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1 Pure-N-soliton solution setup

1.1 N-soliton case

Consider the case with N KdV solitons (reflectionless case; see [GT09]). For simplicity we set t = 0,
but all the calculations can be carried out in the case t > 0. Find a 2-dimensional row vector m
such that

1. m(λ) is meromorphic in C, with simple poles at {iλj}Nj=1 in iR+ (λj > 0), and at the

corresponding conjugate points {−iλj}Nj=1 in iR−;

2. m satisfies the residue conditions

res
z=iλj

m(z) = lim
z→iλj

m(z)

[
0 0

icje
2izx 0

]
, res

z=−iλj
m(z) = lim

z→−iλj
m(z)

[
0 −icje

−2izx

0 0

]
, (1)

where the norming constants cj ∈ R+;

3. m(z) =
[
1 1

]
+O

(
1

z

)
as λ→∞,

4. m satisfies the symmetry

m(−z) = m(z)

[
0 1
1 0

]
.

The ansatz for the solution is the following

m(z) =

1 +

N∑
j=1

iαj
z − iλj

, 1−
N∑
j=1

iαj
z + iλj

 , (2)

with αj = αj(x, t).
The N -soliton potential u(x) is determined as

u(x) = 2∂x

(
lim
z→∞

z

i
(m1(z)− 1)

)
= 2 ∂x

(
N∑
k=1

αk

)
. (3)
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Plugging the ansatz into the residue conditions gives the equations

αk =

1−
N∑
j=1

αj
λk + λj

 cke
−2λkx ⇔ αke

λkx

√
ck

=

1−
N∑
j=1

√
cje
−λjx

λk + λj

αje
λjx

√
cj

√cke−λkx (4)

∀ k = 1, . . . N , i.e.

(IN +K) α̃ = c̃, α̃ = (IN +K)−1c̃ (5)

with α̃, c̃ ∈ RN and

(α̃)k =
αk√
ck
eλkx , (c̃)k =

√
cke
−λkx , (K)k` =

√
ck
√
cje
−x(λk+λ`)

λk + λ`
. (6)

Proposition 1. The matrix IN +K is invertible.

Proof. We follow the same argument as in [?, Proposition B1].
The matrix K is symmetric and (even better) it is positive definite, as it can be seen as an

inner-product type of matrix:

Kkj =

∫ ∞
x

√
ck
√
cke
−s(λk+λj)ds =

〈√
cke
−sλk ,

√
cje
−sλj

〉
(7)

and the functions fk(s) =
√
cke
−sλk are linearly independent in L2(x,+∞) (∀ x), since λk 6= λj .

Notice now that

αk =

N∑
`=1

(IN +K)−1
k`

√
c`e
−x(λj+λ`), (8)

therefore

N∑
k=1

αk = −Tr

(
(IN +K)−1 ∂

∂x
K

)
= − ∂

∂x
ln det (IN +K) (9)

where we used the fact that ∂
∂xKk` = −√cke−x(λk+λ`) and the formula ∂

∂x ln detA = Tr
(
A−1 ∂

∂xA
)

for a generic matrix-valued function A(x).
In conclusion, our KdV N -soliton solution looks like

u(x) = −2
∂2

∂x2
ln det (IN +K) (10)

1.2 Fredholm determinant formula for the N-soliton solution of KdV

Theorem 1 (Matrix trick). The finite N ×N determinant (10) can be recast into the following
Fredholm determinant:

det (IN +K) = det
(
IdL2(x,+∞) +Kx

)
(11)

2



where Kx : L2(x,+∞)→ L2(x,+∞) is an integrable, finite rank operator

Kx[f ](y) =

∫ ∞
x

K(s, y)f(s)ds (12)

with Hankel kernel

K(u, v) = F (u+ v), F (s) :=
N∑
j=1

cje
−λjs. (13)

where {−λ2
j}Nj=1 are the the eigenvalues of the Schrödinger operator and {γ2

j } are the norming
constants.

