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Controllability

o Q c RY regular open set.
@ w < Q measurable such that m(w) > 0.

@ We consider

(0r — A)y(t,x) = u(t,x)Ly(x) t=>0, xeQ,
(E): < y(t,x) =0 t>0, xe o,
y(0,x) = yo(x) x e €.
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@ w < Q measurable such that m(w) > 0.
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(0r — A)y(t,x) = u(t,x)L,(x) t>0, xe,
(E):q y(t,x) =0 t>0, xe0Q,
y(0,x) = yo(x) x e €.

For every yp € L?(Q) and v e L?((0, T) x w), there exists a unique
solution y € C((0, T), L%(Q)).
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Controllability

o Q c RY regular open set.
@ w < Q measurable such that m(w) > 0.

@ We consider

(0r — A)y(t,x) = u(t,x)L,(x) t>0, xeQ,
(E):q y(t,x) =0 t>0, xe0Q,
y(0,x) = yo(x) x e €.

For every yp € L?(Q) and v e L?((0, T) x w), there exists a unique
solution y € C((0, T), L%(Q)).

Definition

The equation (E) is said to be null-controllable in time T > 0 if for all
¥o € L?(RQ), there exists a control u e L?((0, T) x w) such that y(T,-) = 0.
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Observability

Consider
(0r — A)z(t,x) =0 t>0, xeQ,
(E*): < z(t,x) =0 t >0, x€0Q,
z(0,x) = zp(x) x € Q.
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Observability

Consider
(0r — A)z(t,x) =0 t>0, xeQ,
(E*): < z(t,x) =0 t>0, xe 0,
z(0,x) = zp(x) x € Q.

Proposition (Hilbert Uniqueness Method)

Equation (E) is null-controllable in time T > 0 iff the solution of (E*)
satisfies

i
]z(T)|f2(Q)<CTL J Vi, ) B, ((elsmammemisioy Rusareelfia),

v
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Lebeau-Robbiano’'s method

For k > 0, let 7y = | Py
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Lebeau-Robbiano’'s method

For k > 0, let ) = 1{_A<k}, i.e. ]:(]l{_Agk}f) (f) = ]l{|£|2$k}]:(f)(§)
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Lebeau-Robbiano’'s method

For k > 0, let m¢ = 1{_A<k}, i.e. ]:(]l{_Agk}f) (f) = ]l{|£|2$k}]:(f)(§)
If the spectral inequality

Imigliz) < e Imiglizw), Ve € L2(Q) (spec(a,w,Q))

holds for some a < 1
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Lebeau-Robbiano’'s method

For k > 0, let ) = 1{_A<k}, i.e. ./—"(]l{_Agk}f) (f) = ]l{|£|2$k}]:(f)(§).
If the spectral inequality

Cka’

Hﬂ'kgHB(Q) Se \WkgHB(w),Vg € LZ(Q) (spec(a,w,Q))

holds for some a < 1 then the solution of (E*) satisfies the observability
inequality

_
2(T) 32y < Cr fo [ 1zt 0 pasar

in any time T > 0.

Marcu-Antone Orsoni Controllability of the heat equation from very small sets 4/20



Lebeau-Robbiano’'s method

For k > 0, let ) = 1{_A<k}, i.e. ./—"(]l{_Agk}f) (f) = ]l{|§|2$k}]:(f)(§).
If the spectral inequality

Ck?

Imkglizi) < e miglizw), Vg € L2(Q) (spec(a,w,Q))

holds for some a < 1 then the solution of (E*) satisfies the observability
inequality

_
2(T) 32y < Cr fo [ 1zt 0 pasar

in any time T > 0.
(Equivalently, (E) is null-controllable in any time T > 0).
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Example 1: Heat equation on R.
Let d = 1. Then mx = 1_a«k is the orthogonal projection

Tt L2(R) — PW,
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Example 1: Heat equation on R.
Let d = 1. Then mx = 1_a«k is the orthogonal projection

Tt L2(R) — PW,

where PW, . = {f e L2(R) : suppf < [k, \/E]}
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Example 1: Heat equation on R.
Let d = 1. Then mx = 1_a«k is the orthogonal projection

Tt L2(R) — PW,
where PW /. = {fe L?(R) : supp f [—Vk, \/E]}

Theorem: Kovrijkine (2001)

If w is relatively dense (or thick) i.e. there exist r > 0 and v > 0 such

that
lwn]x —ryx + rf|

[]x — r,x + r|]

