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Why Listen to this Talk?

Historically the NV and the mNV equations have been considered from two
essentially disjoint perspectives, (i) the completely integrable approach and (ii) the
nonlinear dispersive PDE perspective. It is part of the goal of this paper to bring
these two aspects together toward the study of the large data problems.
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Preview

We'll prove large-data, global well-posedness for the Novikov-Veselov (NV) and
modified Novikov-Veselov (mNV) equations, dispersive nonlinear equations in two
space dimensions. These equations are completely integrable, and there are no known
global well-posedness results for large data by PDE methods. We’ll proceed as
follows:

Prelude: Integrable PDE’s in 2 4 1 versus 1 + 1
mNYV, NV, and the Main Results

Function Spaces U*, VP, S¥

Global well-posedness: mNV

The Miura Map

Global well-posedness: NV

R
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Prelude

Prelude: The KdV Equation

The KdV equation (1+1)
qc — 65]%{ + Gaxx = 0
has Lax pair
L(t) = =35 +q(t,x)
A(t) = —403 + 3(g0x + 0xq)
The KdV equation is equivalent to
L =i[L, A]

or
[LA—3]=0.

The operator L defines a spectral problem, and the operator A determines the evolution
of scattering data.
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Prelude

Prelude: The Novikov-Veselov Equation

Let
a= 5 (e tidy), 9= (3~ idy).
The NV equation (2+1) at zero energy
(@ + 3 +3)v+0(u10) + 3(u20) = 0
ou; = 39v, Juy = 30V
has a Manakov triple (Manakov, 1976)
L(t) =99 +q(t,2)
A() =B+ + 119 + 19
B(t) = duq + 0uy
The NV equation is equivalent to
[L,A+ 0] =BL
which becomes a Lax representation when restricted to zero energy solutions of L(t).
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Prelude

Inverse Scattering: KdV Equation
KdV Direct Scattering Problem:
—Y"+q()p =Ky, kER

KdV Direct Scattering Transform:

9(0) = (100, A (1)
KdV Inverse Scattering Transform:

(rto, N H L A ) = a(x)
Time evolution of scattering data:

r(k, t) = e¥%tr(k, 0)
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Prelude

Inverse Scattering: NV Equation
NV Direct Scattering Problem:

Y +q(z)p =0, Y(zk) ~ €~ keC\&

|z| =00

NV Direct Scattering Transform:

1 P
t (k :—_/elkz 2)P(z, k) dz
() = = [ =Gk
NV Inverse Scattering Transform:
K = et (k)T
12) =2 [ d@EWRER d, efz) =01
Time Evolution of Scattering Data:

€k, t) = SF gk 0)
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Prelude

KdV and NV

The mKdV Equation: The mNV Equation:
Us + Uy = 6121y u + (3% + 53)u = NLynv (u)
The KdV Equation: The NV Equation:
qt + Qxxx = 6qu gt + (a3 +§3)q _ NLNV(q)
The Miura Map The map
M(u) = uyx + u?

M(u) = 20u + u?
luti f mKdV to soluti
ZI;aIEZ\S]O utions of m 0 sotutions maps solutions of mNV to solutions of

NV
The potential g = M (u) has no bound

states since The potential ¢ = M (u) has no
exceptional points.
02+ 1y +u = (O + u)(—0y +u)
=A%A
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Prelude

Aside: The Nonlinearities

The nonlinearity in mNV is cubic:

INLyy =3 (@(@au)) + (@u)-3 " (3(1uP))

3
+ud! (5@5”)) + (3u) 0! (E(W))
while the nonlinearity in NV is quadratic:
4 _ =—1 5 (=1—17=
“NLyy =9 (99 "a9) +3 (70~"a7) .
These nonlinearities are nonlocal and involve the operators B = 99 ' and B* = 991,

which are bounded on L7 (R?) for 1 < p < oo.

