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Planar maps

(1) A planar map = polygons
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Planar maps

@ A general map = A gluing of polygons: @ @ e
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Planar maps

A quartic map = all vertices have degree 4.




Planar maps

@ A planar map = Also a proper embedding of a connected (planar) graph
in the sphere S?
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Remark: a map = planar graph + cyclic order of edges around each vertfex.
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Planar maps

@ A planar map = Also a proper embedding of a connected (planar) graph

: 2
IN The Sphere S , considered up to orientation-preserving homeomorphisms.

D@ ==

Remark: a map = planar graph + cyclic order of edges around each vertex.

Prop: A planar map m induces a meftric space m = (V(m), dg;):

o V(m) is the set of vertices of m,
« dg, IS the graph distance of m.
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Enumeration

(1) Some formulas

« Quadrangulations with n faces: 237 (2n)
[Tutte “60, Cori-Vauquelin ‘81, Schaeffer ‘98] (n+1)(n+2) '

. Quartic maps with n vertices:  w 5 3n (Qn)
[Tutte 62, Schaeffer "97] (n+1)(n+2) '

« Loopless planar maps with n edges: X 9 (4n—|—1)
[Tutte '62, Poulalhon-Schaeffer ‘06] (Bn+1)(3n+2) \ n+1 /"

. 2k-angulations with n faces: @ 2(% )" (k1)

).

[Bouttier-Di francesco-Guitter ‘04] ((k—l)n—l—l) ((k—l)n—|—2)

(2 Alarge class of universality  |[M,,| ~ C;-(Cy)" -n=%/2.
n
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(1) Uniform planar map

Let M,, := { planar maps with n edges}, and m,, ~ Unif(M,,).

— m, = (V(mn), dgr) is random discrete metric space.
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(1) Uniform planar map

Let M,, := { planar maps with n edges}, and m,, ~ Unif(M,,).

— m, = (V(mn), dgr) is random discrete metric space.

(2) Question: What does it look like when n is large ?
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Random planar maps s.ging imi

(1) Rescaling ?  Let m, ~ Unif(M,). Is there a sequence (z.,),» € Rso such that:

1 dgr - 7
(V(mn), %) — metric space
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Random planar maps s.ging imi

(1) Rescaling? Letm, ~ Unif(M,,). Is there a sequence (z,)» € Rso" such that:

i (V(mn), igr) — metric space’
n J n—oo
YES |

(2) Diameter  Let m be a planar map. lts diameter is:

di = der(u,
iam(m) u)grel%?m) or (U, V)

[ Chassaing-Schaeffer ‘02]
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Random planar maps s.ging imi

(3) Convergence

- THEOREM: [Miermont 13 (p =4), Le Gall 13 (p = 3,p even),
Addario Berry-Albenque 21 (p > 5 odd)]

Let m,, ~ Unif({p — angulations with n faces}, there exists a random compact
meftric space (me,d) such that:

(V(m,), Cpn1dg) — (Moo, d)  indistribution,

n—oo

in the Gromov-Hausdorff sense. The law of (m., d) is called the Brownian sphere.
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(3) Convergence

- THEOREM: [Miermont 13 (p =4), Le Gall 13 (p = 3,p even),
Addario Berry-Albenque 21 (p > 5 odd)]

Let m,, ~ Unif({p — angulations with n faces}, there exists a random compact
meftric space (me,d) such that:

(V(mn), Cp n /4 dgr) — (Hloo, d) in distribution,

n—oo

in the Gromov-Hausdorff sense. The law of (m., d) is called the Brownian sphere.

(4) Does not depend on p, and same limit for other families of maps : universality.
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Random planar maps s.ging imi

(5) Two fundamental properties

- THEOREM: [Le Gall-Paulin ‘08, Le Gall "07]

1) The brownian sphere is a.s. homeomorph to the 2-dimensional sphere S2.
2) The Hausdorff dimension of the Brownian sphere is a.s. equal to 4.

J. Bettinelli
12
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Physics & spins

(1) Motivations
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Human scale Microscopic scale
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Physics & spins

(1) Motivations

Lo L L
- - — \+ -
- + -
[ 4 - ) I
/ -———& + —-
T T
- + —
B
Human scale Microscopic scale

Atoms @ =~ small magnets, with
two possible orientations @ and

- magnetic moment / spins.
14




The Ising model

(2) Model
Consider a finite graph, and o : V — {©, @} A
a spin configuration on its vertices. o T -
- - _
- X _
-—-—& 0 -
LT
- 4 .
A

[Lenz, Ising 25], [Onsager 44]
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The Ising model

(2) Model

Consider a finite graph, and o : V — {©, ®} | | |

a spin configuration on its vertices. o T -
- -+ -
The Gibbs measure atf temperature T, - - -
with external magnetic field h of o is: --—& \TJ | —--
- Y
p (o) o< exp (% > o(u)o(v)+ hZO’(u)> A
X [ym(Gﬂ)CG@—ae] [Lenz, Ising 28], [Onsager 44]
v=exp2/T
Quantity of interest: the magnetization c=exph
M(v,c) = ‘—‘%E (0 —0o)

