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Coefficient inverse problem in the heat equation

In a smooth bounded domain €2 C R”, it writes for instance,

Oy(z,t) — Ou(c"(2)0py(x,1)) = g(,t),  (x, ) €2 x(0,1),
y(a,t) = h(z, 1), ( x,t) € 02 x (0,T)
y(z,0) =1 (), 2.

e Given data: Source terms g, h ; initial data: y°;

e Unknown: the diffusion coefficient ¢ = ¢*(x);
o Additional measurement:
o internal measurement: 0:y(t,z), Ony(t,x) on w x (0,T)
e or boundary measurement: 9,0,y(t, z), 0,0 y(t, z) on
FO X (O7T)
e atatime T’ € (0,7).



Determination of the coefficient in the heat equation

aty - ax((* axy) =9, Qx (0> T)7
y=h, o0 x (0,7)
y(0) =1, Q.

Is it possible to retrieve the coefficient ¢* = ¢*(x), © € Q

from internal or boundary measurements d* on w x (0,7)
or 'y x (0,T) and on Q x {T"}7?

@ Uniqueness: Given ¢ # ¢o, can we guarantee dy # dy 7

@ Stability: If d; ~ ds, can we guarantee that ¢; ~ ¢ 7



PDE on networks

Applications :

control or stabilize the vibrations of elastic structures (as bridges,
cranes,...),

regulate the height of water in networks of irrigation canals,

find the topography of the bottom in a network of irrigation canals,
detect water losses by measurements in nodes,

control gas flow in pipelines through compressors,

determine the blood pressure leaving the heart with a finger pressure
measurement,

control road traffic on a network of roads or the flow of blood in a
network of arteries,...



PDE on networks

On networks, the state is represented by several components

v ()

and the components are coupled together by boundary conditions.

If p < N is the number of controls/observations, it is therefore necessary
to pass the information on the remaining N — p branches.

Goals:

@ minimize the number of observations, feedbacks or controls,

@ choice of placement of observations, feedback mechanisms or
controls based on network topology and branch lengths.



An inverse problem on network

Figure: An 8 branches tree-shaped network R, with an unobserved root
node and 5 observed leaf nodes e.



A star-shaped network with internal observations

Figure: An 5 branches star-shaped network R, with 4 observed open sets.



Notations

Let us thus consider a finite star-shaped network R.

@ n+ 1 edges e; all connected at a single vertex which is the origin of all
edges.

£;: the length of the branch e; (5 € {0,--- ,n}).

e o

fj: the restriction of the function f on R to the branche e;.

[flo == Z 1i(0)

oL2 _{f R =R, f; € L*(0,1;),Vj € {0,--- ,n}},
0 {f R—HRJCJGH(aJ)v fi(l;) =0, f;(0) = fi(0 Vl]}

/f dm—Z/ fi@

90y = [ 1P e, Mgy = [ Vel d
R R

@ n open sets w; C (0,0;), ws #0 (i € {1,--- ,n}), w= U wi.
i€{l,--- ,n}

@ Q=Rx(0,T).



Inverse problem on a network

On each branch e; of the network, we consider the
one-dimensional heat equation system

{&yj(fv, t) — Ou(c;(2)0uy;(z, 1)) = gj(,t), (x,t) € (0,4;) x (0,T),
y;(,0) =y (z), z € (0,4),
with

y;(4j,t) = h;(t), ¥j € {0, ,n},

y;(0,1) = yi(0,1), Vi,j € {0,--- ,n}, (C°)

[cOzy(t)]o =0 (K).

Assumptions on the diffusion coefficient

The diffusion coefficient c is assumed to be piecewise C?, i.e.
c; € CY([0,1;]), i € {0,--- ,n}, and

0 < Cmin < () < Cnaz, = E€R. (1)




Inverse problems on a network

Two inverse problems

@ Is it possible to retrieve the diffusion coefficient ¢(x), for
x € R from internal measurements of the solution on a
subdomain on all but one edges of the network and a
measurement of the solution at a time 7”7

@ Is it possible to retrieve the diffusion coefficient ¢(z), for
x € R from boundary measurements of the solution on all but
one of the external edges of the tree and a measurement of
the solution at a time 7"7?




