
EXPLICIT FORMULAE FOR NON-LOCAL INTEGRABLE PDES
AND APPLICATIONS : THE REAL LINE SETTING

PATRICK GÉRARD

Abstract. This is the second part of a mini–course in collaboration with E. Lenzmann. First
we introduce the specific structure of the Hardy space on the upper half–plane. Then we focus
on the link between Lax pairs and explicit fromulae, with some emphasis on the explicit formula
for the Benjamin–Ono equation. Finally, we briefly explain how to use these formulae, with
some applications to the long–time behavior of the solutions.

1. The Hardy space setting and the Lax pair structure

1.1. The Hardy space on the upper half–plane. We will use the following closed subspace
of L2(R),

L2
+(R) := {f ∈ L2(R) : ∀ξ < 0, f̂(ξ) = 0}

=

{
f holomorphic on C+ : sup

y>0

∫
R
|f(x+ iy)|2 dx < +∞

}
The associated orthogonal projector was already introduced in the previous section. It is the
Riesz–Szegő projector given by

Π̂f(ξ) = 1ξ≥0f̂(ξ) ,

or by

Πf(z) =
1

2iπ

∫
R

f(x)

x− z
dx , z ∈ C+.

Next, we introduce an important class of operators acting on L2
+(R). Given b ∈ L∞(R), we

define the Toeplitz operator of symbol b,

Tb : L
2
+ → L2

+ , f 7→ Tbf := Π(bf).

We notice that Tb is bounded and that T ∗
b = Tb. Let us consider a very simple example.

Example 1.1. Assume that

b(x) =
1

x+ p

for some p ∈ C \ R. Then

Tbf(x) =


f(x)
x+p

if p ∈ C+ ,

f(x)−f(−p)
x+p

if p ∈ C− .

We continue this subsection by a crucial lemma related to the Toeplitz operators.

Lemma 1.2. For a, b ∈ H1, f ∈ L2
+, we have

(Tab − TaTb)f = Π
(
Π(a)(Id− Π)

{
(Id− Π)(b)f

})
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Proof. The main observation is the following : if f, g have only positive (resp. negative) fre-
quencies, then fg has only positive (resp.negative) frequencies.

Tabf − TaTbf = Π
(
abf

)
− Π

(
aΠ

(
bf

))
= Π(aU), U :=

(
Id− Π

)
(bf)

Π
(
aU) = Π(Π(a)U) + Π

((
Id− Π

)
(a)U) = Π

(
Π(a)U).

Finally, write
bf = Π(b)f + (Id− Π

)
(b)f,

and Π(b)f ∈ L2
+, so that

U = (Id− Π
)
(bf) = (Id− Π

){
(Id− Π

)
(b)f

}
.

□

We now come to the crucial structure of the Hardy space on the upper–half plane that will
be used for all our explicit formulae on the line. Consider the Lax–Beurling semigroup on
L2
+(R) [Lax59] defined by

S(η)f(x) := eiηxf(x) , η ≥ 0,

and characterized by
Ŝ(η)f(ξ) = f̂(ξ − η).

Notice that the positivity of η is necessary to keep the Fourier transform of S(η)f supported into
[0,∞[ for every f ∈ L2

+(R). The infinitesimal generator of this semigroup is the multiplication
by x on L2

+(R), which we denote by X. It is important here to observe that, contrary to what
happens on L2(R), S(η) is not a unitary operator on L2

+(R) if η > 0, because its range is
included into the space of functions whose Fourier transform is supported in [η,∞). Hence X
is not a selfadjoint operator on L2

+(R). In fact, one can easily check that the adjoint operator
X∗ has a bigger domain than the domain of X, namely is such that

Dom(X∗) = {f ∈ L2
+(R) : ∃λf ∈ C : Xf + λf ∈ L2(R)},(1.1)

X∗f(x) = xf(x) + λf .(1.2)

There is a way of understanding the above characterization of Dom(X∗) using the Fourier
transformation. Indeed, we have

e−iηX∗
= S(η)∗ = Te−iηx , η ≥ 0, Ŝ(η)∗f(ξ) = f̂(ξ + η), ξ ≥ 0,

and therefore, from the semigroup theory, a function f ∈ L2
+(R) belongs to Dom(X∗) if and

only if f̂ ∈ H1(0,∞). Moreover,

(1.3) ∀ξ > 0, X̂∗f(ξ) = i
d

dη
f̂(ξ + η)|η=0 = i

d

dξ
f̂(ξ).

