Biconditioned random trees

Vanessa Dan

Supervised by Igor Kortchemski and Cyril Marzouk

Vanessa Dan

CMAP, Ecole polytechnique
DMA, Ecole Normale Supérieur

8 Octobre 2025

t INSTITUT

ECOLE
POLYTECHNIQUE

Biconditioned random trees 8 Octobre 2025

1/25



Summary

ﬂ Introduction to the objects

e Limit behavior of a BGW tree conditionned to have n vertices and k
leaves

@ Limit behavior of a BGW tree conditionned to have n vertices and k
internal nodes
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Introduction to the objects

Trees
@ : Root
O . Leaves

. : Internal nodes
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Introduction to the objects

Trees

. : Root

O . Leaves

. : Internal nodes
Weight of a tree :

Let w = (wk)k>0 be a sequence of non-negative real numbers. The weight

of atree tis
w(7) = [ | Woy(o),

uert

where ¢, (1) is the number of children of the vertex uin 7.
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Introduction to the objects

Random Trees :

e A uniform tree with n vertices is a tree chosen uniformly at random among the
trees with n vertices.
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Introduction to the objects

Random Trees :

e A uniform tree with n vertices is a tree chosen uniformly at random among the
trees with n vertices.

e A simply generated tree with n vertices (SGp), denoted by S, is a tree chosen
proportionally to its weight among the trees with n vertices, i.e.

. w(@)
P(S,=1) = —Ztefrn W) T €T,
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Introduction to the objects

Random Trees :
e A uniform tree with n vertices is a tree chosen uniformly at random among the
trees with n vertices.

e A simply generated tree with n vertices (SGp), denoted by S, is a tree chosen
proportionally to its weight among the trees with n vertices, i.e.

@ T€
Steq, w(t)’

e Let u be a probability distribution on N.

A Bienaymé-Galton-Watson tree with offspring distribution u (u-BGW) is a
random tree where all its individuals reproduce independently of each other
according to the distribution .

P(Sp=1) = Tn.
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Introduction to the objects

Random Trees :
e A uniform tree with n vertices is a tree chosen uniformly at random among the
trees with n vertices.

e A simply generated tree with n vertices (SGp), denoted by S, is a tree chosen
proportionally to its weight among the trees with n vertices, i.e.

@ T€
Steq, w(t)’

e Let u be a probability distribution on N.

A Bienaymé-Galton-Watson tree with offspring distribution u (u-BGW) is a
random tree where all its individuals reproduce independently of each other
according to the distribution .

P(Sp=1) = Tn.

If Z VVij has a positif radius of convergence, then a simply generated tree with n
j=0
vertices can be seen as a ©-BGW for a certain probability &.
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Introduction to the objects

Conditioned random trees
How to make a random tree ’large’?
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Introduction to the objects

Conditioned random trees

How to make a random tree ’large’ ?
— Condition it to have n vertices and let n — co.

Asymptotic behavior is well understood — even under conditioning by number of
leaves or internal nodes.

[Aldous, Duquesne & Le Gall, Kortchemski, Rizzolo]
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Introduction to the objects

Conditioned random trees

How to make a random tree ’large’ ?
— Condition it to have n vertices and let n — co.

Asymptotic behavior is well understood — even under conditioning by number of
leaves or internal nodes.
[Aldous, Duquesne & Le Gall, Kortchemski, Rizzolo]

Biconditioned random trees

How to make a random tree 'large’ while controlling its 'shape’ (perimeter,
volume...) ?
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Introduction to the objects

Conditioned random trees

How to make a random tree ’large’ ?
— Condition it to have n vertices and let n — co.

Asymptotic behavior is well understood — even under conditioning by number of
leaves or internal nodes.
[Aldous, Duquesne & Le Gall, Kortchemski, Rizzolo]

Biconditioned random trees

How to make a random tree 'large’ while controlling its 'shape’ (perimeter,
volume...) ?

— Condition it to have n vertices and k, leaves or internal nodes, with n — oo.
Asymptotic behavior remains largely unexplored.

[Labarbe & Marckert, Kargin, Kortchemski & Marzouk]
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Introduction to the objects

Conditioned random trees

How to make a random tree ’large’ ?
— Condition it to have n vertices and let n — co.

Asymptotic behavior is well understood — even under conditioning by number of
leaves or internal nodes.
[Aldous, Duquesne & Le Gall, Kortchemski, Rizzolo]

Biconditioned random trees

How to make a random tree 'large’ while controlling its 'shape’ (perimeter,
volume...) ?

— Condition it to have n vertices and k, leaves or internal nodes, with n — oo.
Asymptotic behavior remains largely unexplored.

[Labarbe & Marckert, Kargin, Kortchemski & Marzouk]

My work : Study BGW trees conditioned on n vertices and k, leaves/internal
nodes.