\%

v, ¥xelR

then
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Example 1: Heat equation on R.
Let d = 1. Then mx = 1_a«k is the orthogonal projection

Tt L2(R) — PW,
where PW /. = {fe L?(R) : supp f [—Vk, \/E]}

Theorem: Kovrijkine (2001)

If w is relatively dense (or thick) i.e. there exist r > 0 and v > 0 such
that
lwn]x —ryx + rf|

[]x — r,x + r|]

\%

v, ¥xelR

1 C\kr
then |miglizm S () Imkglizgey-

Corollary: Egidi-Veseli¢ (2018), Wang-Wang-Zhang-Zhang (2019)

If w is relatively dense, then the heat equation (E) is null-controllable on
R9 in any time.
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Example 1: Heat equation on R.
Let d = 1. Then mx = 1_a«k is the orthogonal projection

Tt L2(R) — PW,
where PW /. = {fe L?(R) : supp f [—Vk, \/E]}

Theorem: Kovrijkine (2001)

If w is relatively dense (or thick) i.e. there exist r > 0 and v > 0 such
that
lwn]x —ryx + rf|

[]x — r,x + r|]

\%

v, VxelR

1 C\kr
then |miglizm S () Imkglizgey-

Corollary: Egidi-Veseli¢ (2018), Wang-Wang-Zhang-Zhang (2019)

If w is relatively dense, then the heat equation (E) is null-controllable on
R9 in any time. The converse is also true.
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Heat equation on 2.
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Heat equation on 2.

@ (¢n)neny ONB formed by Dirichlet eigenfunctions of —A on a regular
bounded domain €.
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Heat equation on 2.

@ (¢n)neny ONB formed by Dirichlet eigenfunctions of —A on a regular
bounded domain €.
e ) is the orthogonal projection onto E\ = span{p,; A\, < A}
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Heat equation on 2.

@ (¢n)neny ONB formed by Dirichlet eigenfunctions of —A on a regular
bounded domain €.
e ) is the orthogonal projection onto E\ = span{p,; A\, < A}

Theorem: Fattorini-Russell, Lebeau-Robbiano, Fursikov-Imanuvilov

If w is an open set, the heat equation is null-controllable in any time
T >0on Q.
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Heat equation on 2.

@ (¢n)neny ONB formed by Dirichlet eigenfunctions of —A on a regular
bounded domain Q.

e ) is the orthogonal projection onto E\ = span{p,; A\, < A}

Theorem: Fattorini-Russell, Lebeau-Robbiano, Fursikov-Imanuvilov

If w is an open set, the heat equation is null-controllable in any time
T >0on Q.

Theorem: Jerison-Lebeau
If w is an open set, then

Vf e Ex, Iflz@) S eCﬁHfHB(w)-
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Heat equation on 2.

@ (¢n)neny ONB formed by Dirichlet eigenfunctions of —A on a regular
bounded domain Q.
e ) is the orthogonal projection onto E\ = span{p,; A\, < A}

Theorem: Fattorini-Russell, Lebeau-Robbiano, Fursikov-Imanuvilov

If w is an open set, the heat equation is null-controllable in any time
T >0on Q.

Theorem: Jerison-Lebeau
If w is an open set, then

Vf e Ex, Iflz@) S eCﬁHfHB(w)-

Theorem: Apraiz-Escauriaza-Wang-Zhang '14

If w has positive measure, the heat equation is null-controllable in any
time T > 0 on Q.
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Heat equation on 2.

@ (¢n)neny ONB formed by Dirichlet eigenfunctions of —A on a regular
bounded domain Q.
e ) is the orthogonal projection onto E\ = span{p,; A\, < A}

Theorem: Fattorini-Russell, Lebeau-Robbiano, Fursikov-Imanuvilov

If w is an open set, the heat equation is null-controllable in any time
T >0on Q.

Theorem: Jerison-Lebeau
If w is an open set, then

Vf e Ex, Iflz@) S eCﬁHfHB(w)-

Theorem: Apraiz-Escauriaza-Wang-Zhang '14

If w has positive measure, the heat equation is null-controllable in any
time T > 0 on Q.

Question: Can we go beyond?
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Observability inequality

-
Hz(T)Hfz(Q) < CTL J |z(t, x)|?dxdt. (observability inequality).

where
(0r —A)z(t,x) =0 t=0, xeQ,
(E*): < z(t,x) =0 t=>0, xe0Q,
z(0,x) = zp(x) x € Q.
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Modified observability inequality

Let w be any compact subset.
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Modified observability inequality

Let w be any compact subset. The good notion of observability is

-
Hz(T)Hfz(Q) < CTL igg|z(t,x)|dt. (observability inequality).
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Modified observability inequality

Let w be any compact subset. The good notion of observability is
T
HZ(T)H%Z(Q) < CTL igg|z(t,x)|dt. (observability inequality).