To interpret the PDE’s with these nonlinearities, we need to work in a space-time
setting and take advantage of dispersive norms.
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Prelude

mKdV and mNV

The mKdV equation has Lax operator

_ fidy —iu
L_(iu —iax)

and belongs to the hierarchy of the
defocussing NLS equation

iUy + Uyy — |u|2u =0

Peter Perry (University of Kentucky)

mNV and NV

The mNV equation has Lax operator
Jd —u
t=(i 7)

and belongs to the hierarchy of the
Davey-Stewartson II (DS II) equation

{iqt + (9% +§2)q =q(r+7)
ar+9(|g)>) =0
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Main Results

The mNV and NV Equations

Who cares about this stupid equation?

Adrian Nachman

The modified Novikov-Veselov (mNV) equation
ut + (83 + 53) u= NLmNV(u)
and the Novikov-Veselov (NV) equation

=3
g+ (9> +9")g = NLyv (q)

are completely integrable, nonlinear dispersive equations in two space dimensions.
The mNYV equation is L2-critical, and the NV equation is “H —1_critical.”

The NV equations were introduced by Novikov and Veselov (1984) as flows associated
to the two-dimensional Schrodinger operator at fixed energy. The mNV equation was
proposed by Bogdanov (1987) as a natural analogue of the mKdV equation.
Schottdorf (2013) proved global well-posedness of mNV for small initial data.
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Main Results

DS II, mNV, and NV

The mNV equation lies in the integrable hierarchy of the Davey-Stewartson II (DS II)
equation, which is also L2-critical. Nachman, Regev, and Tataru used inverse
scattering methods to prove global well-posedness of DS IT in L?(IR?). In particular,
they showed that the scattering map S : L?(R?) — L?(IR?) is a global diffeomorphism.

Building on:
1. Schottdorf’s proof of small data well-posedess of mNV, and
2. Nachman-Regev-Tataru’s work on DS II,

we will prove large-data well-posedness of mNV.
The Miura map
M(u) = 20u + |u|?
[2(R?) — H }(R?) + L}(R?)
maps solutions of mNV to solutions of NV but is not onto H~! + L.

Using the Miura map, we will prove global well-posedness of NV on a set of initial
data for which is “soliton-free” in the sense that —A + ¢4 > 0.
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Main Results

Overview - the mNV Equation

Building on the work of Nachman, Regev, and Tataru, we will prove:

Theorem 1

The mNV equation is globally well-posed for initial data 1y € L?(IR?).
(i) Given ug € L?, there exists a unique solution u € U%,;, C C(R,L*(R))

(li) The flow map [25uy—uc UIZ\,V is smooth uniformly on bounded
subsets of L?(IR?)

(iii) For each uy € L2 there are u+ € L2 with

o u(t) — Snv (Hus |2 =0

where Syy (#) is the linear evolution for mNV and # — u are global
diffeomorphisms of L

An essential part of our analysis is a nonlinear Gagliardo-Nirenberg inequality for the
scattering operator which will allow us to bound a “control norm” and extend local

solutions to global ones.
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Main Results

Overview: The Miura Map

Let

M(u) = 20u + |ul?
Ifu € L?(R?), 0u = ou, and g = M (u), then g € H~1(R?) + L!(R?) is real-valued and
defines the quadratic form of a Schrédinger operator H:

(Hyg.9) = [ Vol = @u3(19P) + (1uPg. )

We will prove:

Theorem 2

1. The Miura map is injective from L?(R?) to H~! + L!
2. The Miura map has closed range consists of g € H= 1+ 12 with H; >0

3. The inverse of the Miura map is continuous on M (L?).

Our second result extends Agmon-Allegretto-Piepenbrink theory, which connects
positive solutions of the Schrodinger equation at zero energy to operator positivity.
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Main Results
Overview - the NV Equation

Using our well-posedness result on mNV together with a careful study of the
Miura-type map from solutions of mNV to solutions of NV, we prove:

Theorem 3

The NV equation is globally well-posed for initial data
g0 € M(LA(R?) € H1(R?) + L' (R?)
in the sense that the data to solution map
L2NM(L?) 3 go — q € C(R,L> N M(L?))
admits a continuous extension

M(L?) 3 g — q € C(R, M(L?))
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Function Spaces

How to Choose Function Spaces

Let Sy (t) be the solution operator for the Cauchy problem

o+ (83+53)v:0,

0li=o = w0
so v(t) = Snv (t)vo.
Let
olls = [ID170] . S+5=5 2<p<e

If v solves the linear Cauchy problem, the Strichartz estimate

l[olls < llvolly2,

holds. This suggests that we study the mNV equation in the space S”. Indeed the
space SP will play the role of a control norm in our analysis. We will prove a key
continuation result with respect to this norm.

