EXPLICIT FORMULAE FOR NON-LOCAL INTEGRABLE PDES
AND APPLICATIONS : THE REAL LINE SETTING

PATRICK GERARD

ABSTRACT. This is the second part of a mini—course in collaboration with E. Lenzmann. First
we introduce the specific structure of the Hardy space on the upper half-plane. Then we focus
on the link between Lax pairs and explicit fromulae, with some emphasis on the explicit formula
for the Benjamin—Ono equation. Finally, we briefly explain how to use these formulae, with
some applications to the long—time behavior of the solutions.

1. THE HARDY SPACE SETTING AND THE LAX PAIR STRUCTURE

1.1. The Hardy space on the upper half-plane. We will use the following closed subspace
of L*(R),

L3(R) = {f € L*(R) : V€ < 0, f(&) = 0}
= {f holomorphic on C; : sup/ \f(z +iy)|* do < —i—oo}
y>0 JR

The associated orthogonal projector was already introduced in the previous section. It is the
Riesz—Szegs projector given by

MF(8) = 1es0f()
or by

) = 5 [ I

2um Jgpx — 2

de’, Z€C+

Next, we introduce an important class of operators acting on L% (R). Given b € L>(R), we
define the Toeplitz operator of symbol b,

Ty: L2 — L%, f = Tf :==T(bf).
We notice that 7j, is bounded and that 7; = T3. Let us consider a very simple example.

Example 1.1. Assume that

1
b(z) —
(z) T+p
for some p € C\ R. Then
f(z) ;
T4p if pE (C+ R

Tpf(x) =
f@)—f(=p)
x—+p lf P S (C_ .
We continue this subsection by a crucial lemma related to the Toeplitz operators.

Lemma 1.2. Fora,be H', f € L3, we have
(T = TT3)f = 1 (T(a)(1d ~ M{(1d ~ ) () })
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Proof. The main observation is the following : if f, g have only positive (resp. negative) fre-
quencies, then fg has only positive (resp.negative) frequencies.

Tof — T.Tof =11(abf) — H(all(bf)) = U(al), U := (Id—1I)(bf)
I(aU) = H(IL(a)U) + II((Id — 1) (a)U) = II(I(a)U).

Finally, write
bf =T1(b)f + (Id = IT) (b) .
and II(b) f € L3, so that

U= (Id—T1I)(bf) = (Id — ) {(Id — IT) (b) f }.
O

We now come to the crucial structure of the Hardy space on the upper—half plane that will
be used for all our explicit formulae on the line. Consider the Lax—Beurling semigroup on
LZ(R) | | defined by

S)f(x) =" f(x), n>0,
and characterized by

S f(&) = f(€=n).

Notice that the positivity of 7 is necessary to keep the Fourier transform of S(n) f supported into
[0, 0o for every f € L2 (R). The infinitesimal generator of this semigroup is the multiplication
by z on L2 (R), which we denote by X. It is important here to observe that, contrary to what
happens on L?(R), S(n) is not a unitary operator on L3 (R) if n > 0, because its range is
included into the space of functions whose Fourier transform is supported in [r,00). Hence X
is not a selfadjoint operator on L2 (R). In fact, one can easily check that the adjoint operator
X* has a bigger domain than the domain of X, namely is such that

(1.1) Dom(X*)={f € L2(R): 3I\; € C: X[+ A\; € L*(R)},
(1.2) X f(x) =af(x)+ Ay
There is a way of understanding the above characterization of Dom(X*) using the Fourier

transformation. Indeed, we have

— ~

e Y = S(T})* = Te-inz,m 2 0, S(TZ)*f(é) = f(g + 77)75 >0,
and therefore, from the semigroup theory, a function f € L3 (R) belongs to Dom(X*) if and
only if f € H'(0,00). Moreover,

o . a d
(1.3) VE>0,X7f(§) = %d—nf(S + 0= = Zd_gf@'
In particular, f is right continuous at 0, and we may define
(14) [+<f) = f(0+> = lim <f> X€>L27
e—07t
where . is defined by
(1.5) Xe(x) = (1 —iex)™ | e>0.