The spectral estimate to prove becomes

Vf e Ey, HfHLz(Q) < e sup |f(x)].
XEW

for some a < 1.
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Set of zero Lebesgue measure

Theorem: Burg-Moyano 23’

There exists 0 < § < 1 such that if dimy(w) > d — 1 + 0 the heat
equation is observable in any time T > 0 from w.
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Set of zero Lebesgue measure

Theorem: Burg-Moyano 23’

There exists 0 < § < 1 such that if dimy(w) > d — 1 + 0 the heat
equation is observable in any time T > 0 from w.

Remark

They proved it for general elliptic operators —div(A(x)V) with Lipschitz
coefficients.
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Set of zero Lebesgue measure

Theorem: Burg-Moyano 23’

There exists 0 < § < 1 such that if dimy(w) > d — 1 + 0 the heat
equation is observable in any time T > 0 from w.

Remark

They proved it for general elliptic operators —div(A(x)V) with Lipschitz
coefficients.

Theorem: Green, Le Balc’h, Martin, O.

If dimy (w) > d — 1 then the heat equation is observable in any time
T > 0 from w. This is sharp.
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|dea of the proof
o Step 1: Harmonic lifting.
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|dea of the proof

@ Step 1: Harmonic lifting.
If f = 3%, anpn then

k
Z sinh \/71“) SnhVA) ) (x,t) e Q x (—1,1)

is harmonic in (x, t)
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|dea of the proof

@ Step 1: Harmonic lifting.

If f =3k 0 @n@n then
k
Z sinh \/71“) SnhVA) ) (x,t) e Q x (—1,1)

is harmonic in (x,t) and |[Vf(x,0)| = |f(x)] .
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@ Step 1: Harmonic lifting.

If f =3k 0 @n@n then
k
Z sinh \/71“) SnhVA) ) (x,t) e Q x (—1,1)

is harmonic in (x,t) and |[Vf(x,0)| = |f(x)] .
o Step 2: Propagation of smallness for gradients of harmonic functions.
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|dea of the proof

@ Step 1: Harmonic lifting.
If f = Zn 0 @n®n then

k
Z sinh \/71“) SnhVA) ) (x,t) e Q x (—1,1)

is harmonic in (x,t) and |[Vf(x,0)| = |f(x)] .
@ Step 2: Propagation of smallness for gradients of harmonic functions.
Lemma (Malinnikova, 2004)

Let K cc By « RI*L. There exists o € (0, 1) such that for any £ cc By
contained in a hyperplane and satisfies dimy (£) > d — 1, we have for
every u: By — R satisfying Au =0 in By,

sup [Vu(x)| < Csup [Vu(x)|*|Vul =,
xelC xe&
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|dea of the proof

@ Step 1: Harmonic lifting.
If f = Zn 0 @n®n then

k
Z sinh \/71“) SnhVA) ) (x,t) e Q x (—1,1)

is harmonic in (x,t) and |[Vf(x,0)| = |f(x)] .
@ Step 2: Propagation of smallness for gradients of harmonic functions.
Lemma (Malinnikova, 2004)

Let K cc By « RI*L. There exists o € (0, 1) such that for any £ cc By
contained in a hyperplane and satisfies dimy (£) > d — 1, we have for
every u: By — R satisfying Au =0 in By,

sup [Vu(x)| < Csup [Vu(x)|*|Vul =,
xelC xe&

We apply it on & = w x {0} for .
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Sharpness

Let w:= Ny = {x € Q: px(x) = 0} be the nodal set of an eigenfunction.
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Sharpness

Let w:= Ny = {x € Q: px(x) = 0} be the nodal set of an eigenfunction.
Then dimy(w) = d — 1.
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Sharpness

Let w:= Ny = {x € Q: px(x) = 0} be the nodal set of an eigenfunction.
Then dimy(w) = d — 1.
Moreover z(t,x) = e~y (x) is the solution of (E*) with zg = .
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Sharpness

Let w:= Ny = {x € Q: px(x) = 0} be the nodal set of an eigenfunction.
Then dimy(w) = d — 1.
Moreover z(t, x) = e *py(x) is the solution of (E*) with zg = @y. But

)
(Tl < Cr | supz(t. )l

fails.
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Approximate observability

Definition
(E*) is approximately observable in time T > 0 from w if

z(t,x)=0o0n [0, T] xw = z(T)=0.
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Approximate observability

Definition
(E*) is approximately observable in time T > 0 from w if

z(t,x)=0o0n [0, T] xw = z(T)=0.