We will need finer function spaces to study well-posedness.
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Function Spaces

Function Spaces -V? Spaces

To describe the spaces in which we will study the evolution equations, recall the UP
and V? spaces.

If B is a Banach space and I = [a,b] C R is an interval,

® A function u : I — B is ruled if u has left- and right-hand limits at each f € I.
® A partition P of [ is a set

A<t <bh<...<t,=0b

® Aruled function u : [a,b] — B belongs to V¥ (I) if the p-variation

n—1 14 vp
bl =s3p (' ot o))
» \j=

is finite, where by convention v(b) = 0

The V? space was introduced by Wiener (1924)
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Function Spaces

Function Spaces - UV Spaces

If B is a Banach space and I C R is an interval, we define the atomic space U?(I) by

first defining a p-atom to be a function of the form

n—1
Z Xijra) O $i €8, ) |lillp <1
j=1
Functions u € UP(I) are sums of p-atoms

u(t) = Y Aiai(t) whereA; €C, Y [A] < oo
i i=1

and have norm

lu|lyp = inf { YAl s u(t) = Y Aai(t) for p-atoms ai}
i=1 i=1

The continuous embedding U” C V? holds.
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Function Spaces

Adapted Spaces
If A is a Hilbert space and S(t) is a unitary evolution on H, we define
VE(D) ={v:1— H:S(—t)o(t) € VP()},
[ollyy = IS(=")2( v

Ub(I) = {u:1—H:S(—tyu(t) e UP(I)},

lullye = 11S(— )l

We will use these spaces to study nonlinear equations with linear evolution S(#) in
H = L2(R?).

It is important to note that functions in Vg have limits at +o0, i.e., lim;_ 100 S(t)u(#)
exists in L2(R?).

The adapted spaces were introduced by Tataru in unpublished work and applied to
the study of dispersive equations by Koch-Tataru, Herr-Tataru-Tzvetkov,
Hadac-Herr-Koch, Candy-Herr, and others.
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Function Spaces

Littlewood-Paley Decomposition

For H = L?(R?) we denote by Py the Littlewood-Paley operators localizing smoothly
in dyadic annuli k-1 < Ig] < 2%+1 in Pourier space, and we define X and Y to be the
closures of S(R x RR?) in the respective norms

2 2 2 2
[l = 2 1Pl ol = 3 1IPeolly
x x

Schottdorf’s global well-posedness result for mNV with small initial data uses a
fixed-point argument in X based on the Duhamel form of mNV:

u(t) = Sxv (o + [ Sy (= 5 Ny (u())
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Function Spaces

SP Spaces

Motivated by Strichartz estimates for Syy (t), we define the space SP of functions

#: R x R? = C with norm
1 1
lullss = |[IDI7u S=5 2<pso

1
o o
ny' p

We have the continuous inclusions

2 2
Uny CViy €8 = lulls S llullvg, < llllu,

We also define ¢2SP to be the space with norm

2 2
[ulle2sr = Y I1Pkulls
k

Finally, ¢*°SP is the space with norm

[l pogr = SI;P (| Pyl g -
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Function Spaces

SP Spaces

Let I C R be an interval. Then

1
lullsoy = || D17

L (I; Ly(R?))
By the Littlewood-Paley inequality, for 2 < p,r < oo,
lullspry Spor lll2grry

where implied constants are independent of I (See, for example, Exercise A.14 in
Nonlinear Dispersive Equations by Terence Tao)
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mNV Well-Posedness

Schottdorf’s Theorem

Schottdorf (2013) showed that an equation closely related to the mNV equation is
globally well-posed and scatters for small initial data in L2(IR?).

We extend Schottdorf’s result, adding a key continuation result, as follows:

Theorem 4

(a) Given ug € L?(IR?), there exists a time T > 0 and a unique local solution
u € X[0, T] depending smoothly on u
(b) The solutions may be continued so long as ||u|| g, is finite. If ||up||;2 = R
Y 8 S L
and 2 <p < oo,
el < R(L+R [Julg)P"?