In particular, f̂ is right continuous at 0, and we may define

(1.4) I+(f) := f̂(0+) = lim
ϵ→0+

⟨f, χϵ⟩L2 ,

where χϵ is defined by

(1.5) χϵ(x) := (1− iϵx)−1 , ϵ > 0.

From the Fourier viewpoint, the only difference between Dom(X∗) and Dom(X) is that the
jump I+(f) may not be zero if f ∈ Dom(X∗). Then, taking the Fourier transform of both sides
of equation (1.2), we obtain the following distributional identity in D′(R),

X̂∗f = i∂ξf̂ + 2πλfδ0,
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where i∂ξf̂ denotes the distributional derivative of f̂ on R, while X̂∗f denotes the L2 function
on R defined by i∂ξf̂ on (0,∞) and by 0 on (−∞, 0). We infer that

2πλf = −if̂(0+) = −iI+(f).

This leads to the following variant of the Cauchy integral formula.

Proposition 1.3. For every z ∈ C+, for every f ∈ L2
+(R),

(X∗ − zId)−1f(x) =
f(x)− f(z)

x− z
, f(z) =

1

2iπ
I+((X

∗ − zId)−1f).

Proof. The function gz : x 7→ f(x)−f(z)
x−z

belongs to L2
+(R) and satisfies

(X − z)gz + f(z) = f,

hence gz = (X∗ − z)−1f and 2πf(z) = −iI+(gz), which leads to the claim.
Here is another proof using the inverse Fourier transform. Recall that χϵ has been defined in
(1.5).

f(z) =
1

2π

∫ +∞

0

eizξf̂(ξ) dξ =
1

2π

∫ +∞

0

eizξ lim
ϵ→0+

⟨S(ξ)∗f, χϵ⟩ dξ

=
1

2π

∫ +∞

0

eizξ lim
ϵ→0+

⟨e−iξX∗
f, χϵ⟩L2 dξ

=
1

2iπ
lim
ϵ→0+

⟨(X∗ − z)−1f, χϵ⟩L2 .

□

Example 1.4. Here is a very elementary example of a vector in Dom(X∗). Given p ∈ C+, the
function fp defined by

fp(x) =
1

x+ p

clearly belongs to L2
+(R), and the elementary identity

xfp(x)− 1 = −fp(x)

proves that fp ∈ Dom(X∗) and that X∗fp = −pfp, I+(fp) = −2πi.

1.2. The Lax pair and conservation laws. We come to the definition of operators which
constitute a Lax pair for the Benjamin–Ono equation,

(1.6) ∂tu+ ∂x(u
2) = ∂x|D|u.

For u ∈ H2
real(R), we define, with D := −i∂x,

(1.7) Lu := D − Tu ∈ L(H1
+, L

2
+), Bu := i(T|Dx|u − T 2

u ) ∈ L(Hk
+, H

k
+), k = 0, 1.

Notice that Lu can also be seen as an unbounded selfadjoint operator on L2
+(R), with domain

H1
+(R), while Bu is bounded and antiselfadjoint. The following result is the starting point of

our analysis.

