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Benjamin–Ono equation
Consider

∂t u(t , x ) = ∂x
(
|D|u − u2

) (t , x ), (t , x ) ∈ R × T,with D = 1
i

d
dx , D̂(k ) = k and u(t , x ) ∈ R

GWP in Hs(T), s > − 1
2 [Gérard–Kappeler–Topalov, ’23]

Different notions of integrability :• Infinite number of conservation laws: the mass
M(u) = ˆ 2π

0
u(x ) dx ,

the momentum
P(u) = ˆ 2π

0

1
2

u2dx ,

the energy
H(u) = ˆ 2π

0

1
2

uDu − 1
3

u3dx

• Lax pair : (Lu , Bu) [Nakamura, ’79], [Bock–Kruskal, ’79]• Birkhoff coordinates [Gérard–Kappeler, ’21]
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Benjamin–Ono equation
Consider

∂t u(t , x ) = ∂x
(
|D|u − u2

) (t , x ), (t , x ) ∈ R × T,

with D = 1
i

d
dx , D̂(k ) = k and u(t , x ) ∈ R

[Gérard, ’23] : Explicit formula

Πu(t , z) = 〈(Id −zeite2itLu0 S∗)−1 Πu0, 1
〉

, ∀z ∈ C, |z| < 1

Work in the Hardy space L2+ = {
f ∈ L2 : f̂ (k ) = 0, k < 0

},with the Szegő projector Π : L2 → L2+and the Lax and shift operators
Lu0 f = Df − Π(u0f ), S∗f = Π(e−ix f ), ∀f ∈ L2+
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Applications of the explicit formulas for Benjamin–Ono (BO)
On the theoretical level:• zero-dispersion limits for BO [Maehlen, ’25]• zero-dispersion limits on R [Gérard, ’24], [Chen, ’25], [Blackstone–Gassot–Gérard–Miller, ’24]and classification of traveling wave solutions [Gérard–He, ’26]• the soliton resolution conjecture for BO [Gassot–Gérard–Miller, ’26]

• large-torus limits for BO [AB–Maehlen, ’26+] → rigorous numerics on ROn the numerical level:• Long-time dynamics [AB–Chen–Dolbeault, ’25]• Low-regularity approximations [AB–Laurens, ’26]First step: reformulate Gérard’s formula, in Fourier variables û(t , k ) 6



Benjamin–Ono equation
Consider

∂t u(t , x ) = ∂x
(
|D|u − u2

) (t , x ), (t , x ) ∈ R × T,

with D = 1
i

d
dx , D̂(k ) = k and u(t , x ) ∈ R

[Gérard, ’23] : Explicit formula

Πu(t , z) = 〈(Id −zeite2itLu0 S∗)−1 Πu0, 1
〉

, ∀z ∈ C, |z| < 1

Work in the Hardy space L2+ = {
f ∈ L2 : f̂ (k ) = 0, k < 0

},with the Szegő projector Π : L2 → L2+and the Lax and shift operators
Lu0 f = Df − Π(u0f ), S∗f = Π(e−ix f ), ∀f ∈ L2+In Fourier space: û(t , k ) = ⟨(eite2itLu0 S∗)kΠu0, 1⟩, k ≥ 0

û(t , k ) = û(t , −k ), k < 0
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Benjamin–Ono equation
Consider

∂t u(t , x ) = ∂x
(
|D|u − u2

) (t , x ), (t , x ) ∈ R × T,

with D = 1
i

d
dx , D̂(k ) = k and u(t , x ) ∈ R

[Gérard, ’23] : Explicit formula

Πu(t , z) = 〈(Id −zeite2itLu0 S∗)−1 Πu0, 1
〉

, ∀z ∈ C, |z| < 1

Work in the Hardy space L2
K = ΠK L2+ = {

f ∈ L2 : f̂ (k ) = 0, k < 0 or k ≥ K
},with the Szegő projector ΠK : L2 → L2

Kand the Lax and shift operators
Lu0,K fK = DfK − ΠK (u0fK ), S∗fK = Π(e−ix fK ), ∀fK ∈ L2

KIn Fourier space: ûK (t , k ) = ⟨(eite2itLu0 ,K S∗)kΠK u0, 1⟩, 0 ≤ k < K

ûK (t , k ) = ûK (t , −k ), −K < k < 0
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Theorem (AB–Chen–Dolbeault, ’25)
Let s > 1 and u0 ∈ Hs(T). There exists C > 0 depending on ||u0||Hs s.t.