The proof uses the Duhamel form of mNV.
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mNV Well-Posedness

Improved Local Well-Posedness

Writing
u(t) = Sy (o + NL@),  NL(u) = [ Swu(t = )Ny u(s)) ds

we find a solution in X0, T] via:

(1) Proving trilinear estimates on NL(u) of the form
INL () |5 < llatllxc el x 22l oo

(2) Setting v(t) = u(t) — Sny(t)ug we solve

t
o(t) = [ S(t =Ny (0(6) + S(s)uo) ds

by contraction mapping in Bs(X[I])
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mNV Well-Posedness

Well-Posedness Near Infinity

For the scattering problem, we may write

u(t) = SOy — [ S(t = 5Ny (u(s)) ds
For ||u4||;2 = R, we can choose T large so that on I = [T, oo]

IS(H)uollgry < e

We set
o(t) = u(t) — Snv (t)u+

and solve
o0

v(t) = | S(t—5)Nunv(0(s) +S(s)uo) ds

by contraction mapping on Bs(X[I])
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mNV Well-Posedness

Results of Local Well-Posedness near 0 and oo

The local well-posedness results for mNV has several important corollaries.

(1) If T is chosen so ||Sny (F)ug ]| ogp <K ||u0||£21, then a solution u(t) exists in [0, T]
with
lullx S Nluollzz [ullsro,ry S S(H)uollsppo,7)

(2) If uis an L? solution in [0, T] so that ||u|| gy o1 < ||u0||£21, then
lullx < lluollz 1Snv (B)uollgrpory < Nlullsppory

(3) The scattering problem

(% +3)u = Ny (1),
Hm Sy (—tu(t) = uy € L*(R?)

is locally well-posed in X[T, co] for sufficiently large T, and u depends smoothly
on u4

It remains to show that the S” norm of the solution is controlled in time
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mNV Well-Posedness

Nonlinear Gagliardo-Nirenberg Inequality

The Gagliardo-Nirenberg inequality on R" (Brezis-Mironescu form) is as follows.
Suppose that1 < p,p1,p2 < 400, s,51,50 >0, 0€(0,1), s1 <sp and
1 6 1-96
52951+(1—9)52, - = — 4+ —.
PP p2
Then
[l (rey S ””HWSHH RR") H”Hw»zpz(mn)

The nonlinear Gagliardo-Nirenberg inequality for the scattering transform is

Theorem 5 (Fixed-Time NGN)

1 1 2 1
Let2 <r <4, 5 + = and 0 <s < > The scattering transform obeys the
1

fixed-time bound

~

1 1
Sullgsr < |12 |7 22
[Sullgy i 12112 1] s
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mNV Well-Posedness

Nonlinear Gagliardo-Nirenberg Inequality

1/r
Assume 11 . .
St =—t =1 018
pr pon (/1))
and (p, r) lies between (p1,r1) and (o,2) Q
A N (U/p,1/r
Recall that SP = L (W'/Pr) ‘\( p1,1/11)
; 1/p
(3,0)

Theorem 6 (Space-Time NGN)

Let (p1,71) and (py, r2) be Strichartz pairs. The scattering transform obeys the
fixed-time bound

1 1
ISullesy S N#ll Zpeop2 172Nl Z2gry

[l 2
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mNV Well-Posedness

The mNV Equation

We now consider the inverse scattering solution
M(t) — 871 <efit((<>)3+(5)3) (Suo))
As F (e’it((°)3+53) (S uo)) solves the linear mNV flow we have

H]_- <€7it((<>)3+63) (Suo))

purgin < 1500z = ol

By the nonlinear GN inequality we get

Il erpwires S lluollp2

(luoll 2)

We can now obtain L? solutions in two ways:
(a) We can extend the IST solution map from 1y € S(R?) to ug € L?(IR?) by density

(b) We can extend local solutions to global solutions using local well-posedness and
uniform bounds on the control norm

We'll show that the two resulting solutions are identical
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mNV Well-Posedness

The mNV Equation

(a) We can extend the IST solution map from 1 € S(R?) to ug € L?(R?)