In this presentation : Focus on the case k, := k.
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Limit BGW tree with n vertices and k leaves

Notations : e k is a fixed integer
e 11 a probability distribution such that x(1) > 0 and u(2) >0
e TX is a u-BGW conditioned to have n vertices and k leaves

Goal : Study the limiting behavior of TX as n — co.

Tk

n

Vanessa Dan Biconditioned random trees 8 Octobre 2025

8/25



Limit BGW tree with n vertices and k leaves

A bijection

Tk RF Ly,

— (3,5,2,4,7,3)

Study the limit behavior = Study the limit behavior
of Tk of RF and Lk
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Limit BGW tree with n vertices and k leaves

Proposition

(d)
. Rf; " .

n — 00

Lk (@

—_—
n n — 00

Vanessa Dan

Uniform binary tree with k£ leaves

List of lengths of the intervals

in an increasing reordering of

2k — 2 independent uniforms on [0, 1]

0 1
I i i i i i i i
< bd D> d -DPadDd >d > adb>
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Limit BGW tree with n vertices and k leaves

Let 1 be a probability distribution on N such that (1) > 0 and u(2) > 0. Every u—BGW
conditioned to have n vertices and k leaves converges in distribution, as n tends to infinity,
to a uniform binary tree with k leaves, where the branch lengths (viewed in lexicographic
order) normalized by n correspond to the lengths of the intervals formed by 2k — 2
uniforms on [0, 1].

|

1

—o

Il Il o Il Il Il Il
T T T T T T
<«“PE-PaC--PaPCt- -t - a4 -->

Vanessa Dan Biconditioned random trees 8 Octobre 2025 11/25



Limit BGW tree with n vertices and k leaves

Theorem

Let 1 be an offspring distribution with (1) > 0 and fix k > 2 with k € K'(u). Then, we have
the following convergence in distribution :

Lk
(RS, 7")—>(d+) (R¥, A)
n—+oo

where R¥ is a uniform random tree in T (u) and A is a Dirichlet random variable with
parameter (1, ..., 1) independent of RX.
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Limit BGW tree with n vertices and k leaves

Theorem

Let 1 be an offspring distribution with (1) > 0 and fix k > 2 with k € K'(u). Then, we have
the following convergence in distribution :

Lk
(RS, 7")——»“') (R¥, A)
n—+co

where R¥ is a uniform random tree in T (u) and A is a Dirichlet random variable with
parameter (1, ..., 1) independent of RX.

e K(u):={1+ > bili-1):beN}

ieSupp(u)
i>0

o TK (1) the set of trees having bj‘"“" vertices with j children, where (bj'“a"),-eSupp(,l) is the

sequence that maximizes Z b; under the constraint

jeSupp(p)
“by =0 and Z bi(i-1)=k—-1".
ieSupp(u)
i>0
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Limit BGW tree with n vertices and k i.n

Notations : e k is a fixed integer
e T, is a u-BGW conditioned to have n vertices and k internal
nodes.

Goal : Study the limiting behavior of T, x as n — oo.

Tn,k
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Limit BGW tree with n vertices and k i.n
A bijection

Tn,,k Rn,k Ln,k

7~
corners —» O order on the corners

Study the limit behavior = Study the limit behavior
of Ty of Ry and Ly
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Limit BGW tree with n vertices and k i.n

Theorem
If (i) = I(i)/i"*® where [ is slowly varying and 8 > 1, then we have

drv(Tnk, Dnx) —— 0

n—+oco

Tn,k Dn,k

PRERS

ZA 1
dry ( M‘ —— 0

~ n. leayes
umiotml distributed
among t he k corners
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Limit BGW tree with n vertices and k i.n

Main steps of the proof :

Vanessa Dan

Zy - RN
2,
Zl s ~

(N n leaves =~
unlforml?' distributed
among the k corners
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Limit BGW tree with n vertices and k i.n

Main steps of the proof :

Step 1 : The outdegrees of the internal nodes of T, x correspond to the

( ~ n_leaves
uniforml
among t

distributed
e k corners

increments of a random walk conditioned to reach a large value in a few

steps.
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Limit BGW tree with n vertices and k i.n

Main steps of the proof :

( ~n leaves . |
uniformly distributed
among the k corners

Step 1 : The outdegrees of the internal nodes of T, x correspond to the
increments of a random walk conditioned to reach a large value in a few
steps.

Step 2 : For large n, the vertex with the highest degree will have degree of
order n, while the degrees of all other vertices remain bounded.
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Limit BGW tree with n vertices and k i.n

Main steps of the proof : Z -

l ~n leaves . |
uniformly distributed
among the k corners

Step 1 : The outdegrees of the internal nodes of T, x correspond to the
increments of a random walk conditioned to reach a large value in a few
steps.

Step 2 : For large n, the vertex with the highest degree will have degree of
order n, while the degrees of all other vertices remain bounded.