Theorem 1.5. If u ∈ C(I,H2
real) solves (1.6) on a time interval I if and only if, then

(1.8)
dLu(t)

dt
= [Bu(t), Lu(t)].
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Proof. Observe that T ∗
u = Tu and B∗

u = −Bu. We have
d

dt
Lu(t) = −T∂tu(t) = −T∂x|Dx|u(t) + 2Tu(t)∂xu(t) =: (1)

Since [∂x, Tb] = T∂xb and Dx = 1
i
∂x, we infer

(1) = i [T|Dx|u, Dx] + 2Tu∂xu = i [T|Dx|u, Dx − Tu] + 2Tu∂xu + i[T|Dx|u, Tu].

Consequently,
d

dt
Lu(t) = i [T|Dx|u, Lu] + 2Tu∂xu + i[T|Dx|u, Tu].

Next we define

(2) := i[T|Dx|u, Tu]f = i
(
T|Dx|uTu − Tu|Dx|u

)
f + i

(
Tu|Dx|u − TuT|Dx|uf

)
.

Apply Lemma 1.2 with a = |Dx|u, b = u, then with a = u, b = |Dx|u. We infer

(2) =− iΠ
(
Π(|Dx|u)(Id− Π)

{
(Id− Π)(u)f

})
+

iΠ
(
Π(u)(Id− Π)

{
(Id− Π)(|Dx|u)f

})
.

Since
Π(|Dx|v)(x) =

1

i
(Π∂xv)(x) , (Id− Π)(|Dx|v)(x) = i(Id− Π)∂xv(x),

we obtain

(2) = −Π
(
Π(∂xu)(Id− Π)

{
(Id− Π)(u)f

})
− Π

(
Π(u)(Id− Π)

{
(Id− Π)(∂xu)f

})
.

Applying again Lemma 1.2, we obtain

(2) = i[T|Dx|u, Tu]f = −
(
Tu∂xu − T∂xuTu

)
f −

(
Tu∂xu − TuT∂xu

)
f,

= −2Tu∂xuf + T∂xuTuf + TuT∂xuf.

Then observe that

[T 2
u , Dx] = Tu[Tu, Dx] + [Tu, Dx]Tu = −1

i
TuT∂xu −

1

i
T∂xuTu,

= i(TuT∂xu + T∂xuTu),

so that
i[T|Dx|u, Tu] = −2Tu∂xu − i[T 2

u , Dx] = −2Tu∂xu − i[T 2
u , Lu].

Finally,
d

dt
Lu = i [T|Dx|u, Lu]− i[T 2

u , Lu] = [Bu, Lu].

Conversely, assume that (1.8) holds, and apply it to χϵ given by (1.5). We observe that, for
every b ∈ H1(R),
(1.9) Tbχϵ = Πb+ o(1),

in H1 + (R) as ϵ → 0. Consequently, Luχϵ = −Πu+ o(1)1H and

(1.10) Buχϵ = −iL2
uχϵ + o(1)L2 .

This leads to

(1.11) ∂tΠu = (Bu + iL2
u)Πu,

which, after an elementary calculation, is also what one obtains when one applies Π to both
sides of (1.6). Since u is real valued, it is characterized by Πu through u = Πu + Πu, and
therefore (1.11) is equivalent to (1.6). □
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Remark 1.6. A similar identity to (1.8) would hold if one adds to Bu any function of Lu. A
special choice is

Pu = Bu + iL2
u,

which is still an antiselfadjoint operator and has the further interesting property that the version
(1.11) of (BO) can be rewritten as :

∂tΠu = PuΠu.

However, we preferred to keep the previous definition of Bu, because it has the advantage that
this Bu is a bounded operator on L2

+(R) and H1
+(R), which makes further constructions simpler

— see in particular Proposition 2.2 below.

As a direct consequence of the Lax pair, we infer an infinite family of conservation laws.

Theorem 1.7. If u is a Hmax(2,k/2) solution of (BO), then

Ek(u) := ⟨Lk
u(Πu),Πu⟩

is conserved.