(b) We can extend local solutions to global solutions using local well-posedness and
uniform bounds on the control norm

Let ug 2(%2) up with u, o € S(R?), and let u”" — u be the corresponding solutions.
I2(R

Let Tax € (0, 0] be the maximal time of existence from part (b). For t < Ty both
solutions are unique limits of & (]RZ) solutions while, by (b),

W uin By (0,T) = u' — uin 2LP([0,T), W)

From the bound
<

lull ey ooy S lluoll
([fuoll;2)
we pass to T = Ty and get
H””SP[O,T] < H”HZZLV([O,T,,,,,X],WUP«') S uolle
C(lluoll;2)

If Tinax < oo this is a contradiction—the solution can be extended beyond Tyx.
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mNV Well-Posedness

The mNV Equation

We have established global existence for 1y € L?>(IR?) and identified the global
solution with the solution by inverse scattering.

Scattering: Since u € X, the limits

ug = lim Syy(—t)u(t)

exist in L2. We can also show that

ur = S(up)
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The Miura Map

The Miura Map, One Dimension

Recall
M () = ux + |uf?
and, forg € Hlj)i(]R), let
d2
a2
Kappeler, Perry, Shubin, and Topalov proved:

Ly= +q

Theorem 7 (Miura Map in One Dimension)

(i) q € ran(M,),ie.,q =7 +r*forsomer € L2 (R)

(ii) The equation Lyy = 0 has a strictly positive solution y € Hj. (RR)

(iii) Ly > 0 as a self-adjoint operator

Let g be a real-valued distribution in H~!(RR). The following are equivalent:

The range of M consists of potentials with no negative-energy bound states
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The Miura Map

The Miura Map, Two Dimensions
Bogdanov (1987) showed that, in two dimensions, the Miura map
M(u) = 20u + |ul?, u € L?(R?), ou=ou

takes solutions of the mNV equation to solutions of the NV equation. The range of M
lies in H~1(IR?) + L!(R?). Nachman, Perry, and Tataru proved:

Theorem 8 (Miura Map in Two Dimensions)

Let g be a real-valued distribution in H~1(R?) + L!(R?). The following are
equivalent:

(i) g € ran(M),i.e., q = ou + |u|* for some u € L*>(R?) with du = Ju
(ii) The equation L;y = 0 has a strictly positive solution ¢ with
Iny € H(R)

(iii) Ly > 0 as a self-adjoint operator

One should think of the range of M as “soliton-free” potentials
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NV Well-Posedness

Global Well-Posedness for NV

To our knowledge, it hasn't been proven so far that (1.1) possesses solutions for
data in any “reasonable” space (where by “reasonable” here we mean a standard
Sobolev space), although many results have been obtained in other directions (see
[22] and references therein).

Angelos Angelopoulos, 2014

Perry (2014) showed that inverse scattering methods can be used:
1. To solve the mNV equation with initial data uy € H>!(R?) N L!(R?) with
dug = dug and / up(z) dA(z) = 0 via

u(t) = 87" ("N S (ug) )
2. To solve the NV equation with initial data g0 = M (1), we set
a(t) = M [ 71 (e S(ug) )|
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NV Well-Posedness

Global Well-Posedness for NV

In the present work, we can solve the NV equation for a spectrally defined subset of
H1(R?) + L' (R?)

Using the Miura map, we can solve the NV equation for potentials g € ran M.
First, we establish that M has a continuous inverse on ran M.
Next, to solve the NV equation:

(i) Given qg € ran M, we set uy = M~ 1qq
(i) As M~(qo) € L*(IR?) with du = du, we can solve the mNV equation with
initial data 1, preserving the condition du = du

It remains to show that g = M (u) solves NV

Peter Perry (University of Kentucky) mNV and NV June 22, 2026 36 /37



NV Well-Posedness

Global Well-Posedness for NV

The proposed solution map is
qo = tg = M1 (qo) = M(u(t))

Setting q(t) = M (u)(#):

(i) By the continuity of the Miura map, 4 € C(R, H~'(R?) + L!(R?)) and the data
to solution map is continuous

(ii) By showing that L2 is dense in M (L?), and using local well-posedness for NV in
L2, we can show that the map above is the continuous extension of the solution
map on more regular data.
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