Stability estimates with internal measurements [Crépeau,
Rosier, V. 2025]

Theorem

LetT >0,T'=T/2, 7€ (0,T/2) and w C R be an open set with

wn (0,1;) # 0 forj € {1,--- ,n}. Let ¢ be a piecewise C* function
satisfying (1) and let h; =0 for j € {0,--- ,n}.

Then for any 3y° € L*(R), there exists g € C°(w x (0,T)) such that for
any piecewise C* function c satisfying (1),

¢i(0) =¢;(0) Vvie{0,---,n}, and max
j€{07...

llejllwreeo,0,) < Comoe
m}

— “max?’

if y and y denote the solutions associated with c¢ and ¢ respectively, with
g and §o = yo, then we have

le —éllp2ry < C (||1Ut = ill L2 () + 1900 = Getll L2 o (7.1

o) = G2y + 19T = T s ey + 9T = HT e,
V.

-




Stability estimates with boundary measurements [Crépeau,
Rosier, V. 2025]

Theorem

Let T >0, T =T/2, 7€ (0,T/2) and ¢ be a piecewise C* function
satisfying (1). Then for any y° € L*(R), there exist some functions

h;j € CL0,T), j €{0,--- ,n} with hg = 0, such that for any c piecewise
C* function satisfying (1),

Ci(O) =G (0) Vi € {O, s ,n},

max;eo,... n} |16 lwieeo,,) < chioes

if y and y denote the respective solutions associated with ¢ and ¢

respectively, with g = 0 and 7° = 3°, we have

n

HC - 5||L2(R) < C(Z {Hlltr(h) - ﬂtw(lj)Hm(r.T) + Hyttw(lj) - tht.r(lj)Hﬂ(nT)

Jj=1

o5 T) = BT | 4 1) = 5T, )
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Outline

@ Carleman estimates
@ Carleman estimates in L?(R) with interior observations
@ Carleman estimates with one less derivative (interior
observations)
@ Carleman estimates with one less derivative (boundary
observations)



Carleman weight function

ﬂo(%) = agT + d, x € (0760)

Vje{l,--,n}, Bi(x) =ajz*+bjz+d, x€(0,4).
There exist (ag, .., an,b1,-..,bp,d) € (R x (Ry)" L and >0
such that for all 4,5 € {0,--- ,n} and all z € [0,[;], we have
(i) B;(0) = B;(0)
(i) 0< 2 <Bj(x)< B
(iii) B(1;) <0
(iv) 8'(x) # 0 on R\w
(v) the matrix Ag is positive definite:

Ja >0, Ve € R™ (A56,€) > af¢)?

where Ag is (n + 1) x (n 4 1) symmetric matrix defined by

85(0) + B1(0) B4 (0) e B4 (0) —B6(0)[c8'To

BH0) + B4(0) - : —B4(0)[c"]0
Ap = . .
85(0) :

B5(0) + B,(0) —B6(0)[cB’]g

B(0)([eB'10)* + [c*(B)%]o



Carleman estimate in L?(R) with interior observations

o(z,t) = W=D n(z,t) = - (z,t) e R x (0,T)

Theorem
There exist \og > 0, so > 0 and C > 0 such that for s > sg, A > Ao

sA? // @ |ug|® e dadt + s> \! // ©° |ul? e > dxdt
Q Q

T
+33/\3/ (0, 2) (0, t)|*e =27 gt
<C [ % / /(,0 \u _QS"d.rdt—F/ |ut:|:(cux)x\26_23"dxdt

+s>\/ ©(0,1) |k(t)[? e~ 2O dt—f——/ e 200 gy |
0

foru € D(L) = {u € L?(0,T; H}(R)), Lu = ut — (cus)s € L?(Q)} if£=—, or
u € D(L*) = {u € L2(0,T; H}(R)), L*u = —uy — (cuz)z € L?(Q)} if £ =+,
where k € H'(0,T) is as

[eyz ()] =: k(t).