From the Fourier viewpoint, the only difference between Dom(X*) and Dom(X) is that the
jump I, (f) may not be zero if f € Dom(X™*). Then, taking the Fourier transform of both sides
of equation (1.2), we obtain the following distributional identity in D’'(R),

X+f =0 f + 27\ ;00,
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where 0 f denotes the distributional derivative of f on R, while @ denotes the L? function
on R defined by i0¢ f on (0,00) and by 0 on (—o0,0). We infer that

21 = —if(07) = =il (f).
This leads to the following variant of the Cauchy integral formula.

Proposition 1.3. For every z € C,, for every f € L2 (R),

(X* —21d) " f(z) = fl@) — f(2) L fz) = LLr((X* —21d) L),

r—z i
Proof. The function g, : x — W belongs to L% (R) and satisfies
(X_Z)gz+f<z) :fa

hence g, = (X* — 2)7' f and 27 f(2) = —il,(g.), which leads to the claim.
Here is another proof using the inverse Fourier transform. Recall that y. has been defined in
(1.5).

+o0o R +0o0 ]
F6) =g [ R e = 5o [ e tim (50" v de

2T e—0t
= i o e lim <e_i5X*f, Xe)r2 d€
2’/T 0 e—0T
1 . * -1
- %El_lgi«x —Z) que>L2 .

O

Example 1.4. Here is a very elementary example of a vector in Dom(X*). Given p € C,, the
function f, defined by

1

fo() = Z+p

clearly belongs to L2 (R), and the elementary identity

zfp(z) =1 =—fp(z)
proves that f, € Dom(X*) and that X* f, = —pf,, 1+(f,) = —2mi.

1.2. The Lax pair and conservation laws. We come to the definition of operators which
constitute a Lax pair for the Benjamin-Ono equation,

(1.6) Owu + 0, (u?) = 0,|D|u.
For u € H2,,(R), we define, with D := —id,,

real
(1.7) L,=D-T,€L(H,,L%), B, :=i(Tip,j.—T2) € L(HY, H}), k =0,1.

Notice that L, can also be seen as an unbounded selfadjoint operator on L? (R), with domain
HY(R), while B, is bounded and antiselfadjoint. The following result is the starting point of
our analysis.

Theorem 1.5. Ifu € C(I, H2,,) solves (1.6) on a time interval I if and only if, then

dLu(t)

(1.8) 5 = Buw Luw]-
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Proof. Observe that T = T, and B = —B,. We have

d

aLu(t) = —Touw)y = —To, Do ju) + 2Tuwyou@w =: (1)

Since [0, Ty] = Ts,p and D, = %&E, we infer

Consequently,
d

Next we define
(2) == i[T\pyu, Tulf = <T|Dx\uT Tu|Dx|u>f+Z< u|Dafu — TuT|Dx|uf>~

Apply Lemma 1.2 with a = |D,|u,b = u, then with a = u,b = |D,|u. We infer
(2) = — a1 (11(| D u)(1d — ) { (1d - T)(u) £} )+
il (H(u)(ld —m){(1d - H)(]Dx\u)f})

Since
(1D Jo)(r) = +(110,0)(x) , (1d — T)(|Dufo)(x) = i(fd ~ T),u(a),
we obtain
(2) = —H(H(@xu)(ld — I){(1d — TI)( f}) ( u)(Id — ) { (Id — H)(axu)f}).

Applying again Lemma 1.2, we obtain

(2) [ | Dy |ws ]f - _( ulgu TagcuTu>f - <Tud;cu - TuT81u> fa

Then observe that

1 1

= Z<TuT81u + TﬁzuTu);
so that
Finally,

d
Conversely, assume that (1.8) holds, and apply it to x. given by (1.5). We observe that, for

every b € H'(R),

(1.9) Tyxe = 1Ib + o(1),

in H' + (R) as € — 0. Consequently, L,x. = —IIu + o(1)}; and
(1.10) Buxe = —iL2xe + o(1) 2

This leads to

(1.11) Ollu = (B, + iL2)1lu,

which, after an elementary calculation, is also what one obtains when one applies II to both
sides of (1.6). Since w is real valued, it is characterized by Ilu through u = ITu + Ilu, and
therefore (1.11) is equivalent to (1.6). O
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Remark 1.6. A similar identity to (1.8) would hold if one adds to B, any function of L,. A
special choice is
P, =B, +iL2,

which is still an antiselfadjoint operator and has the further interesting property that the version
(1.11) of (BO) can be rewritten as :

OIlu = P,Ilu.