Proof. We have
d

dt
Ek(u(t))

= ⟨Lk
u(t)∂tΠu(t),Πu(t)⟩+ ⟨Lk

u(t)Πu(t), ∂tΠu(t)⟩+ ⟨∂t[Lk
u(t)]Πu(t),Πu(t)⟩

= ⟨Lk
u(BuΠu+ iL2

uΠu),Πu⟩+ ⟨Lk
uΠu,BuΠu+ iL2

uΠu⟩+ ⟨(BuL
k
u − Lk

uBu)Πu,Πu⟩
= 0 .

□

Remark 1.8. The simplicity of the expression of conservation laws in Theorem 1.7 is striking
if we compare them for instance to the conservation laws of the KdV equation. This fact is
directly related to the identity (1.11), which do not have simple equivalent in the KdV case.

We come to some commutator identities relating X∗ and the partners of our Lax pairs, which
are the crux of the explicit formulae in the next section.

Lemma 1.9. For every b ∈ L∞(R)∩L2(R), for every f ∈ Dom(X∗), we have Tbf ∈ Dom(X∗)
and

X∗Tbf − TbX
∗f =

i

2π
I+(f)Πb .

Proof. We start from the identity

xf(x) = X∗f(x) +
i

2π
I+(f),

and we multiply both sides by b(x),

xb(x)f(x) = b(x)X∗f +
i

2π
I+(f)b(x).

This leads to
Π(xbf) = TbX

∗f +
i

2π
I+(f)Πb.

In order to conclude the proof, we just need to check that Π(Xbf) = X∗Π(bf). For this, we
observe that, for every g ∈ L2(R) such that xg ∈ L2(R), we have g ∈ L1(R) and

XΠg = Π(xg) +
i

2π

∫
R
g(x) dx,
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in particular Π(Xg) = X∗Πg. Indeed, the above identity, after applying the Fourier transform,
is nothing but the distributional formula

i∂ξ(1(0,∞)ĝ) = 1(0,∞)i∂ξĝ + iĝ(0+)δ0,

from distribution theory. The proof is completed by applying this observation to g = bf . □

2. Explicit formulae

2.1. The Benjamin–Ono case. Recall the Lax operators Lu, Bu for (1.6) have been defined
respectively by (1.7). Here are important consequences of Lemma 1.9.

(2.1) [X∗, Bu] = −2Lu − i[X∗, L2
u],

Indeed, using Lemma 1.9, we have, for every f ∈ Dom(X∗) ∩Dom(L2
u),

[X∗, Bu]f = i([X∗, T|D|u]f − Tu[X
∗, Tu]f − [X∗, Tu]Tuf)

=
i

2π
(iI+(f)(DΠu− TuΠu)− iI+(Tuf)Πu)

=
i

2π
(iI+(f)LuΠu+ iI+(Luf)Πu)

= i(Lu(if − [X∗, Lu]f) + iLuf − [X∗, Lu]Luf)

= −2Luf + i[L2
u, X

∗]f .

Theorem 2.1 ( [Gé23]). The following representation formula holds. The solution u ∈ C(R, H2
real(R))

of the Benjamin–Ono equation with u(0) = u0 ∈ H2
real(R) is given by u(t, x) = Πu(t, x)+Πu(t, x)

with

(2.2) ∀z ∈ C+ , Πu(t, z) =
1

2iπ
I+((X

∗ − 2tLu0 − zId)−1Πu0).

Proof. As a first step, we use the Lax pair provided by Theorem 1.5. The following proposition
holds in a more general context, and has been proved by Lax in his original paper [Lax68].

Proposition 2.2. Define the family of bounded operators {U(t)}t∈R on L2
+(R) by the linear

ODE
U ′(t) = Bu(t)U(t) , U(0) = Id.

Then U(t) is unitary and
Lu(t) = U(t)Lu(0)U(t)∗.

Proof. Notice that U(t) is well defined as the solution to a Cauchy problem for a linear ordinary
differential equation in L (L2

+). Since Bu(t) is antiselfadjoint, we have
d

dt
U(t)∗U(t) = U(t)∗

(
−Bu(t) +Bu(t)

)
U(t) = 0

so that U(t)∗U(t) = U(0)∗U(0) = Id. Furthermore,
d

dt
U(t)U(t)∗ = Bu(t)U(t)U(t)∗ − U(t)U(t)∗Bu(t), U(0)U(0)∗ = Id .