Some ideas of the proof

We set w = e~ *u and the conjugate operator
Pw = —e *"L*(e*w). Easy calculations bring

Pw = (cwg)z + 82 X20%(8) 2 cw + snyw

Piw
Hwy — 28 pefwy — 2502 pc(B)) 2w + —shp(cf)pw + sA%pc(B)*w,

Pow Rw

and

// |Pw — Rw|*dzdt
Q

=//(!P1w|2+|P2w\2)dmdt+2// PywPywdzdt.
Q@ Q



Some ideas of the proof

The main work of the proof consists in the computation and bound from
below of the cross-term

I = // Piw Pywdzdt, by:
Q

@ positive and dominant terms as

s\? // ¢ [wy|” dzdt + s A* // ©° |w|? dadt
Q Q
T
+8N [ 1el0.0P (0,0 P
0

@ negative boundary terms (measured)

‘ T ) T
783)\4 / / ’5‘95 ‘”U}‘Q (]/Ldt - 5)\2 / / @ ‘/U}.’I‘, ‘2 d‘,l’)dt
Jo Jw JO Jw

@ negative central node terms

LT o 2
2 e o0 ) ar
0

T
—s\ / 0(0,8)e= 2100 k(1) dt — =
0 S



Terms at the central node

The terms at the central nodes are

T
B\ [ 00040 (0, Wie)ds
0
+ terms in k(t) + dominated terms,

where W (t) € R"*! is defined by
W(t) = ((Cj(o)wj,z(o’ t))j=1..‘na SAQO(Ov t)w(oa t))

By assumption on Ag, we have

T T
A [ e(0.0(AW 0. W)t = as'A [ (0.0 (0. 0 di
0 0

n T
Fasny / 0(0,1) le; (0)w;.0(0, ) .
j=1"0



Carleman estimates with one less derivative (interior
observations)

Theorem
Let us consider the following problem:

qt — (cqx)x = f:m in Q7

q;(l;,t) =0, Vje{0,---,n},Vt € (0,T), (D)
¢:(0,t) = ¢;(0,1), Vi, j €{0,---,n},Vt € (0,T), (C°)
[CQ:c(t)]o =0, vt € (OvT)v (K)
q(z,0) = qo(x), Vr € R.

Assume that qo € L*(R), f € L?(0,T, H'(R)) with f(0,t) =0 for a.e.
t € (0, T). Pick A\ > Xg, then there exist 5 > sog > 0 and C' > 0 such that

fors > s

// AP 2 g dadt
Q

T
<C (// 52A2<p2e*25"|f\2da¢dt+/ /53A4¢3e*28" |q|2dzdt>.
Q 0 w




Some ideas of the proof ([Imanuvilov, Yamamoto 2003],
[Fernandez-Cara, Guerrero 2006], [Poisson 2008])

The function g is solution in L2(Q) if and only if for any g € L?(Q)

// qgdxdt = —/ fzxdmdt+/ q0z(0)dz,
Q Q R

where z € D(L*) is the solution of
—2p — (czz) =g, in Q,
(D), (C?), (K)
2(z,T) =0, Vo e R.

We consider L := 0y — 0,(c0y), L* := =0 — 0,(cd;) in @ and
L*(e—anLp) + S3>\4g03€_2877p]1w — 53)‘49036_287](]7 in Q,
(D), (C°), (K) for e=2"Lp
(e725Lp)(x,0) = (e~ 2"Lp)(z,T) = 0, Vr € R,

with unknown p € Py := {u € C?(Q); (D), (C°), (K)}.