15




The Ising model

(3) Physics experiment
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(3) Physics experiment

Proper magnetization
M(v,c) >0

N U

1 C
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The Ising model

AU U ]

o A
Q)

DR

Proper magnetization Proper magnetization
M(v,c) <0 M(v,c) >0

N U

1 C
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The Ising model

Ll il A

A
i Q) -- -- n
T —-- -- 0
- e \'i'/

o —-- = D .
[ 7 T 1 [ 7 1
' ' ' ' ' ' ' ' ' '

Proper magnetization  No proper magnetization Proper magnetization
M(v,c) <0 M(v,c) =0 M(v,c) >0

0 O

1 C
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The Ising model

(3) Physics experiment

Experiment
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The Ising model

(3) Physics experiment

Experiment

M(v,17) =0 M(v,17) >0

Vi

' No magnetization Spontaneous magnetization

Curie temperature v 17




The Ising model

(4) Success of the model

1) Simple inferaction model : local rules,
i) Exhibit a phase transition [Ising 25], [Onsager 44|, [Yang 52]

i) Many generalizations : Heisenberg model, Potts model...
V) Studied a lot, and on large families of lattices ans graphs
[Aizenman, Duminil-Copin, Sidoravicius...]
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The Ising model

(4) Success of the model

1) Simple inferaction model : local rules,
i) Exhibit a phase transition [Ising 25], [Onsager 44|, [Yang 52]

i) Many generalizations : Heisenberg model, Potts model...
V) Studied a lot, and on large families of lattices ans graphs
[Aizenman, Duminil-Copin, Sidoravicius...]

(5) And what about planar maps ?

@ /_\
== Planar maps = our model of random lattice Q {,' S

S~
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The Ising model on planar maps

(1) Model: Ising model on quartic planar maps

A spin configuration on a planar map m, with n
vertices:

o:V(m)— {-1,+1}

The probability on pairs (m, o):

Py.c ( {(m, o)} ) x y™m,0) o6 =06

m(m, o) = the number of monochromatic edges,
os \ oo ,The number of spin @ \ &.
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The Ising model on planar maps

(1) Model: Ising model on quartic planar maps

A spin configuration on a planar map m, with n
vertices:

o:V(m)— {-1,+1} S
@
(1) sominierzes T </
m(m, o) = the number of monochromatic edges,

os \ oo ,The number of spin @ \ &.

The probability on pairs (m, o):

m(m, o) =12,

og =1,00 =4

Remark: The marginal on the mayps is not the uniform law.
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The Ising model on planar maps

(2) Quantities of interest & statistical physics >
(+)

Finite magnetization: M, (v,c) = %E (Z U(“)) Q ’0 "
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(+)

Finite magnetization:  M,,(v,¢) .= tE (%: U(“)) Q 0’0 “
7
v
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(2) Quantities of interest & statistical physics

Finite magnetization: M, (v,c) == %E (Z U(“)) Q

The thermodynamic limit
n — 00

Infinite magnetization: M (v,c¢) := lim M, (v,c)

n—oo
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The Ising model on planar maps

(2) Quantities of interest & statistical physics

Finite magnetization:  M,,(v,¢) .= tE (Z a(u)>

The thermodynamic limit
n — 00

Infinite magnetization: M (v,c¢) := lim M, (v,c)

n—oo

Infinite sponl’roneous M (v) = lim M,(v,c)
magnetization: c—=1%
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The Ising model on planar maps

- PROPERTY: [Boulatov, Kazakov "8/, T. "25]

) The infinite spontaneous magnetization M (v) := lim M (v, c) verifies:

c—1+
1_‘
: 075,
v, =inf{r >0 | Mi(v) >0} =4
0.5-
0.25-
° U, 5 o8
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The Ising model on planar maps

- PROPERTY: [Boulatov, Kazakov "8/, T. "25]

) The infinite spontaneous magnetization M (v) := lim M (v, c) verifies:

c—1+t
1_‘
. 0.75-
v, =inf{r >0 | Mi(v) >0} =4
0.5
x/71/2

My(v) = 3V3Vg 1 1>y, 0.25-

T 7 2 g

i) The critical exponents of the modelare a = —1, 8= 1,7 =2,§ = 5:

M1<u>~0-(i—1)1/27 X(v,1) ~ C- (——1)27 M(ve,c) ~C - (c—1)7%

Uy UV
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The Ising model on planar maps

(3) Ideas of proof

We need to study the probability to sample the pair (m, o):

PZ’C({(m, 0)}) x (o) oe—oe
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The Ising model on planar maps

(3) Ideas of proof

We need to study the probability to sample the pair (m, o):

P ({(m,0)} ) = gy - v lera o

We need study the normalization constant a.k.a partition function:

Zn(v,e) = ) ym,0) o6~
(m,0)eT,

22




The Ising model on planar maps

@ ldeas of proof : Bijections & analytic combinatorics

- PROPERTY: [Albenque, Ménard, T. "25]

The partition function Z,, (v, c¢) verifies:

o Pols(S(v,c,z),v,c,z)
Z(v, ¢, z) = 22(1—02)(1+3c2(1—12)S(1,¢,2)) ’
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The Ising model on planar maps

@ ldeas of proof : Bijections & analytic combinatorics

- PROPERTY: [Albenque, Ménard, T. "25]

The partition function 2, (v, c¢) verifies:

o Pols(S(v,c,z),v,c,z)
Z(v, ¢, z) = 22(1—02)(1+3c2(1—12)S(1,¢,2)) ’

where S(v, ¢, z) is the unique formal power series in Q(v, ¢)[z] having constant
term 0 and satisfying the following lagragian equation:

S (1 —243¢%(1 — v*)°S% + 135¢H(1 — )35 — 3¢*(1 — v*)(3v* + 7)S* — 3v2(c* + 1)5)
(1 —3c(1 —v2)S)2(1+3c(1 —v?)S)? '

z =

23




The Ising model on planar maps

@ ldeas of proof : Bijections & analytic combinatorics

- PROPERTY: [Albenque, Ménard, T. "25]

The partition function 2, (v, c¢) verifies:

o Pols(S(v,c,z),v,c,z)
Z(v, ¢, z) = 22(1—02)(1+3c2(1—12)S(1,¢,2)) ’

where S(v, ¢, z) is the unique formal power series in Q(v, ¢)[z] having constant
term 0 and satisfying the following lagragian equation:

S (1 —243¢%(1 — v*)°S% + 135¢H(1 — )35 — 3¢*(1 — v*)(3v* + 7)S* — 3v2(c* + 1)5)
(1 —3c(1 —v2)S)2(1+3c(1 —v?)S)? '

z =

Key property: The power series S has positive coefficients.
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The Ising model on planar maps

(3) Ideas of proof

- PROPERTY: [Bernardi-Bousquet Mélou ‘11 (¢ = 1), T. 25 (¢ # 1)]

The normalization constant verifies the following:

Forall v > 0, there exists ¢, > 0, such thatforallc € [1 —e¢,,1 + €,], when
n — OQ.

J(Va 1) | :u’u,l_n n_7/3 for (Vv C) — (V*v 1)'

Zn(v,c) = [2"] Z2(v, ¢, 2) ~ {

(v, ¢) - o "n~%?  otherwise.
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The Ising model on planar maps

(3) Ideas of proof

- PROPERTY: [Bernardi-Bousquet Mélou ‘11 (¢ = 1), T. 25 (¢ # 1)]

The normalization constant verifies the following:

Forall v > 0, there exists ¢, > 0, such thatforallc € [1 —e¢,,1 + €,], when
n — OQ.

I, 1) - py "n” P for (v,e) = (va, 1), Un Ty

—n _ —5/2

Iv,c) ppe 'm otherwise.

Zn(v,c) = [2"] Z(v, ¢, 2) ~ {

Remark: This help to study the magnetization since M (v,c) = lim cd.log Z, (v, c).

n—oo
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25



What’s next ?

) A new class of Universality & new limiting metric spaces ?

) Yes, the exponent 7/3 appears for several stafistical physics model on maps
at critfical point (Ex: Hard particule model, dimer model... [Many people])

ii) [Local limit] Yes, there exists a v-IIPQ Ising Infinite Planar Triangulation, and

other similar metric spaces [Turunen "20], [Chen, Turunen 20 & "22], [Albenque,
Ménard, Schaeffer ‘21], [Albenque, Ménard 22].

25



What’s next ?

) A new class of Universality & new limiting metric spaces ?

) Yes, the exponent 7/3 appears for several stafistical physics model on maps
at critfical point (Ex: Hard particule model, dimer model... [Many people])

ii) [Local limit] Yes, there exists a v-IIPQ Ising Infinite Planar Triangulation, and

other similar metric spaces [Turunen "20], [Chen, Turunen 20 & "22], [Albenque,
Ménard, Schaeffer ‘21], [Albenque, Ménard 22].

ii) [Scaling limit] Open problem, but if a limit compact metric
space exists, at the critical temperature it would be different
from the Brownian sphere !

25



What’s next ?

) A new class of Universality & new limiting metric spaces ?

) Yes, the exponent 7/3 appears for several stafistical physics model on maps
at critfical point (Ex: Hard particule model, dimer model... [Many people])

ii) [Local limit] Yes, there exists a v-IIPQ Ising Infinite Planar Triangulation, and

other similar metric spaces [Turunen "20], [Chen, Turunen 20 & "22], [Albenque,
Ménard, Schaeffer ‘21], [Albenque, Ménard 22].

ii) [Scaling limit] Open problem, but if a limit compact metric
space exists, at the critical temperature it would be different
from the Brownian sphere !

Thank y®u for yeur artention |
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