Proof. The matrix K can be written as the composition of the following two operators:

K = A ◦ B (14)

with A : L2(x,+∞)→ CN and B : CN → L2(x,+∞) are

(A[f ])j =

∫ ∞
x

γje
−λjsf(s)ds (15)

B[v] = 〈exp(s),v〉, (exp(s))k = γke
−λks (16)

for all j, k = 1, . . . , N .
Therefore,

det
[
IN +A ◦ B

]
= det

[
IdL2(x,+∞) +B ◦ A

]
(17)

and it is easy to see that B ◦ A = Kx.

Remark 1. It is easy to check that A and B are Hilbert-Schmidt, therefore Kx is trace class.

2 Taking the limit N → +∞ in the Fredholm Determinant

We are now interested in the limit as N → +∞. We replace

cj 7→
cj
N
,

as norming constant.
We also introduce some additional assumptions as usual:

1. The poles
{

iλ
(N)
j

}N
j=1

are sampled from a density function %(λ) so that
∫ iλj

iη1
%(η)dη = j/N ,

for j = 1, . . . , N .

2. The coefficients {cj}Nj=1 are strictly positive and are assumed to be discretizations of a given
function:

cj =
(η2 − η1)r1(iλj)

2π
j = 1, . . . , N . (18)

where r1(z);
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• is an analytic function for z near the intervals (iη1, iη2) and (−iη2,−iη1),

• satisfies the symmetry r1(z̄) = r1(z),

• is assumed to be a real valued positive and non-vanishing function of z for z ∈ [iη1, iη2].

This way we have the following result.

Proposition 2. For any open set K+ containing the interval [iη1, iη2], the following limit holds
uniformly for all z ∈ C\K+ (in particular, it holds for x ∈ R):

lim
N→+∞

1

N

N∑
j=1

cje
i(iλj)z =

∫ iη2

iη1

r1(ζ)eiζz dζ

2πi
(19)

Proof. Using (18), we have

1

N

N∑
j=1

cje
−λjz =

1

N

N∑
j=1

e−λjz
(η2 − η1)r1(iλj)

2π
=

1

2πi

N∑
j=1

r1(iλj)e
i(iλj)x

i(η2 − η1)

N︸ ︷︷ ︸
∆ζ

(20)

The convergence follows from the convergence of the Riemann sum to the Riemann–Stieltjes inte-
gral.

Therefore, in the limit we have an integral operator K(∞)
x with Hankel kernel

K(∞)
x (u, v) := F (∞)(u+ v) , F (∞)(s) :=

∫
[iη1,iη2]

r1(ζ)eiζs dζ

2πi
. (21)

Note again that K
(∞)
x is the composition of two Hilbert-Schmidt operators

K(∞)
x = B(∞) ◦ A(∞) (22)

where

A(∞) : L2(x,+∞)→ L2(iη1, iη2), B(∞) : L2(iη1, iη2)→ L2(x,+∞) (23)

A(∞)[f ](z) =
√
r1(z)

∫ ∞
x

eizsf(s)ds, B(∞)[g](y) =

∫
[iη1,iη2]

√
r1(z)g(z)eizy dz

2πi
(24)

Theorem 2. The following convergence result holds:

det
(
IdL2(x,+∞)−Kx

)
→ det

(
IdL2(x,+∞)−K(∞)

x

)
, as N →∞.

Proof. Convergence of the respective Fredholm determinants follows from the standard argument
that if we have convergence in trace-class norm, then the corresponding Fredholm determinant
converges as well (see [?]).
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Finally, we have

det
(

IdL2(x,+∞) +B(∞) ◦ A(∞)
)

= det
(

IdL2(iη1,iη2) +A(∞) ◦ B(∞)
)
. (25)

In conclusion, by setting H(∞) := A(∞) ◦ B(∞), we define the limit function

u(x) = −2
∂2

∂x2
ln det

(
IdL2(iη1,iη2) +H(∞)

)
(26)

where the integral operator H(∞) has kernel

H(z, ζ) :=

√
r1(z)eizx

√
r1(ζ)eiζx

2π(z + ζ)
. (27)

3 Recover the soliton gas RHP

What is left to show is that the function defined in (26) is indeed a solution to KdV and it carries
an associated Riemann-Hilbert problem (which will be amenable to asymptotic analysis).