Some ideas of the proof
The variational problem has a unique solution p € P := POH‘Ha;

T
// e_2s’7Lpr’d:cdt+/ /53A4ap36_237’pp’dmdt
Q 0 w

=:a(p,p’)

= // SN Be 2N gy dxdt, Vp' € P.
Q

=:bq(p')
Let us set 4 := —s3\*p3e ™21 ,p, 2 = e~ 25" Lp. We see that
zZ € D(L*) and Z is solution of the null controllability problem
—2 — (€)= 0+ 3 X pBe™ 251, in Q,
(D), (C%), (K)
Z(x,T) =0, 2(z,0) =0, Vz € R,

and

T
// $3AtpPe2m |q\2d:cdt:f// fémdxdtf/ /qﬁdxdt.
Q JJQ 0 w



Some ideas of the proof

We can prove

T
// > 3|2 d:cdt+/ / sTINT e A dadt < C// EXYPe 2 g|? dadt
Q 0 w
and
// SN2 2% e |2, d:vdt<C// s A e % |g|? dadt.
Q

Therefore

/ / SN (g dudt = / / Fodadt — / / qidudt
(o) (o)
L) ([ oo
co(ff o) ([ roe )

([ frevemie))



Carleman estimates with one less derivative (boundary
observations)

Theorem

Let us consider the following problem:

( Cqx ) .fIa I’”Q7
)=0,

QJ(l]7t v]€{077n}7
ql(O t) - q]( t)7 VZ:J € {07 7n}7Vt € (OaT)7
[cqz()]g = 0, vt € (0,T),

(x,0) = go(x), Vz € R.

Assume that qo € L*(R), f € L*(0, T, H*(R)) with f(0,t) = 0 for a.e.
€ (0,T). Pick A\ > Xo. Let Vi := Ui<i<n(li — €,1;) for some

€ € (0,inf1<;<n l;). Then there exist 5 > so > 0 and C' > 0 such that if

q € L*(Q)N L*0,T, H*(V,)), then for s > &

//s)\4 2 g2 dwdt<0<//s)\2 2e72 N I dadt

*/ Z A (L, e M0 | £(1, 1) + ¢5(13) g5, (1, ) dt) '
(U —t




Outline

@ Stability results
@ Stability results with interior observations
@ Stability results with boundary observations



Stability

Let 4 and 3 be the solutions of

Yt — (ny)x =gl,, Yt — (égx z = gly,
yj(ljvt) = hj(t)7 gj(ljat) = hj(t)v
y;(0,1) = 4:(0, 1), and 7;(0,t) = 5:(0, 1),
[C?/r<t)]0 =0, [é?jx(t)]o :~ 0,
y(z,0) = y°(z), 4(z,0) = §°(),
respectively. Let
E:=c—¢ and v:=(y—9).
Then v satisfies the following problem
v — (cvz)z = (§Jta) s V(z,t) € R x (0,7),
vj(l]7t>:07 Vj€{07"'7n}7t€<07T)7
U](O,t) :Ui(oat)a \V/’L,j € {07 7n}7 te (OuT)v
- [égtm“)]o ) Vt € (07 T)a

[cv(t)]o

v(7,0) = (cyD)y — (E72)z, VreER.



Stability for a stationary problem

We first investigate the L?(R)-stability of the solution c(x) of the
following stationary problem

—(cug)y = f, in R,
uj<0):ui(0)7 Vi7j€ {0,~-- ,TL},
[cuz]y = 0,

where u € HY(R) and f € L*(R).

Let é(x) solve
—(Clz)e = f, R,
u(0) = u;(0), Vi,j €4{0,--- ,n},
[Cly), = 0,

where @ € H'(R) and f € L*(R).



Stability for a stationary problem

Lemma

Let § > 0 and T’ € (0,T). Assume that the functions ¢ and ¢ are
piecewise C, that they satisfy (1), and that they are such that

(H.) ¢i(0) = ¢;(0) Vie {0,---,n}.
Assume further that

(Hy) Bty >d6>0 in R\ wY,
(HQ) V.Z S {0, s ,n~}, u; € 02([07lj]) and ﬁj S CQ([O,ljD,
(H3) |allposr) + [zl Lo (ry <07,

for some open set w° with W° C w.
Let A > X\g. Then there exists s1 > sy such that for any s > s;

12
82(52/ lc—&* e 2da < C/ ’f - f‘ e~ 2N dy;
R\wO R

+CS/ |C—5‘26_28nd$+C(Sycmaw)”u—a”%—[1(72)'
w0




Stability for a stationary problem

Lemma
Assume further that

(Hy) There exist some open intervals w} C (0,1;) such that:

Q W Ccuwl:= Uie{1,~~-,n}%‘1 Cw,

Q g, =0,

Q i< C*wh) and 42 — Titigy > 6 > 0 in w'.
Assume in addition that ||c[lyy 100, ) < cres.. Then there exist
C >0 and C(cpas) > 0 such that

C(Cmax) ”u_uHH2 1y -

/ e — & da:<CHf f‘

LQ( 1




Stability for a stationary problem

Proposition

Under the previous assumptions, there exist C' > 0, sg > 0 such

that for all s > sg, there exist C(s) > 0 and C(s, Cmaz, Criay) > 0

with

82/ ]c—5|262577da:§C/ ’f—f
R R

2
e 2dz 1 C(s) ) F-7

O cmans i) (Il = @l ey + 1w = @l )

|

2

L2

wl)




Stability for the evolution problem

Let y and g be the solutions of

= (Yz)o = = (Clz)e =
(l t) =0, yj(l t) =0,
Yj (O t) = 1(0 t) and Yj (0 t) = z(o t),
[cyg,( )] =0, [cyl( )} =0,
respectively, where y° € L*(R) and g € C2°(w x (0,T)) (conveniently
chosen).
Aim

To derive stability estimates for ¢ — ¢ from measurements of derivatives
of y — g for (z,t) € w x (0,T) and for (z,t) € R x {T/2}.

As we shall use the stability estimates in the stationary case, we need
first to prove the existence of some control input g such that
(H1),(Ha2),(Hs) and (Hy) are satisfied for u = §(.,7/2).



Existence of g satisfying (H;) — (Hy)

Proposition

Let & be a piecewise C* function satisfying (1) and (H.). Let T > 0 and

§° € L*(R). Pick T' = T/2. Then there exist two open sets w° C w' Cw, a
function g € C°(w x (0,T)) such that the solution § associated with

79(2) := §°(x) — 2 and h;(t) = =2 for j € {0,--- ,n} and t € (0,T) satisfies
for some § > 0

1B89:(, TN >6>0  inR\w’ (2)
g (T e C*([0,15])  Vie{0,---,n} (3)
15, T Lo (m) + 1w (o T Lo (r) < 675 (4)
9(T")jowr = 0; (5)
T (T = G0 T iaa (L, T') > 6 > 0 in w. (6)

Proof: We proceed as in [Cristofol, Gaitan, Niinimaki, Poisson 2013]:
@ we construct a function p(z) satisfying conditions very similar to (2)-(6),

@ we show that a control input g can be designed so that the solution 3 is
close enough to p for the norm ||u|| oo (r) + ||tz Lo (R) + |[tae| Lo (R)
at time ¢t = T” (approximate controllability).



Proof of stability results with interior observations

Let
E:=c—¢ and v:=(y —9):.

Then v satisfies the following problem

vy — (cVz)z = (EUta) s V(z,t) € R x (0,T),
vj(lj,t):O, VJE{O, ,n},tE(O,T),
Uj(O t)*vl(o t) VZ,]E{O, 7”}7t€(07T)7
[Cvr (t)} = [fytx( )]0 =0, vt € (0,7),

v(@,0) = (§42)a vz € R,

where we can prove that yiu, Yita, Uias Jrte € C([0,T], L*(R)),
e € C([0,T), HY(R)), and we have

T’ T’
—os _2s 0 , _os
/ |o(T’ 2 20T gy = / / 2uve 2‘"da:dt—|—/ / [v]* = (e”?*") dwdt
o Jr o Jr ot
=:A;
T —2s7m T 2 —2sn
2uve dxdt — 2s [v|* nee dxdt .
o Jr 0o JR
=:Ay =:Ag




Upper bounds for A;

We have
|As| < C's // v|? pe 2 dxdt
Q

and we use the Carleman estimate with one less derivative with
f = Eijta € L2(0, T, H'(R)), J(0,1) = 0 (since £(0) = 0):