Step 3 : With high probability, R, x converges in distribution to a star and
the root is the vertex with the largest degree.
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Limit BGW tree with n vertices and k i.n

_ 10)

[ slowly varying

; : k) lel
M(z)_ilﬂi’ B>1 M([Z,OOD— IR l<a<?2
~ o(n) leaves
Tk PEES Tk Lo~
22 - - - S
’ \‘ ie \
1 , I
Zk-1
’ ’ N
4 > 1 \
‘ 1 1
(d) (d) \ 1
_— ~ leave:
n oo ~ n leaves N - ( n — o(n) leaves
s ( uniformly distributed - uniformly distributed
among the k corners among the k corners
. c _ .,P(2) P with non-negative and aperiodic coefficients
F,, A-analytic and Fu(z)z N, A—2/p) Fu(z) =ce ), PN & P
(d) . N DNk+a d )
o Ryp—» SGp  where w(k)= ( ) o Rux e Pois(l) - BOW,
noee T(k+1) n— oo
Lok @ pyp((cla)ta ala)ta T
— ...
°n Ll ci(a)+1 )7 ?\ cp(a)+1 k
i<ei(a)+1 i <epla) +1
Tk
n,k a P L
, 1.
n (@)
\ e
1 ( I n — +oo
n (d)
A
n = foo L, , L‘”{L“J
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Limit BGW tree with n vertices and k i.n

. 1 lel
p(lioo)) =2, 1S4

~ o(n) leaves

T’fl,k 7 -7 T= ~
- RS
.
4 \l
I
4 A S

\
1
(d) \ !

m’ ( ~ n — o(n) leaves

uniformly distributed
among the k corners
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Limit BGW tree with n vertices and k i.n

FM(Z) = Cep(z), P vxgth non-negative and aperiodic coefficients
c>

) Rn,k &» Pois(1)- BGW,

n — oo

o Tn,k
1.
n (d)
—_—
n — +oo
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Limit BGW tree with n vertices and k i.n

C

F,, A-analytic and FM(Z)Z N, 0=z/p)*

o Rk @, SGy, where  w(k) = M
n — oo I‘(]{; N 1)

Ly (a) Dir c1(a)+a ck(a)ta
° n o, cr(a)+1 )77 \ ep(a)+1
i<ecila)+1 i <cpla) +1
Tn,k:
1,
n (d)
n — +oo
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Limit BGW tree with n vertices and k i.n
Transfer case : Main steps of the proof
Step 1 : Description of Ry, x via generating functions : For all a € Tk,

_ (@[2" P @G(2)
Sher, Lk(b)[2M k=40 ®)] G (2)’

P(Rn,k = a)
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Limit BGW tree with n vertices and k i.n

Transfer case : Main steps of the proof

Step 1 : Description of Ry, x via generating functions : For all a € Tk,

(e(@)[ 2@ | Ga(2)
]P)Rn = = s
k=) = s D)z %0 |G (2)

where e G (2) = l_[ Fu(2) 1_[ Flo@) (z)
_ u¢l(a) uel(a)
e F, the generating function of u(- + 1)

e (@)= (] eu@n™

uel(a)
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Limit BGW tree with n vertices and k i.n

Transfer case : Main steps of the proof

Step 1 : Description of Ry, x via generating functions : For all a € Tk,

_ (@[2" P @G(2)
Sher, Lk(b)[2M k=40 ®)] G (2)’

where e G (2) = l_[ Fu(2) 1_[ Flo@) (z)
_ ugl(a) uel(a)
e F,, the generating function of u(- + 1)
e lk(a) = ( l_[ cu(a)h)™!

uel(a)

P(Rn,k = a)

_ B [Ti-s Wu(@) _T(a+cy(a)
S ) S S o) ™ T T @)
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Limit BGW tree with n vertices and k i.n

Transfer case : Main steps of the proof

Step 3 : X" := number of leaves attached to the i-th internal node of T, x

X-]ll
L
Xy
X0, X"
(X k) _ Dir(a + ¢1 (Rn).
n n—+oo
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Limit BGW tree with n vertices and k i.n

Transfer case : Main steps of the proof

Step 3 : X" := number of leaves attached to the i-th internal node of T, x

X_/’il,
Xéj XZEL
/
o 1)
X7 LX) @
a n 4 —— Dir(a +¢1(Rnk) ..., + ck(Rnx))
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Limit BGW tree with n vertices and k i.n

Transfer case : Main steps of the proof

Step 3 : X" := number of leaves attached to the i-th internal node of T, x

Xil
Xéj X;gl,
/
h 1)
XX (@) .
a n 4 —— Dir(a + ¢t (Rnk). - -, @ + C(Rn))

Step 4 : Conditionally given R, x = a,

L(Tok) (a) Dir((01(a) + a) (ck(a) + a) )
n =00 C1 (a) +1 1§isc1(a)+1’ ’ Ck(a) +1 1<i<ck(a)+1
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Thank you for your attention!
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