@ Non-quantitative version of

.
(Tl < Cr | supz(e. )l
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Approximate observability

Definition
(E*) is approximately observable in time T > 0 from w if

z(t,x)=0o0n [0, T] xw = z(T)=0.

@ Non-quantitative version of

.
(Tl < Cr | supz(e. )l

Observability = approximate observability.
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Approximate observability

Definition
(E*) is approximately observable in time T > 0 from w if

z(t,x)=0o0n [0, T] xw = z(T)=0.

@ Non-quantitative version of

.
(Tl < Cr | supz(e. )l

Observability = approximate observability.

Proposition
Approximate observability holds from w iff w ¢ N, for any \. J
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In 1-D

e Q=(0,1), w={xo},
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In 1-D

o Q=(0,1), w = {x0}, pn(x) = sin(nmx), A\, = 7n%
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In 1-D

o Q=(0,1), w = {x0}, pn(x) = sin(nmx), A\, = 7n%

@ w is an approximate observation set iff xp ¢ Q.
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In 1-D

o Q=(0,1), w = {x0}, pn(x) = sin(nmx), A\, = 7n%

@ w is an approximate observation set iff xp ¢ Q.

Theorem: Dolecki, '73
Let xo ¢ Q. Let Ty, = — lim inf 2&Usin(rm0)]).

n
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In 1-D
2

* Q = (07 1)' w = {XO}, SOn(X) = Sin(mrx), )\n = Th".
@ w is an approximate observation set iff xp ¢ Q.

Theorem: Dolecki, '73
Let xo ¢ Q. Let Ty, = — liminf &Sm0l
Q If T > T,, the equation is null-controllable in time T.
Q@ If T < T4, the equation is not null-controllable in time T.
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In 1-D
o Q=(0,1), w = {x0}, pn(x) = sin(nmx), A\, = 7n%
@ w is an approximate observation set iff xp ¢ Q.

Theorem: Dolecki, '73
Let xo ¢ Q. Let Ty, = — lim inf 2&Usin(rm0)]).

n

Q If T > T, the equation is null-controllable in time T.
Q If T < T, the equation is not null-controllable in time T.

. . o . ~AnT
Ty, is the abscissa of convergence of the Dirichlet series Y. m.
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In 1-D
o Q=(0,1), w = {x0}, pn(x) = sin(nmx), A\, = 7n%
@ w is an approximate observation set iff xp ¢ Q.

Theorem: Dolecki, '73
Let xo ¢ Q. Let Ty, = — lim inf 2&Usin(rm0)]).

n

Q If T > T, the equation is null-controllable in time T.
Q If T < T, the equation is not null-controllable in time T.

0 e~ AnT

T, is the abscissa of convergence of the Dirichlet series >, TonGo)

0

Remark
However, the spectral estimate obviously never holds on w = {xp}. So the
Lebeau-Robbiano method is suboptimal.
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In 1-D

Since |sin(nmxg)| ~ ninfuen [xo — 2|, T, is related to the diophantine
approximation of xg.
Examples

o If xo ¢ Q and if there exist two sequences of integers (px) and (gx)

such that |X0 — % < e_qu% then TXO = 400.
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In 1-D

Since |sin(nmxg)| ~ ninfuen [xo — 2|, T, is related to the diophantine
approximation of xg.
Examples

o If xo ¢ Q and if there exist two sequences of integers (px) and (gx)

such that |X0 p;; < e_CQk then Tx = 400,

@ If xp is an irrational algebraic number of degree m > 2, then T,, = 0.
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In 1-D

Since |sin(nmxg)| ~ ninfuen [xo — 2|, T, is related to the diophantine
approximation of xg.
Examples

o If xo ¢ Q and if there exist two sequences of integers (px) and (gx)

such that ’Xo — % < e_qu% then TXO = 400.

@ If xp is an irrational algebraic number of degree m > 2, then T,, = 0.
Moreover the observability constant is of the form /7.
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In dimension d > 2
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In dimension d > 2

Observability from finite sets?
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In dimension d > 2

Observability from finite sets?