||u(t) − uK (t)||L2 ≤ C (1 + t) K −s+1

8



10 3 100 103 106 109 1012

t

10 15

10 13

10 11

10 9

10 7

10 5

10 3

10 1

101

Er
ro

r o
f t

he
 sc

he
m

e 
in

 L
2

K takes the values of 16, 32 and 64

Theorem (AB–Chen–Dolbeault, ’25)
Let s > 1 and u0 ∈ Hs(T). There exists C > 0 depending on ||u0||Hs s.t.

||u(t) − uK (t)||L2 ≤ C (1 + t) K −s+1
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Let s > 1 and u0 ∈ Hs(T). There exists C > 0 depending on ||u0||Hs s.t.

||u(t) − uK (t)||L2 ≤ C (1 + t) K −s+1
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Theorem (AB–Laurens, ’26)
Given u0 ∈ L2(T) and T > 0, sup

t∈[−T ,T ] ||u(t) − uK (t)||L2 −→
K→∞

0

Tools: compactness and resolvent identities, inspired by: [Killip–Laurens–Vişan, ’24, ’25]
Better structure preserving properties:Exactly preserve the mass

´
u and momentum

´
u2

||Πu(t)||2L2 = ||Πu0||2L2 − lim
K→∞

||(eite2itLu0 S∗)K Πu0||2L2

Numerical artifact of the previous approximation uK :
||(eite2itLu0 ,K S∗)K ΠK u0||L2 ̸= 0

New proposed scheme : v̂K (t , k ) = ⟨v k , 1⟩ with v0 = ΠK u0 and for k ∈ {1, ..., K − 1}
v k = (

eit e2iLu0 ,K−k S∗) v k−1, Lu0 ,j = ΠjLu0ΠjPreserves L2-norm:
||ΠvK (t)||L2 = ||ΠK u0||L2 , t ≥ 0, K > 0
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Theorem (AB–Laurens, ’26)
Given u0 ∈ L2(T) and T > 0, sup

t∈[−T ,T ] ||u(t) − uK (t)||L2 −→
K→∞

0

Example: the Talbot Effet. BO evolution from u0(x ) = sgn(x ).

3 2 1 0 1 2 3
x

3

2

1

0

1

2

3

u(
t),

 t=
/3

nonlinear
linear

3 2 1 0 1 2 3
x

3

2

1

0

1

2

3

u(
t),

 t=
/6

nonlinear
linear

Linear PDE: proven in [Boulton–Olver–Pelloni–Smith, ’21]Nonlinear PDE: First numerical evidence of the Talbot effect for (BO) supported by arigorous convergence result
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Bridging PDE integrability techniquesand 1D Wave Kinetic Theory
• On the Wave Kinetic dynamics of the BO equation via an explicit formula

[AB – Hernández – Staffilani, ’26+]

Rescaled BO equation:
∂t u(t , x ) = ∂x

(
|D|u − εu2

) (t , x ), x ∈ TN = [−Nπ, Nπ],
with

u0(x ) = ∑
k∈Z

ηk φ(k /N) eikx /N
√

2πN
,

where ηk are i.i.d. complex Gaussians, ηk = η−k , E(ηk ηℓ ) = δk ,ℓ and φ ∈ C0
c (R)

Goal: analyze the statistical dynamics of the solution in the kinetic regime, up to Tkin
13



Wave Kinetic Theory for nonlinear dispersive PDEs
Remarkable progress in the rigorous statistical description of wave interactions indimensions d ≥ 2, reaching up to the kinetic timescale

Tkin ∼ 1
ε2

,threshold at which random nonlinear interactions accumulate.Requires scaling law ε = N−γ , for γ ∈ (0, 1].Effective statistical description: the Wave Kinetic equation
[Peierls ’29, Hasselmann ’60, Zakharov ’68]