However, we preferred to keep the previous definition of B, because it has the advantage that
this By is a bounded operator on L (R) and H(R), which makes further constructions simpler
— see in particular Proposition 2.2 below.

As a direct consequence of the Lax pair, we infer an infinite family of conservation laws.
Theorem 1.7. If u is a H™>*2*/2) solution of (BO), then
BEy(u) == (LF(TTu), u)
1S conserved.

Proof. We have

%w (®)
= (Luyy0:ITu(t), Iu(t)) + (L Tu(t), dpTu(t)) + (9L | Tu(t), Mu(t))
= (L (B Mu + i L2TTu), Tu) + (LT, B, 1w + i L2TTu) + (B, LY — LFB,)u, TTu)
=0.
O

Remark 1.8. The simplicity of the expression of conservation laws in Theorem 1.7 is striking
if we compare them for instance to the conservation laws of the KdV equation. This fact is
directly related to the identity (1.11), which do not have simple equivalent in the KdV case.

We come to some commutator identities relating X* and the partners of our Lax pairs, which
are the crux of the explicit formulae in the next section.

Lemma 1.9. For every b € L®(R) N L*(R), for every f € Dom(X*), we have T,f € Dom(X*)
and

1
X*'Tf — T, X" f = %Lr(f)ﬂb :
Proof. We start from the identity

ef(x) = X*f (@) + 5-1,(F),

and we multiply both sides by b(x),
L
b(@) f(x) = b(2) X" f + oL (f)b(2).
This leads to )
[(zbf) = T,X* f + %1;( £)IIb.

In order to conclude the proof, we just need to check that II(Xbf) = X*II(bf ) For this, we
observe that, for every g € L*(R) such that g € L*(R), we have g € L}(R) and

XTIy =1l(ag) + 5 [ g(o)ds
27T R
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in particular II(X g) = X*IIg. Indeed, the above identity, after applying the Fourier transform,
is nothing but the distributional formula

106(1(0,00)9) = 1(0,00)10¢g + 1g(0+)do,
from distribution theory. The proof is completed by applying this observation to g =0f. [

2. EXPLICIT FORMULAE

2.1. The Benjamin—Ono case. Recall the Lax operators L,, B, for (1.6) have been defined
respectively by (1.7). Here are important consequences of Lemma 1.9.

(2.1) [X*, B,) = —2L, —i[X*, L],
Indeed, using Lemma 1.9, we have, for every f € Dom(X*) N Dom(L?),

= o= (L(f) (DIl — T,Iu) — il (T, f)Iu)

= (il (f)LoITu + il (L, f)ITu)

2

= i(Ly(if — [X*, Lo)f) 4+ iLyf — [X*, Ly L.f)
= —2L,f +i[L?, X*]f .

Theorem 2.1 ( | |). The following representation formula holds. The solutionu € C(R, H>

real
of the Benjamin—Ono equation with u(0) = ug € H2 (R) is given by u(t, ) = Mu(t, z)+1u(t, z)
with

1
(2.2) Vze Cy, Mu(t,z) = 2fh((X* — 2t Ly, — 2Id) ' Tlug).
s

Proof. As a first step, we use the Lax pair provided by Theorem 1.5. The following proposition
holds in a more general context, and has been proved by Lax in his original paper | |-

Proposition 2.2. Define the family of bounded operators {U(t)}er on L3 (R) by the linear
ODE
U'(t) = BuwyU(t) , U(0) =1d.
Then U(t) is unitary and
Lu@y = U Lu@)U (8)".