The unique solution of this linear Cauchy problem is Id. Hence U(t)U(t)∗ = Id, and U(t) is
unitary. Finally,

d

dt
U(t)∗Lu(t)U(t) = U(t)∗

(
−Bu(t)Lu(t) +

d

dt
Lu(t) + Lu(t)Bu(t)

)
U(t) = 0,

so that
U(t)∗Lu(t)U(t) = U(0)∗Lu(0)U(0) = Lu(0),

and the proposition follows. □
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Remark 2.3. Additional properties of U(t). In view of the formula (1.7) giving Bu, it is
clear that Bu : H1

+(R) → H1
+(R) of u ∈ H2(R), and that t 7→ Bu(t) is a continuous function

valued in bounded operators on H1
+. Furthermore, from Lemma 1.9, this map is also continu-

ous with values in bounded operators on the Banach space Dom(X∗), endowed with the graph
norm. Consequently, U(t) is also continuous with valued bounded operators on H1

+(R) and on
Dom(X∗).

Let us conclude the proof of the explicit formula for the BO solution. Since u(t, .) is real
valued,

u(t, x) = Πu(t, x) + Πu(t, x).

Now we apply the variant (1.3) of the Cauchy formula,

f(z) =
1

2iπ
lim
ϵ→0+

⟨(X∗ − zId)−1f, χϵ⟩L2

to f := Πu(t, .) , and we let the unitary operator U(t)∗ act on both sides of this inner product,

(2.3) Πu(t, z) =
1

2iπ
lim
ϵ→0+

⟨(U(t)∗X∗U(t)− zId)−1U(t)∗Πu(t), U(t)∗χϵ⟩.

Then we calculate the quantities U(t)∗Πu(t), U(t)∗χϵ, U(t)∗X∗U(t) in terms of u0 only, using
the ODE U ′(t) = Bu(t)U(t), the crucial identities (??), (2.1), and (1.10). We obtain, using (??),

d

dt
U(t)∗Πu(t) = U(t)∗(∂tΠu(t)−BuΠu(t)) = iU(t)∗L2

uΠu(t) = iL2
u0
U(t)∗Πu(t),

hence

(2.4) U(t)∗Πu(t) = eitL
2
u0Πu0 .

Similarly, in L2
+, locally uniformly in the time variable, we have, using (1.10),

d

dt
U(t)∗χϵ = −U(t)∗Buχϵ = iU(t)∗L2

uχϵ + o(1),

hence

(2.5) U(t)∗χϵ = eitL
2
u0χϵ + o(1).

Finally, using (2.1),

d

dt
U(t)∗X∗U(t) = U(t)∗[X∗, Bu]U(t)

= U(t)∗(−2Lu − i[X∗, L2
u])U(t)

= −2Lu0 − i[U(t)∗X∗U(t), L2
u0
],

hence

(2.6) e−itL2
u0U(t)∗X∗U(t)eitL

2
u0 = −2tLu0 +X∗.

It remains to plug identities (2.4), (2.5) and (2.6) in (2.3). We obtain

Πu(t, z) =
1

2iπ
lim
ϵ→0+

⟨(U(t)∗X∗U(t)− zId)−1eitL
2
u0Πu0, e

itL2
u0χϵ + o(1)⟩

=
1

2iπ
lim
ϵ→0+

⟨(−2tLu0 +X∗ − zId)−1Πu0, χϵ⟩

=
1

2iπ
I+((X

∗ − 2tLu0 − zId)−1Πu0),

which is (2.2). □
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Remark 2.4. Of course the formula (2.2) makes sense for less regular initial data. Assuming
u0 ∈ L2(R) ∩ L∞(R) is enough to give a meaning to the right hand side of the formula, since,
by formula (1.3),

X∗ − 2tD = e−itD2

X∗eitD
2

,

and
X∗ − 2tLu0 = e−itD2

(X∗ + At)e
itD2

,

where
At := 2teitD

2

Tu0e
−itD2

is bounded and selfadjoint. Therefore i(X∗ +At) is also maximally accretive, and the resolvent
of X∗ + At is well defined in the upper half plane, so that the explicit formula reads

(2.7) Πu(t, z) =
1

2iπ
I+((X

∗ + At − z)−1eitD
2

Πu0).