Cubic NLS, in dimension d ≥ 2:• Up to T 1/2kin [Buckmaster-Germain-Hani-Shatah, 19’]• Up to T 1−δkin , for some scaling laws [Deng-Hani, Collot-Germain, ’19]• Reached Tkin , [Deng-Hani ’21, ’23] and even arbitrarily long times [Deng-Hani, ’23]Other nonlinear PDEs in dimension d ≥ 2:• With stochastic forcing [Staffilani-Tran, ’21], [Grande-Hani, ’26]• a Klein–Gordon system [de Suzzoni-Stingo-Touati, ’25]MMT (Majda–McLaughlin–Tabak) d = 1:• Up to T 5/8−kin [Vassilev, ’25]
Challenge in the 1D setting: counting problem is significantly more difficult
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Key steps taken in the literature
Feynman diagram analysis: approximating u(t) by Duhamel expansions

û(t , k ) = eitL̂(k )û0(k )︸ ︷︷ ︸
= Ψ(

12 CHAPTER 1. Introduction

uk(t) = etP (k)

| {z }

⇧

⇣ k ⌘
(t)

uk(0) + etP (k)

Z t

0

e�s1P (k)pk(es1P (k)uk(0))ds1

| {z }
⇧

⇣

D�������� ����� �

Remark �.� One can notice that some of the notations are similar to the one used
in [�] which took a direct inspiration from the algebraic structures developed for
singular SPDEs in [�]. There are some di�erences on the decorations used because
we focus on a more general set up no longer specific to dispersive equation:
• The conjugate operator was encoded in [�] with edge decorations in {�1, 1}

which allow the computation of the frequency interaction. Now, we have a larger
set of operator by having a bigger set L+ with elements such as o like in the
NLS example. One has Lo = L= L(o,�1) where the last identity corresponds
to the old notation coming from [�].

• Another change on the edge decorations is that in [�] certain edges correspond to
some integral in time other not. This excludes the parabolic case. If we rewrite
an integral of the form

� t
0 e(t�s)L · · · ds into etL

� t
0 e�sL · · · ds then it does not

make sense when L= �. We recall one decorated tree coming from [�]:

k1

k2
k3

� e�itk2 � i

� t

0
eisk2

�
eisk2

1e�isk2
2e�isk2

3

�
ds, k = �k1 + k2 + k3.

where the leaves are decorated by the frequencies k1, k2, k3 and the inner nodes
are decorated by k. The blue edge encodes an integral in time �i

� t
0 eisk2 · · · ds.

If we consider the same integral not in Fourier mode, one can rewrite it as

� �i

� t

0
e(t�s)L

��
esLv

�2�
e�sLv

��
ds,

where the blue dot corresponds to v and the blue edge now encode an integral
of the form

� t
0 e(t�s)L · · · ds. In fact, this coding is su�cent for NLS but not

for the general case we have in mind that contain drivers and non-polynomial
non-linearities.

• We add new decorations at the nodes coming from the drivers Vl of (�.�). The
initial conditions are associated to the drivers we are using. as an example with
a non-linearity of the form f (u)g(u)Vl after inserting u = esLv, one gets the
following term by applying (�.�) and keeping only the first term:

�
eisLf (v)

� �
esLg(v)

�
� = X0

Then, if we integrate by �i
� t
0 e(t�s)L · · · ds encoded by a brown edge, we obtain

the integral (�.��).

Example � We consider the Gross–Pitaevskii as a second example. The main
di�erence is the adjunction of a new potantial V . The equation takes the form:

i@tu + �u = |u|2u + uV, u0 = v (�.�)

⌘
(t)

+ etP (k)

Z t

0

e�s1P (k)


p0

k(es1P (k)uk(0))es1P (k)

Z s1

0

e�s2P (k)pk(es2P (k)uk(0))ds2

�
ds1

| {z }

⇧

✓

E������� ��

= B̄2(D1(T1)) + B̄2(1)Ar(D̂(1,0)(T1)) + B̄2(X)Ar(D̂(1,1)(T1))

B̄2(D1(T1)) � B̄2(1)Ār(D̂(1,0)(T1)) + B̄2(X)Ār(D̂(1,1)(T1))

Then the only non-zero term is

Ār(D̂(1,1)(T1)) = 1

We want to approximate the next iterated integrals

I2(v3, v2, �) =

� �

0
e�i�1�

��
ei�1�v

��
e�i�1�v

��
ei�1�I1(v2, v, �1)

��
d�1

I3(v3, v2, �) =

� �

0
e�i�1�

��
ei�1�v

�2�
e�i�1�I1(v2, v, �1)

��
d�1.