Proof. Notice that U(t) is well defined as the solution to a Cauchy problem for a linear ordinary
differential equation in £ (L2). Since By is antiselfadjoint, we have
d

so that U(t)*U(t) = U(0)*U(0) = Id. Furthermore,

d

SZUQU)" = BupURU ()" = U@V (1) Bugy, UO)U(0)" = 1d .
The unique solution of this linear Cauchy problem is Id. Hence U(t)U(¢t)* = Id, and U(t) is
unitary. Finally,

d d
%U(t)*Lu(t)U(t) = U(t)* (_Bu(t)Lu(t) + ELu(t) + Lu(t)Bu(t)) U(t) =0,

so that
U(t)" Lu@U(t) = U(0)" Ly()U(0) = L),
and the proposition follows. O
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Remark 2.3. Additional properties of U(t). In view of the formula (1.7) giving B,, it is
clear that B, : H}(R) — Hi(R) of u € H*(R), and that t — By is a continuous function
valued in bounded operators on Hi. Furthermore, from Lemma 1.9, this map is also continu-
ous with values in bounded operators on the Banach space Dom(X*), endowed with the graph

norm. Consequently, U(t) is also continuous with valued bounded operators on H(R) and on
Dom(X™).

Let us conclude the proof of the explicit formula for the BO solution. Since u(t,.) is real
valued,

u(t, ) = Hu(t, z) + Hu(t, z).
Now we apply the variant (1.3) of the Cauchy formula,
1 : * -1
f(z) = o lim (X" = 21d) 7 f, xe)re

to f:=TIu(t,.) , and we let the unitary operator U(t)* act on both sides of this inner product,

1
(2.3) Mu(t,2) = — lir(%((U(t)*X*U(t) — 21d) U () TTu(t), U (t)*x.).

1T e—

Then we calculate the quantities U (t)*TTu(t), U(t)*x., U(t)*X*U(t) in terms of uy only, using
the ODE U'(t) = BuwU(t), the crucial identities (?7), (2.1), and (1.10). We obtain, using (?7),

() Tu(t) = U(0)*(@Iu(t) — BuIlu(t)) = iU(t)* L2TTu(t) = iL2, U(t) Thu(t),

dt
hence
(2.4) U(t) Tu(t) = " ioTTug .
Similarly, in L%, locally uniformly in the time variable, we have, using (1.10),
LU0 v = ~U0) Buxe = U0 Lx. + o(1),
hence
(2.5) U(t) e = e x, + of1).
Finally, using (2.1),
S Uy XUt = Ut [, BU()
= U(t)"(=2L, —i[X*, L3))U ()
= —2L,, —i[U(t)* X*U(t), L2,],
hence
(2.6) e MU (L) XU (t)e o = —2tL,, + X*.

It remains to plug identities (2.4), (2.5) and (2.6) in (2.3). We obtain

]. T2 T2
Mu(t, 2) = — lim ((U(#)* X*U(t) — 21d) e w0 ITug, ™oy, + o(1))

20T e—0+

1
= — lim ((=2tL,, + X* — 21d) " 'TTug, x.)

207 e—0+

1 . N
= %14,(()( — 2tLu0 — ZId) 1HU0),

which is (2.2). O
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Remark 2.4. Of course the formula (2.2) makes sense for less reqular initial data. Assuming
ug € L*(R) N L>(R) is enough to give a meaning to the right hand side of the formula, since,
by formula (1.3),
X* — oD — e—itDQX*eitDQ’
and
X* 2tLuO _ e—itD2 (X* + At)eitDQ,
where
A, = 2teP 2Tqu_itD ’
is bounded and selfadjoint. Therefore i(X* + A;) is also mazximally accretive, and the resolvent
of X* + A; is well defined in the upper half plane, so that the explicit formula reads

1 :
(2.7) Mu(t, 2) = oL (X" + A — 2) 1P ).

im
Xi Chen [ | recently used this observation to extend this formula to L* data, by taking
advantage of the dispersion inequality for the free Schrodinger group ¢ See also / /

for a different approach in the context of commuting flows.

The proof of Theorem 2.1 shows that the operator U(?) itself can be represented by an explicit
formula.

Corollary 2.5. Under the assumptions of Theorem 2.1, we have, for every f € L3 (R),

Vz € C+ ’ U(t>eitL30f(z) - £I+((X* - 2tLuo - ZId>71f)'