We first notice that the kernel (27) is of the form

K(z, ζ) =
E1(z)E2(ζ)

z + ζ
, z, ζ ∈ γ+ (28)

where γ+ is an oriented in the upper half plane (in our case, the segment [iη1, iη2], oriented upwards).
We also recall the following variational formula: given an operator K : L2(γ+) → L2(γ+)

depending on some parameter(s) s, then

∂s ln det(Id +K) = Tr ((Id +R) ◦ ∂sK) (29)

where R = −K ◦ (Id +K)−1 is the resolvent operator.
It turns out (see [BC12]) that the resolvent operator of an integrable kernel of the form (28)

can be conveniently expressed in terms of the solution to the following Riemann-Hilbert problem:

Riemann–Hilbert Problem 1. Find a meromorphic matrix-valued function Γ : C\{γ+∪γ−} →
R2×2 (where γ− = γ+) such that

Γ+(z) = Γ−(z)J(z) z ∈ γ+ ∪ γ− (30)

Γ(z) =

[
1 1
−iz iz

] [
I +

Γ1

z
+

Γ2

z2
+O

(
1

z3

)]
z →∞ (31)

Γ1 =

[
a1 0
0 −a1

]
(32)

Γ(−z) = Γ(z)

[
0 1
1 0

]
(33)

with jump matrix

J(z) =

[
1 −2πiR(z)χγ+

−2πiR(−z)χγ− 1

]
(34)

with R(z) = E1(z)E2(z).
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Skipping some (many) details, it follows that the right hand side of the variational formula (29)
can be explicitly computed via the solution to the Riemann-Hilbert problem above:

∂s ln det
(
IdL2(γ+) +K

)
=

1

2

∫
γ+∪γ−

Tr
(
Γ−1
− Γ′−∂sJJ

−1
) dz

2πi
(35)

via the Bertola–Malgrange τ -function formula, where the ′ notation indicates the derivative with
respect to the variable z.

In our case, the Riemann-Hilbert problem above is precisely the (matrix) Riemann-Hilbert
problem of the KdV equation with jump matrix

J(z) =

[
1 −ir1(z)e2izxχ[iη1,iη2]

−ir1(z)e−2izxχ[−iη2,−iη1] 1

]
(36)

To be more precise, the triangularity of the jump needs to be “adjusted”. To this end, we define
X̂ = σ1Γ(z). Then, considering the second row of X̂ (X =

[
0 1

]
X̂), we recover the (vector)

KdV Riemann-Hilbert problem (see [GGMJ21]):

X+(z) = X−(z)



[
1 0

−ir1(z)e2izx 1

]
z ∈ (iη1, iη2)[

1 ir1(z)e−2izx

0 1

]
z ∈ (−iη2,−iη1)

(37)

X(z) =
[
1 1

]
+O

(
1

z

)
z →∞ (38)

X(−z) = X(z)

[
0 1
1 0

]
(39)

Existence of the solution of such a Riemann-Hilbert problem is addressed in [GGMJ21] (which
implies that the operator Id +H(∞) is invertible).

As a final remark, we can compute the integral in (35) as follows. Notice that the jump matrix
can be written as

J(z) = eT (z)J0(z)e−T (z) (40)

where J0 is a matrix depending only on the variable z, and T (z) = izxσ3 is a diagonal matrix,
depending on the (deformation) parameter x and satisfying T (0) = 0 and T (−z) = σ1T (z)σ1,
then (see again [BC12])

∂x ln det
(

IdL2(iη1,iη2) +H(∞)
)

= −1

2
res
z=∞

Tr
(
Γ−1(z)Γ′(z)∂xT (z)

)
dz

=
1

2
res
z=∞

izTr
(
Γ−1(z)Γ′(z)σ3

)
= i (−Γ1;11 +���Γ1;12 −���Γ1;21 + Γ1;22) = −ia1 (41)
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