Xi Chen [Che25a] recently used this observation to extend this formula to L2 data, by taking
advantage of the dispersion inequality for the free Schrödinger group eitD

2. See also [KLV24]
for a different approach in the context of commuting flows.

The proof of Theorem 2.1 shows that the operator U(t) itself can be represented by an explicit
formula.

Corollary 2.5. Under the assumptions of Theorem 2.1, we have, for every f ∈ L2
+(R),

∀z ∈ C+ , U(t)eitL
2
u0f(z) =

1

2iπ
I+((X

∗ − 2tLu0 − zId)−1f).

2.2. Explicit formulae for other Hamiltonian equations. The above method can be ap-
plied to other non–local Hamiltonian PDE and leads to similar explicit formulae. A first
example is the Calogero–Moser DNLS equation,

(2.8)
{

i∂tu+ ∂2
xu = ±2DΠ(|u|2)u, u = Πu, x, t ∈ R

u(0, x) = u0(x)

Here the sign choice ± corresponds to the defocusing/focusing equation. In this case, one can
prove [GL24], [Gér26] the following Lax pair identity for a solution u ∈ C(I,H2

+(R) on the time
interval I,

(2.9)
d

dt
Lu = [Bu, Lu], Lu := D ± TuTu, Bu := ∓(TuT∂xu − T∂xuTu) + i(TuTu)

2.

Then the explicit formula reads [KLV25], [Gér26],

(2.10) ∀t ∈ I, ∀z ∈ C+ , u(t, z) =
1

2iπ
I+((X

∗ + 2tLu0 − zId)−1u0).

A second example is the cubic Szegő equation on the line,

(2.11)
{

i∂tu = Π(|u|2u), u = u(t, x), x, t ∈ R
u(0, x) = u0(x)

where u ∈ C(R, H
1
2
+(R)), and where, for every s ≥ 0,

Hs
+(R) := {f ∈ L2

+(R), ξ 7→ ξsf̂(ξ) ∈ L2
+([0,∞[)}

equipped with the norm

∥f∥2Hs :=
1

2π

∫
R
(1 + ξ2)s|f̂ |2(ξ)dξ.

The global wellposedness of (2.11) in Hs
+(R) for every s ≥ 0 has been established in [Poc11].

Moreover, it has been shown that (2.11) enjoys a Lax pair structure, which we briefly describe
below. We recall that the Hankel operator of symbol u is defined on L2

+ as Hu(f) = Π(uf),
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when well defined, where Π is the orthogonal projector from L2 into L2
+, the so-called Szegő

projector. Equivalently, one has

∀f ∈ L2(R), Π(f)(x) =
1

2π

∫ ∞

0

eixξf̂(ξ)dξ

and

∀f ∈ L2
+(R), Ĥu(f)(ξ) =

1

2π

∫ ∞

0

û(ξ + η)f̂(η)dη.

It is well known that a Hankel operator Hu is a Hilbert-Schmidt operator on L2
+(R) whenever

u ∈ H
1
2
+(R). Moreover, computing the trace of H2

u, one gets

(2.12) Tr(H2
u) =

1

(2π)2

∫ ∞

0

ξ|û|2(ξ)dξ =:
1

2π
∥u∥2

Ḣ
1
2
.