Proposition:

If sup,, mult(A,) > m then any finite set of cardinality < m is not an
approximate observation set.
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In dimension d > 2

Observability from finite sets?

Proposition:

If sup,, mult(A,) > m then any finite set of cardinality < m is not an
approximate observation set.

On irrational rectangles?
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In dimension d > 2

Observability from finite sets?

Proposition:

If sup,, mult(A,) > m then any finite set of cardinality < m is not an
approximate observation set.

On irrational rectangles? No!
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In dimension d > 2

Observability from finite sets?

Proposition:

If sup,, mult(A,) > m then any finite set of cardinality < m is not an
approximate observation set.

On irrational rectangles? No!

Theorem: Avdonin-lvanov
Let d > 2. A finite set w is not an observation set. J
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In dimension d > 2

Observability from finite sets?

Proposition:

If sup,, mult(A,) > m then any finite set of cardinality < m is not an
approximate observation set.

On irrational rectangles? No!

Theorem: Avdonin-lvanov
Let d > 2. A finite set w is not an observation set. J

Due to Miintz theorem!
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Go back to 1-D

For any set E — [0, 1], define

v (E) = sup m_inH\x,-—xj|. (1)
PaticE T g
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Go back to 1-D

For any set E — [0, 1], define

v (E) = sup m_inH\x,-—xj|. (1)
PaticE T g

Theorem: Green, Le Balc'h, Martin, O.

If vk%w) < ek for some o < 2 then the spectral estimate holds for

_Qa
a—2<1.
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Go back to 1-D

For any set E — [0, 1], define

v (E) = sup m_inH\x,-—xj|. (1)
PaticE T g

Theorem: Green, Le Balc'h, Martin, O.

If vk%w) < ek for some o < 2 then the spectral estimate holds for

_Qa
a—2<1.

Example: w, = {i7®: ie N}, 'Yk(]‘;-)a) < Cklog(k)
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Go back to 1-D

For any set E — [0, 1], define

v (E) = sup m_inH\x,-—xj|. (1)
PaticE T g

Theorem: Green, Le Balc'h, Martin, O.

If vk%w) < ek for some o < 2 then the spectral estimate holds for

_Qa
a—2<1.

Ck log(k)

Example: w, = {i®: ieN}, — 2~ <e

. Moreover w,, is
'Yk(wa)
countable so dimy(wy) = 0.
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Cartesian products

Proposition:
Let w1 € Q1 and wy < Q.
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Cartesian products

Proposition:
Let w1 € Q1 and wy < Q.

o If spec(a, w1, Q1) and spec(a, wo, 22) hold then
spec(a, w1 X wa, 21 x Q) also holds.
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Cartesian products

Proposition:
Let w1 € Q1 and wy < Q.
o If spec(a, w1, Q1) and spec(a, wo, 22) hold then
spec(a, w1 X wa, 21 x Q) also holds.
o If spec(a, w1, 1) holds and the observability estimate holds for
(wo,£22) with a "good" constant then the observability inequality
holds for (w1 x w2, Q1 x Q).
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Cartesian products

Proposition:
Let w1 € Q1 and wy < Q.
o If spec(a, w1, Q1) and spec(a, wo, 22) hold then
spec(a, w1 X wa, 21 x Q) also holds.
o If spec(a, w1, 1) holds and the observability estimate holds for
(w2, £22) with a "good" constant then the observability inequality
holds for (w1 x w2, Q1 x Q).

Remark

Cartesian products of observability estimates fail: w = {xp} X {x0} is not
an observation subset of [0, 1]2.
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Cartesian products

This allows to create observation sets of zero dimension in every
dimension!
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Cartesian products

This allows to create observation sets of zero dimension in every
dimension!

Corollary:

® Wa X Wa X -++ X W is an observation set on [0, 1]¢.
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Cartesian products

This allows to create observation sets of zero dimension in every
dimension!

Corollary:

® Wa X Wa X -++ X W is an observation set on [0, 1]¢.

o If xg is algebraic then {xo} x w, is an observation set on [0, 1]2.
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Perspectives
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Perspectives

@ Optimal density condition for the spectral estimate in 1-D?
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Perspectives

@ Optimal density condition for the spectral estimate in 1-D?

@ On the square [0,1]?, can we control from certain non-vertical lines or
other curves?
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Perspectives

@ Optimal density condition for the spectral estimate in 1-D?

@ On the square [0,1]?, can we control from certain non-vertical lines or
other curves?

@ Geometric condition related to nodal sets for observability?
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Thank you!
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