(�.�)

The Fourier coe�cient of these iterated integral can be described using the following
decorated trees:

T2 =

k1

k2 k4

k3

k5

, T3 =

k1

k2 k4

k3

k5

, T 1
2 =

k1

k
k5

T 2
2 =

k2

k3
k4

,

�Dr(T2) = Dr(T2) � 1 +
�

m�r

Xm

m!
� D̂(r,m)(T2) + T 2

1 � T 2
2 ,

where k = �k2 + k3 + k4.

�T3 = T3 � 1 + 1 � T3 +

k1
k̄

k5

�
k2

k3
k4

,

where k̄ = k2 � k3 � k4.
Then, by definition,

R(T2) = (�k1 � k2 + k3 + k4 + k5)2 + k2
1 + k2

2 � k2
3 � k2

4 � k2
5,

Rdom(T2) = 2k2
1 + 2k2

2

R(T3) = (k1 + k2 � k3 � k4 + k5)2 � k2
1 � k2

2 + k2
3 + k2

4 � k2
5,

Rdom(T3) = 2k2
3 + 2k2

4.

Now, we focus on T2 for the next computations.

I2(v3, v2, �) =

� ⌧

0
e�i��

����ei��v
���
2
ei��I1(v2, v, �)

�
d�

=
�

�k1+(�k2+k3+k4)+k5=k

v̂k1 v̂k2 v̂k3 v̂k4 v̂k5(�T2)(⌧ ) eik⌧

(�T2)(⌧ ) =

� ⌧

0
ei�(k2+k2

1�k2
5�(�k2+k3+k4)2)

� �

0
eiRdom(T1)�1eiRlow(T1)�1d�1d�

(�.�)

◆
(t)

+ . . .

where ⇧ maps decorated trees to Duhamel iterates. The edges encode the operators in Duhamel’s formula. Namely,

the brown edge
k

encodes the linear flow etP (k), and the blue edge encodes the time integral
R t

0
e�s1P (k)... ds1. A

dotted edge corresponds to taking the complex conjugate of the expressions. For example, we have

⇧(
k

)(t) = etP (k), ⇧(
k

)(t) = e�tP (k).

Lastly, the node decoration encodes the frequencies. This approach of encoding Duhamel’s iterates in Fourier using
decorated trees is also widely used in the theoretical study of dispersive equations. We discuss this further in
Section 1.5.
The character ⇧, called a pre-model or Feynman rule, separates the algebraic level from the analytical one, and allows
to expand the solution as a tree series expansion. We let r + 1 denote the order of the scheme, and Vr

k the set of trees
of size r + 1, encoding an iterated integral with up to r + 1 integrals. We can expand the solution (truncated at order
r + 1) as the following Butcher-type tree series:

ur
k(t) =

X

T2Vr
k

⌥p(T )

S(T )
⇧(T )(t), (1.37)

where S(T ) 2 N is the symmetry factor associated to the tree T , ⌥p(T ) is the elementary di↵erential which depends
on uk(0) and encodes the coe�cient appearing in the iteration of Duhamel’s formulation, and ⇧(T )(t) represents a
Fourier iterated integral. In their article, the authors denote the above expansion (1.37) by Ur

k (t, u0). Lastly, we give
an example of the set Vr

k : for a first order scheme we fix r = 0 and obtain

V0
k = {T0, T1}, with T0 =

k

, T1 =

k1 k3

k2

. (1.38)

The above tree based formalism is inspired by the works of [BCCH20] and [Hai14]. There, this formalism is used
to derive a general framework for solving a large class of singular SPDEs in subcritical-regimes, via the theory of
Regularity Structures.

b.) On the discrete level. The second step is to approximate each Duhamel integral ⇧(T )(⌧), where ⌧ denotes the time
step. The approximation of each Duhamel integral is made using the resonance-based approach detailed previously (see
Section 1.1.1). The discretization is automated via a notion of high and lower parts (1.18) dictated by the resonance
structure R(k) of the underlying equation. This automatization is led by the approximation operator