Here Ḣ
1
2 denotes the homogeneous Sobolev space. With this notation, for every u0 ∈ Hs

+(R)
with s > 1

2
, the solution u ∈ C(R, Hs

+(R)) (2.11) satisfies

(2.13)
dHu

dt
= [Bu, Hu],

where Bu = −iT|u|2 +
i
2
H2

u. Notice that this implies

dH2
u

dt
= [−iT|u|2 , H

2
u], ∂tu−−iT|u|2u.

Applying the above method to this new equation leads to the following explicit formula, ob-
tained by the author of these notes and A. Pushnitski (see [GP24]).

Theorem 2.6 ( [GP24]). Let z ∈ C+ and u0 ∈ H
1
2
+(R). Then the solution of (2.11) is given by

(2.14) ∀z ∈ C+, u(t, z) =
1

2iπ
I+((X

∗ + Lu0(t)− z)−1e−itH2
u0u0).

Here

Lu0(t) =
1

2π

∫ t

0

⟨·, e−isH2
u0u0⟩e−isH2

u0u0ds.

3. Applications to long–time behavior : user’s guide

In this section, we explain how to use the explicit formulae derived in the previous section
with applications to the long–time behavior. Again we give some emphasis to the Benjamin–
Ono case.

3.1. The first level : solitons. The solitary waves for the Benjamin–Ono equation (1.6) were
characterized in [AT91]. They are of the form

(3.1) u(t, x) = Rp(x− cpt), Rp(y) :=
2Imp

|y + p|2
, cp :=

1

Imp
, p ∈ C+.

If u0 = Rp, one can easily check that Lu0 has only one eigenvalue λ1 = −1/(2Imp), and that
Πu0 = i/(x + p) is the corresponding eigenfunction. Since we only observed in Example 1.4
that X∗u0 = −pu0, the resolvent term in the explicit formula (2.2) is collinear to u0, and we
finally recover the soliton identity,

Πu(t, x) = Πu0(x− cpt).
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3.2. The second level : multi–solitons. The algebraic analysis in the previous subsection
can be extended to a finite dimensional landscape if u0 is a finite sum of finite functions Rpj ,
pj ∈ C+, j = 1, · · · , N . For simplicity, let us assume here that the pj are pairwise distinct.
Then one can check that Lu0 preserves the N–dimensional subspace E spanned by the ΠRpj ,
which is also preserved by the action of X∗. Since obviously Πu0 belongs to E , the resolvent
term in the explicit formula (2.2) can be calculated by inverting a N ×N matrix, see [Sun21]
where results by Matsuno [Mat79] are recovered. One gets

u(t, x) =
N∑
j=1

Rpj(t),

where the complex numbers pj(t) are solutions of a finite dimensional integrable system, ex-
plicitely solved by this method. The long–time behaviour can also be easily described : up to
a small error in all the Sobolev spaces, the solution can be decomposed as a sum of N solitons
with different velocities.

3.3. The third level : rational data. Assume u0 is a rational function in L2(R). Then the
equation for f := (X∗−2tLu0−zId)−1Πu0 take a particularly simple form. Again for simplicity,
let us assume

u0(x) =
2c

|x+ p|2
, p ∈ C+, c ∈ R.

Then, in view of Example 1.1 and of the description (1.2), (1.1) of the action of X∗, the equation
on f reads

xf(x) + λff(x) + 2itf ′(x)− ic

(
f(x)

x+ p
− f(x)− f(−p)

x+ p

)
= i

c

x+ p
.

This equation is a simple first order linear ODE on f , which can be solved explicitly in terms
of the two parameters λf and f(−p). The additional condition that f belongs to the Hardy
space imposes that f is holomorphic near the singular point x = −p, and the finiteness of the
L2 norm of f . This leads to a system of the linear equations on the two parameters λf and
f(−p). Since the first unknown λf of this system is precisely u(t, x), we infer that the solution
can be explicitly described a the quotient of two 2× 2 determinants involving integrals in the
complex domain. The general approach for Πu0 rational with N different poles in the lower
half–plane is developed in [BGGM25], leading to a representation of the solution as a quotient
of two (N + 1) × (N + 1) determinants. In the special case, where c = −1, p = i — minus a
soliton — this expression is used to prove that the solution scatters as t → ∞.

