example (Aybric XC-Tantivasudakarniti-Vijan)
Ty-3d Point's loop exitations

.

Example(Double Senion)
Ellison-Chen-Duc-Shirley-Tantivasadakar-

WilliamsonFullymobile My-code2D code
&Ds = 722