T
C //Q 52| e 2 dadt + 5/ / v|? (,0362577d$dt>
0 w

T
C /Iw(T’)\Qe‘QS"(T') |§|2dx+8/ /Ivl2w3e‘23”dwdt>-
R 0 w

Using Cauchy-Schwarz inequality, we have

|As] < C (// s|o|® Pe 2 dxdt + // sTlptem2em |vt|2dxdt) .
Q Q

|As]

IN

IN



Upper bounds for A;

Observe that v; satisfies

(ve)t = (cVat)e = (EFtta)a, Y(z,t) € R x (0,T)
ijt(ljﬂf)zo, \V’je{o,"' ,n},tG(O,T),
v5,6(0,t) = v;,(0,¢), Vi, j € {0,---,n},t € (0,T),

[cvea(t)]g = = [€Gua (D)o =0, VE € (0,T).

Applying Carleman estimate with one less derivative to v:, we have

// s e vy |? dadt < Cs™* // (50)%e™ %" vy |? daxdt
Q Q
T
<Cs* {/ / s% ue|? e dadt + / |EGeta | (scp)26725"dmdt}
0 w Q
T . ’
<C [/ / s o] Pe > dadt +/ €12 s 2% (T )e 2T )d:v} .
0 w R

Thus, we obtain the following upper bounds for A; for s sufficiently large:

A1<C[/ (T’ 2 723"(T)|§\ d:c+/ / [w)? + 57 v} 2S"dxdt].



Lower bounds for A;

First we have
v(T) = (cyse — CJe)x(T").

Thanks to the study of the stationary case, we can write
Al = / [(ny - égx)z(T/) ’2 6_2sn(Tl)dCC
R
_osn(T' - 2
> O /Re 21T ¢ dz — C(s) ([[e(T") = 5T,

T = ST 2 oy + 19T = 5T o)) -



End of the proof of stability results with interior
observations

Thus, we obtain

&2 /R 21T e do — C(s) (| (1) = e (T2 o,
- 2 ~ 2
(T = H) s iy + 19T = ) o)

T
[ igians [ [l o et i
R

0 w

<C

Thus, for s sufficiently large, we have the stability estimate

, T
5 / 21T |62 d < © / / (s g — GelP 45" [yee — Gue|?)e T ddt
R 0 w

+C(5)(lye(T") = §e (T 2oy 9T = T2 ) H (T = G 201



Stability results with boundary observations

As for the proof of the Carleman result with one less derivative, we
extend the network R in another network R and we follow the
previous case. We make the following assumptions, (H.) and

(HE.’B[) Cj(li) = E,l'(li), Vi € {1, s n}



Stability for the stationary problem

Proposition

Let c, ¢ piecewise C! satisfying (1) and
max;je(o,... n} [|¢llwie(og;) < oo Under hypotheses (Hy) (with

W’ =10), (Ha), (H3), (H.) and (Hgyt), there exist C > 0, sg > 0
such that for all s > sg, there exist C(s), C($, ¢maz) > 0,

12
32/ O € e 2N da < C/ ’f—f’ e 2N dy
R R

n
~112 —2sn(l; T’ -
+C (8, emaa) | = @ll3p iy + > e T Juj o (1) — it (1))
j=1

v

Proof: We only need to take care of the boundary term. Using the
fact that 5)(lo) < 0 and that 3}(I;) > 0 for j € {1,--- ,n} (since
B is given for R and w C R\ R), we can obtain the result.



Stability for the evolution problem

Let y and ¢ be the solutions of

Yt — (Cyz)m - 07 gt (&gx r — Oa
yo(lo,t) =0, 9o(lo,t) =0,
yi(lj.t) = hy(t), and 95 (L, 1) = hy (2),
R R i 2o
cy.(t)], =0, cy.(t)], =0,
y(z,0) = (), 7(2,0) = °(x),

respectively, where y° € L?(R) and h; € CL(0, T') (conveniently chosen).
We extend the network R in another network R, we fix an open set
w C Uj L(13,1;) and we also extend ¢ and & smoothly in R.