2.2. Explicit formulae for other Hamiltonian equations. The above method can be ap-
plied to other non-local Hamiltonian PDE and leads to similar explicit formulae. A first
example is the Calogero-Moser DNLS equation,

iOu+ 0*u = £2DU(Jul*)u, v =Tu, z,t € R
(2.8) v
u(0, ) = wug(x)
Here the sign choice 4 corresponds to the defocusing/focusing equation. In this case, one can
prove | I, 1 | the following Lax pair identity for a solution u € C(I, H2(R) on the time
interval I,
d
(2.9) ELU = [By, L), L,:=D+T, Ty, By,:=F(T,Tyu— TouTa)+i(T,Ts)>.
Then the explicit formula reads | |, [ ,
1
(2.10) Vtel, VzeCy, ut,z)= TLL((X* + 2tLy, — 21d) " tuy).
o
A second example is the cubic Szegé equation on the line,
i = I(|ul*u), u=u(t,x), x,t € R
(2.11) { w0,2) = uo(x)

1
where u € C(R, H2(R)), and where, for every s > 0,

H(R) = {f € LL(R), €= €°£(€) € LA([0, 00])}
equipped with the norm

1 A
e = 57 [ L+ EP17PEE,

The global wellposedness of (2.11) in H3(R) for every s > 0 has been established in | |.
Moreover, it has been shown that (2.11) enjoys a Lax pair structure, which we briefly describe
below. We recall that the Hankel operator of symbol u is defined on L% as H,(f) = II(uf),
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when well defined, where IT is the orthogonal projector from L? into L%, the so-called Szegs
projector. Equivalently, one has

| Y
Vi e D), T = oo [ osfoe

2m Jo

and

vfeLAR), HAD© =5 [ ate+nFmin

It is well known that a Hankel operator H,, is a Hilbert-Schmidt operator on L2 (R) whenever

1
u € H?(R). Moreover, computing the trace of H2, one gets

I 1
(212) T = o | RO = 5ol

Here H? denotes the homogeneous Sobolev space. With this notation, for every uy € H3 (R)
with s > 1, the solution u € C(R, H (R)) (2.11) satisfies

dH,
2.13 — (B, H,],
(213) e B, H,
where B, = —iT},2 + £H?2. Notice that this implies
dH?
= il HY], O — —iT),pu.
Applying the above method to this new equation leads to the following explicit formula, ob-
tained by the author of these notes and A. Pushnitski (see | ).
Theorem 2.6 ( | ). Let z € Cy and up € HZ(R). Then the solution of (2.11) is given by
1 A
(2.14) Vze Cy, u(t,z) = 2+I+((X* o Ly (t) — 2) " te o yg).
i
Here

1 [t . .
L, (t) /0 (-, e "o yg)e i yyds.

T or

3. APPLICATIONS TO LONG—-TIME BEHAVIOR : USER’S GUIDE

In this section, we explain how to use the explicit formulae derived in the previous section
with applications to the long—time behavior. Again we give some emphasis to the Benjamin—
Ono case.

3.1. The first level : solitons. The solitary waves for the Benjamin-Ono equation (1.6) were
characterized in | |. They are of the form

2Imp

(3.1) ut, ) = Ry(x — cpt),  Ry(y) := v+ PP Cp = Tmp

, peC,.

If uy = R,, one can easily check that L,, has only one eigenvalue \; = —1/(2Imp), and that
Mug = i/(z + p) is the corresponding eigenfunction. Since we only observed in Example 1.4
that X*ug = —puy, the resolvent term in the explicit formula (2.2) is collinear to ug, and we
finally recover the soliton identity,

Hu(t, x) = Hug(z — cpt).
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3.2. The second level : multi—solitons. The algebraic analysis in the previous subsection
can be extended to a finite dimensional landscape if ug is a finite sum of finite functions R, ,
p; € Cy,5 =1,---,N. For simplicity, let us assume here that the p; are pairwise distinct.
Then one can check that L,, preserves the N-dimensional subspace £ spanned by the IIR, ,
which is also preserved by the action of X*. Since obviously Ilug belongs to £, the resolvent
term in the explicit formula (2.2) can be calculated by inverting a N x N matrix, see | ]

where results by Matsuno | | are recovered. One gets
N
u(t,x) = Z Rpj(t),
j=1

where the complex numbers p;(t) are solutions of a finite dimensional integrable system, ex-
plicitely solved by this method. The long—time behaviour can also be easily described : up to
a small error in all the Sobolev spaces, the solution can be decomposed as a sum of N solitons
with different velocities.