⇧r,n : Vr
k ! approximate iterated integral,

which is a resonance-based approximation of ⇧. Namely, given a decorated tree T , ⇧r,n(T ) is a resonance-based
approximation of the iterated integral encoding the tree T . The index n corresponds to a formal a priori assumption
on the regularity required on the initial data, and allows to make simple Taylor expansions when su�cient regularity is
assumed. The mapping ⇧r,n expresses in Fourier space the numerical scheme after one time step, denoted by Un,r

k (⌧),

) +eitL̂(k ) ˆ t

0
e−is1L̂(k )p̂k (eis1L̂û0)ds1︸ ︷︷ ︸

Ψ(

D�������� ����� �

Remark �.� One can notice that some of the notations are similar to the one used
in [�] which took a direct inspiration from the algebraic structures developed for
singular SPDEs in [�]. There are some di�erences on the decorations used because
we focus on a more general set up no longer specific to dispersive equation:
• The conjugate operator was encoded in [�] with edge decorations in {�1, 1}

which allow the computation of the frequency interaction. Now, we have a larger
set of operator by having a bigger set L+ with elements such as o like in the
NLS example. One has Lo = L= L(o,�1) where the last identity corresponds
to the old notation coming from [�].

• Another change on the edge decorations is that in [�] certain edges correspond to
some integral in time other not. This excludes the parabolic case. If we rewrite
an integral of the form

R t
0 e(t�s)L · · · ds into etL

R t
0 e�sL · · · ds then it does not

make sense when L= �. We recall one decorated tree coming from [�]:

k1

k2
k3

⌘ e�itk2 � i

Z t

0
eisk2

⇣
eisk2

1e�isk2
2e�isk2

3

⌘
ds, k = �k1 + k2 + k3.

where the leaves are decorated by the frequencies k1, k2, k3 and the inner nodes
are decorated by k. The blue edge encodes an integral in time �i

R t
0 eisk2 · · · ds.

If we consider the same integral not in Fourier mode, one can rewrite it as

⌘ �i

Z t

0
e(t�s)L

✓⇣
esLv

⌘2⇣
e�sLv

⌘◆
ds,

where the blue dot corresponds to v and the blue edge now encode an integral
of the form

R t
0 e(t�s)L · · · ds. In fact, this coding is su�cent for NLS but not

for the general case we have in mind that contain drivers and non-polynomial
non-linearities.

• We add new decorations at the nodes coming from the drivers Vl of (�.�). The
initial conditions are associated to the drivers we are using. as an example with
a non-linearity of the form f (u)g(u)Vl after inserting u = esLv, one gets the
following term by applying (�.�) and keeping only the first term:

⇣
eisLf (v)

⌘⇣
esLg(v)

⌘
⌘ = X0

Then, if we integrate by �i
R t
0 e(t�s)L · · · ds encoded by a brown edge, we obtain

the integral (�.��).

Example � We consider the Gross–Pitaevskii as a second example. The main
di�erence is the adjunction of a new potantial V . The equation takes the form:

i@tu + �u = |u|2u + uV, u0 = v (�.�)

)
+ eitL̂(k ) ˆ t

0
e−is1L̂(k ) [

p̂′(eis1L̂û0) ∗ eis1L̂
ˆ s1

0
e−is2L̂p̂(eis2L̂û0)ds2

]
k

ds1︸ ︷︷ ︸
Ψ
(

E������� ��

= B̄2(D1(T1)) + B̄2(1)Ar(D̂(1,0)(T1)) + B̄2(X)Ar(D̂(1,1)(T1))

B̄2(D1(T1)) � B̄2(1)Ār(D̂(1,0)(T1)) + B̄2(X)Ār(D̂(1,1)(T1))

Then the only non-zero term is

Ār(D̂(1,1)(T1)) = 1

We want to approximate the next iterated integrals

I2(v3, v2, ⇠) =

Z ⇠

0
e�i⇠1�

h⇣
ei⇠1�v

⌘⇣
e�i⇠1�v

⌘⇣
ei⇠1�I1(v2, v, ⇠1)

⌘i
d⇠1

I3(v3, v2, ⇠) =

Z ⇠

0
e�i⇠1�

⇣
ei⇠1�v

⌘2⇣
e�i⇠1�I1(v2, v, ⇠1)

⌘�
d⇠1.

(�.�)

The Fourier coe�cient of these iterated integral can be described using the following
decorated trees:

T2 =

k1

k2 k4

k3

k5

, T3 =

k1

k2 k4

k3

k5

, T 1
2 =

k1

k
k5

T 2
2 =

k2

k3
k4

,

�Dr(T2) = Dr(T2) ⌦ 1 +
X

mr

Xm

m!
⌦ D̂(r,m)(T2) + T 2

1 ⌦ T 2
2 ,

where k = �k2 + k3 + k4.