3.4. The fourth level : Benjamin–Ono Lax spectrum and soliton resolution. First
we discuss the spectrum of the Lax operator for the Benjamin–Ono equation. The following
theorem is due to Y. Wu [Wu16, Wu17], and Blackstone–Gassot–Gérard–Miller, [BGGM25],
Gassot–Gérard–Miller [GGM26]. More information about more general potentials u can be
found in Badreddine–Killip–Vişan [BKV25].

Theorem 3.1. Assume u ∈ H1(R) and xu ∈ L2(R).The operator Lu has only finitely many
simple eigenvalues λj, j = 1, . . . , N , which are negative, with L2– normalized eigenfunctions φj

satisfying

−2πλj = |⟨Πu, φj⟩L2|2 , φj ∈ Dom(X∗), −λjI+(φj) = ⟨φj,Πu⟩L2 .

On [0,∞), Lu has absolutely continuous spectrum. More precisely, for every λ > 0, there exists
unique L∞ functions m−(.λ),m+(., λ) such that

(Dm±(., λ)− Π(um±(., λ)) = λm±(., λ), e−iλxm±(x, λ) −→
x→±∞

1.
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Functions m+(., λ) and m−(.λ) are collinear

m+(x, λ) = ℓ(λ)m−(x, λ), |ℓ(λ)| = 1.

Furthermore, the linear maps

f ∈ L2
+(R) ∩ L1(R) 7→ f̃±(λ) =

∫
R
f(x)m±(x, λ) dx

extend continuously from L2
+(R) to L2(0,∞), leading to the following distorted Plancherel for-

mula,

(3.2) ∀f ∈ L2
+(R), ∥f∥2L2 =

N∑
j=1

|⟨f, φj⟩|2 +
1

2π

∫ ∞

0

|f̃±(λ)|2 dλ.

Combining Theorem 3.1 and the explicit formula (2.2) of Theorem 2.1, one can prove the
following soliton resolution result.

Theorem 3.2 ( [GGM26]). Assume that u0 is the sum of a Schwartz function and of a rational
function such that (1 + |x|)u0 ∈ L2(R)1 . With the notation of Theorem 3.1, define

pj := −⟨X∗φj, φj⟩ ∈ C+, cpj = −2λj, j = 1, · · · , N,

and define real valued functions u±
∞ ∈ ∩s∈RH

s(R) by

∀λ > 0, û±
∞(λ) = Π̃u0

∓
(λ).

Then, as t → ±∞, we have

u(t, x)−
N∑
j=1

Rpj(x− cpj t)− et∂x|D|u±
∞ → 0,

in all the Hs norms.

3.5. Long–time asymptotics for some other equations. For the defocusing Calogero–
Moser derivative NLS equation (2.8), Xi Chen [Che25b] combined spectral theory for the Lax
operator Lu given in (2.9) with the explicit formula (2.10) to prove long–time scattering in
L2
+(R) for the almost critical data u0 such that (1 + |x|)ϵu0 ∈ L2 for some ϵ > 0, generalizing

the result of [KK24]. In the focusing case, which is known to blow up in finite time [KKK24], it
would interesting to use the explicit formula to describe a concrete class of initial data leading
to such blow up solutions.

For the cubic Szegő equation (2.11), the explicit formula (2.14) was recently used in [GG26]
to prove a soliton and breather resolution theorem in the space H

1/2
+ (R). In this case, the

building blocks of the dynamics are traveling quasi–periodic breather solutions with special
rational initial data. Here the interesting new phenomenon is that the velocity of the traveling
patterns is nomore given by the Lax eigenvalues, but by the norming constants ⟨u0, φj⟩|2/(2π),
where φj are the L2–normalized eigenfunctions.
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