3.3. The third level : rational data. Assume ug is a rational function in L?(R). Then the
equation for f := (X*—2tL,, —2Id) Ty, take a particularly simple form. Again for simplicity,

let us assume )
c
)

Then, in view of Example 1.1 and of the description (1.2), (1.1) of the action of X*, the equation
on f reads

p€C+7C€R.

zf(x) + Apf(x) + 2itf'(z) —ic ( flz) _ J(@) f_( p)) =i
r+Dp rT+p r+p
This equation is a simple first order linear ODE on f, which can be solved explicitly in terms
of the two parameters A; and f(—p). The additional condition that f belongs to the Hardy
space imposes that f is holomorphic near the singular point x = —p, and the finiteness of the
L? norm of f. This leads to a system of the linear equations on the two parameters A\; and
f(—p). Since the first unknown A of this system is precisely u(t, x), we infer that the solution
can be explicitly described a the quotient of two 2 x 2 determinants involving integrals in the
complex domain. The general approach for Iluy rational with N different poles in the lower
half-plane is developed in | |, leading to a representation of the solution as a quotient
of two (N + 1) x (N 4 1) determinants. In the special case, where ¢ = —1,p = ¢ — minus a

soliton — this expression is used to prove that the solution scatters as t — oo.

3.4. The fourth level : Benjamin—Ono Lax spectrum and soliton resolution. First
we discuss the spectrum of the Lax operator for the Benjamin-Ono equation. The following

theorem is due to Y. Wu | : |, and Blackstone-Gassot-Gérard-Miller, | ,
Gassot—Gérard—Miller | |. More information about more general potentials u can be
found in Badreddine—Killip—Visan | |.

Theorem 3.1. Assume u € H'(R) and zu € L*(R).The operator L, has only finitely many
simple eigenvalues N\, j =1,..., N, which are negative, with L*~ normalized eigenfunctions p;
satisfying

—27'(')\]' = |<HU, g0j>L2|2 , P € DOHl(X*>, _/\j]+(90j) = <<pj,HU>L2.

On [0,00), Ly, has absolutely continuous spectrum. More precisely, for every X\ > 0, there exists
unique L functions m_(.\), my (., \) such that

(Dmy(,A) = (ume (., N) = dma(,N), e Mmy(z,\) — 1.

r—+oo
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Functions my (., A) and m_(.\) are collinear

Furthermore, the linear maps
feLlz(R)NLY(R) — fEN) = / f@)ymy(x, ) dz
R

extend continuously from L2 (R) to L*(0,00), leading to the following distorted Plancherel for-
mula,

N 1 o
(3.2) Vi e LLR), /17 =) Il + g/o [FEN)IP dA.
j=1

Combining Theorem 3.1 and the explicit formula (2.2) of Theorem 2.1, one can prove the
following soliton resolution result.

Theorem 3.2 (| ). Assume that ug is the sum of a Schwartz function and of a rational
function such that (1 + |z|)ug € L*(R)* . With the notation of Theorem 3.1, define

p] = _<X*§0j7(;0]> €C+7 ij :—2)\37 j:]_,-.. 7N,
and define real valued functions uZ € NyerH*(R) by

YA>0, at(\) =Iug (\).

oo

Then, as t — +o00, we have
N
u(t,z) — Z Ry (v —¢p,t) — = 1PlyE 0,
j=1
i all the H® norms.

3.5. Long-time asymptotics for some other equations. For the defocusing Calogero—-
Moser derivative NLS equation (2.8), Xi Chen | | combined spectral theory for the Lax
operator L, given in (2.9) with the explicit formula (2.10) to prove long—time scattering in
L2 (R) for the almost critical data ug such that (1 4 |z|)ug € L* for some € > 0, generalizing
the result of | |. In the focusing case, which is known to blow up in finite time | |, it
would interesting to use the explicit formula to describe a concrete class of initial data leading
to such blow up solutions.

For the cubic Szegd equation (2.11), the explicit formula (2.14) was recently used in | |

to prove a soliton and breather resolution theorem in the space H}r/ 2(R). In this case, the
building blocks of the dynamics are traveling quasi—periodic breather solutions with special
rational initial data. Here the interesting new phenomenon is that the velocity of the traveling
patterns is nomore given by the Lax eigenvalues, but by the norming constants (ug, ¢,)|?/(27),
where ; are the L?-normalized eigenfunctions.
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