�T3 = T3 ⌦ 1 + 1 ⌦ T3 +

k1
k̄

k5

⌦
k2

k3
k4

,

where k̄ = k2 � k3 � k4.
Then, by definition,

R(T2) = (�k1 � k2 + k3 + k4 + k5)2 + k2
1 + k2

2 � k2
3 � k2

4 � k2
5,

Rdom(T2) = 2k2
1 + 2k2

2

R(T3) = (k1 + k2 � k3 � k4 + k5)2 � k2
1 � k2

2 + k2
3 + k2

4 � k2
5,

Rdom(T3) = 2k2
3 + 2k2

4.

Now, we focus on T2 for the next computations.

I2(v3, v2, ⇠) =

Z ⌧

0
e�i⇠�

���ei⇠�v
���
2
ei⇠�I1(v2, v, ⇠)

�
d⇠

=
X

�k1+(�k2+k3+k4)+k5=k

v̂k1 v̂k2 v̂k3 v̂k4 v̂k5(⇧T2)(⌧ ) eik⌧

(⇧T2)(⌧ ) =

Z ⌧

0
ei⇠(k2+k2

1�k2
5�(�k2+k3+k4)2)

Z ⇠

0
eiRdom(T1)⇠1eiRlow(T1)⇠1d⇠1d⇠

(�.�)

)
+ . . .
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Tree series expansion, for randomized u0

E(|û(t , k )|2) − E(|û0(k )|2) ≃
∑
T1 ·T2

Ψ(T1) Ψ(T2)

16 CHAPTER 1. Introduction

where the ⌘k are independent standard complex Gaussian random variables. The above expression is a Gaussian
randomization of a deterministic function

P
k ckeikx. The choice of how one measures the numerical discretization in a

stochastic setting can take a probabilistic form and be formulated in different ways. In Chapter 4, we choose to quantify
the convergence rate of approximations of the second moment E(|uk(t, v⌘)|2) of the k-th Fourier coefficient uk of the
solution u to the class of dispersive equations (1.1). We construct approximations of arbitrarily high order to the second
moment E(|uk(t, v⌘)|2), based upon the tree series expansions discussed in Section 1.4.2. Working with gaussian random
variables and integer moments of polynomial nonlinearities of these random variables is a crucial choice that allows us to
use Wick formulas and their rich algebraic structure to set up the framework. We now outline the main steps involved in
Chapter 4.

Following equation (1.37), one can express the time continuous solution, truncated at order r + 1, as a tree series
expansion:

ur
k(⌧, v⌘) = etP (k)⌘kck + etP (k)

Z ⌧

0

e�s1P (k)pk(es1P (k)⌘kck)ds1 + · · · =
X

T2Vr
k

⌥p(T )

S(T )
⇧(T )(⌧),

where we have taken t = ⌧ , the time step. We can thus make a first approximation, with local error in O(⌧r+2), of the
second moment E

�
|uk(⌧, v⌘)|2

�
using the truncated solution ur

k :

E
�
|uk(⌧, v⌘)|2

�
⇡ Qr+1E

�
|ur

k(⌧, v⌘)|2
�
, (1.45)

where Qr+1 keeps only the terms of order at most r + 1, i.e. in O(⌧m), with m  r + 1. When computing the product
|ur

k(⌧, v⌘)|2, a number of terms involve products of an odd number of noise variables, that have null expectation. The
other terms are even polynomials in the noise variables, whose expectation is described by Wick’s formula, which states
that for centered gaussian variables the expectation of the product of an even number of gaussians is given by the product
of the expectations of their two-by-two product, summed over all possible pairings. For example, if u satisfies the NLS
equation (1.2), one term we would want to approximate is the expectation E

⇣
⌥p(T0)⇧(T0)⌥

p(T1)⇧(T1)
⌘
, where T0 and

T1 correspond to the terms of order zero and one in Duhamel’s formula, see (1.38). Given that the trees T0 and T1 have
in total four leaves, the expectation contains terms of the form:

E(⌘̄k⌘̄k1⌘k2⌘k3) = E(⌘̄k⌘̄k1)E(⌘k2⌘k3) + E(⌘̄k⌘k2)E(⌘̄k1⌘k3) + E(⌘̄k⌘k3)E(⌘̄k1⌘k2)

= �k,�k1�k2,�k3 + �k,k2�k1,k3 + �k,k3�k1,k2 .