Applying a previous result to R and g(7), we can find an input
g € C®(w x (7,T)) such that (Hy), (Hs), (Hs) are satisfied for
u=g(.,T/2).

We then construct h; € C2([0,T]) for j € {1,---,n} such that
hj(t) =0 for t € (0,7) and h;(t) = ¢(t)y,(l;,t) for t € [1,T).
We follow the proof of the case of interior observations.



Proof of stability results with boundary observations
Let
E:=c—¢ and v:=(y —9):.

Then v satisfies the following problem

Ut — (CU-'L')LL' = (ggtm)my V(I,t) € R x (07T),
Uj(ljvt):()v Vje{(),w-,n},tG(O,T),
Uj(ovt) = 'Ui(O,t), VZ,J € {Oa e 7”}7 te (O,T),
[C'Uz (t)}o = - [é-gta:(t)]o - 07 Vt S (07 T)7
v(,0) = (§y2), vz e R.

We have

/ lo(T" 2 e~ 2™ / /Zwvte 2S"dncdtJr/ /|v| 725” dzdt
=41
T’ T’
/ /2vvze_28”d:cdt—25/ /\v|27716_28"dxdt.
o Jr 0o Jr
=:Aq =:A3




Upper bounds for A;

We have
sl <05 [[ o e aai
Q

and we use the Carleman estimate with one less derivative with
[ =€ € L*(0,T, H'(R)), f(0,t) = 0 (since £(0) = 0):

|43 < (/ |6Gea|” e > dadt
+/ D s el )e (1) g (ljvt)+0(lj)vz(lj7t)2dt>
(U
< o[ el e ™ g

n

/ Z Yoilly t)e 25"-"(lj’t)€(lj)z7zz(lj,t)+C(lj)vz(lj7t)2dt>~

Using Cauchy-Schwarz inequality, we have

|Az2] < C (// lv|* e **dxdt + // e |y, | dwdt)



Upper bounds for A;

Observe that v; satisfies

V(z,t) € R x (0,T),
V] € {07 an}ate (OaT)
Vivj € {01 7n}7t€ (07 )
vVt € (0,T).

Applying Carleman estimate with one less derivative to v, we have

// s ho e 2 oy |? dadt < Cs™* // (s)e™ 25 |uy|? dadt
Q Q

<C { /R (1) e 21T ¢ ? dar

T n
+s_3/ Zapj(l] t)e
0 j=1

=205 U € (1) Geea (1, 1) + () var (1, 1)) dt



Upper bounds for A;

Thus, we obtain the following upper bounds for A, for s sufficiently large:

s o [leaP el a
R

T n
+873\/ Z@J lﬁt 72577][ D |£( )yftab( t)+c(lj>vrlft(ljat)|2dt
0

T n
- /0 Y5 el e 2D € )G (15, 1) + el )oa (1, 1) dt
Jj=1



Lower bounds for A;

First we have
v(T") = (cye — CJu)x(T").

Thanks to the study of the stationary case, we can write

Ay

/ [(cye = &a)a (T e der
R

Y

—2sn(T’ - 2
ng/Re 20T ¢ dx — C(s) (Ily(T") = 5T 30y

j=1

+ Zefzsn(lj’T/) 95,01, T') — gj,x(ljaT/>|2) .



End of the proof of stability results with boundary
observations

Thus with (Hg.t), we get for s sufficiently large

52/ e~ 2sn(T") |£\2dz
R

2 _— sn(l: T - 2
< C) | (™) = (T ey + > e "8 T |y 0 (1, T') = G525, T')|

Jj=1

T n
+578 / > il )e B0 (1) e (1, 1) + (L var (13, 1) dt
(Ut

s Zs oL e (L) ua (15,6) + 1oy, )

This completes the proof, since £(1;)J.(1;) =0 for j € {1,--- ,n} (see
(HEwt))



Conclusion

Stability estimates for the determination of discontinuous
diffusion coefficients on star-shaped networks of heat
equations by internal or boundary measurements.

Extension to tree-shaped network.
Other examples of network?

Recontruction of the coefficients?

Other equations?
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