The first line in the above uses Wick’s formula, while the second line exploits the properties of the random variables (⌘k)k.
We see that the above yields a nontrivial value under the following conditions on the frequencies: (k, k2) = (�k1,�k3)
or (k, k1) = (k2, k3) or (k, k1) = (k3, k2). We can capture these conditions diagrammatically through Feynman-type
diagrams:

k

k1 k3

k2

k

k1 k3

k2

k

k1 k3

k2

.

We see that computing the expectation amounts, through Wick’s formula, to pairing the leaves of the trees. We introduce
for this purpose a new combinatorial structure called paired decorated forests, which are composed of two decorated trees
whose decorations on the leaves come in pair. The expansion for E

�
|uk(t, v⌘)|2

�
, following the first approximation (1.45),

can then be rewritten in terms of these paired decorated forests:

E
�
|uk(⌧, v⌘)|2

�
⇡ Qr+1E

�
|ur

k(⌧, v⌘)|2
�

=
X

T1·T22Gr
k

⌥̄p(T1)⌥
p(T2)

S(T1)S(T2)
⇧̄(T1)(⌧)⇧(T2)(⌧).

The set Gr
k consists of all paired forests F = T1 · T2 whose encoding as Duhamel iterates ⇧̄(T1)(⌧)⇧(T2)(⌧) contains at

most r + 1 integrals in time.

As discussed in steps b.) of Section 1.4.2, by replacing the continuous mapping ⇧ by a discrete analogue ⇧n,r we
obtain a tree-series expansion of our numerical approximation after one time step, which we denote by V n,r

k (⌧):

V n,r
k (⌧) =

X

F=T1·T22Gr
k

⌥̄p(T1)⌥
p(T2)

S(T1)S(T2)
Qr+1

�
⇧̄n,rT1⇧

n,rT2

�
(⌧). (1.46)

Challenge in the 1D setting [Vassilev, ’25] : divergence of some Feynman diagrams on timescales much shorter than the expected kinetic timeSee also [Deng–Ionescu–Pusateri, ’25] and [Vassilev–Wu, ’26]



Exploiting integrability techniques
▷ Step 1. Let w0 = εu0/

√
N and tN = t/N .

û(t , k ) = 1√
2πN

〈(
eitN e2itN Lw0 S∗)k Πu0, 1

〉
Instead of iterating Duhamel’s formula for BO, we iterate along the diagonal flow eitN D :

eitN Lw0 = eitN D+ˆ tN

0
ei(tN −s)D(−iTw0 )eisD ds

+ ˆ tN

0

ˆ s

0
ei(tN −s)D(−iTw0 )ei(s−r )D(−iTw0 )eirD dr ds + . . .

Obtain Dyson series for the operator appearing inside the explicit formula:
(eitN Lw0 S∗)k − (eitN DS∗)k = ∑

j≥1

Tj (k )
⇝ Recast the nonlinear dynamics into evolution of linear operators on L2+
Random Matrix TheoryApplication to random Schrödinger equations: [Black–Drogin–Hernández, ’25]
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A first result on the wave kinetic theory for BO
Theorem (AB–Hernández–Staffilani)
Let ε = N−γ with γ ∈ [0, 1]. There exists c > 0 such that for all c ≤ t ≤ ε−2(log N)−4

E||u(t) − ulin(t)||2L2 ≲ tε2(log N)4E||u0||2H2 .

By applying the same elements of proof we obtain:Given any ℓ ∈ R, and N large enough we have that for all t ≤ ε−2(log N)−4∣∣E|û(t , k )|2 − E|û(0, k )|2∣∣ ≲ tε2 log(N)4where |k | ≤ ℓN .
Future work:
▶ Push these methods to higher order

▶ Numerics using explicit formula for exploring the statistical evolution over long times.Q: Do we have non-trivial dynamics, over which timescales, for which quantities ?
[Flamarion–Pelinovsky, ’23]: Numerically observe evolution of the spectrum,
skewness and kurtosis for BO (but not in kinetic regime)Thank you ! Merci ! 17


