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Controllability

Ω Ă Rd regular open set.

ω Ă Ω measurable such that mpωq ą 0.
We consider

pE q :

$

’

&

’

%

pBt ´∆qypt, xq “ upt, xq1ωpxq t ě 0, x P Ω,
ypt, xq “ 0 t ě 0, x P BΩ,
yp0, xq “ y0pxq x P Ω.

For every y0 P L2pΩq and u P L2pp0,T q ˆ ωq, there exists a unique
solution y P Cpp0,T q, L2pΩqq.

Definition
The equation pE q is said to be null-controllable in time T ą 0 if for all
y0 P L2pΩq, there exists a control u P L2pp0,T q ˆωq such that ypT , ¨q “ 0.
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Observability

Consider

pE˚q :

$

’

&

’

%

pBt ´∆qzpt, xq “ 0 t ě 0, x P Ω,
zpt, xq “ 0 t ě 0, x P BΩ,
zp0, xq “ z0pxq x P Ω.

Proposition (Hilbert Uniqueness Method)
Equation pE q is null-controllable in time T ą 0 iff the solution of pE˚q
satisfies

}zpT q}2L2pΩq ď CT

ż T

0

ż

ω
|zpt, xq|2dxdt. (observability inequality).
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Lebeau-Robbiano’s method

For k ą 0, let πk “ 1t´∆ďku

, i.e. F
`

1t´∆ďkuf
˘

pξq “ 1t|ξ|2ďkuFpf qpξq.
If the spectral inequality

}πkg}L2pΩq À eCka
}πkg}L2pωq,@g P L2pΩq (specpa, ω,Ωq)

holds for some a ă 1 then the solution of pE˚q satisfies the observability
inequality

}zpT q}2L2pΩq ď CT

ż T

0

ż

ω
|zpt, xq|2dxdt

in any time T ą 0.
(Equivalently, pE q is null-controllable in any time T ą 0).
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Example 1: Heat equation on R.
Let d “ 1. Then πk “ 1´∆ďk is the orthogonal projection

πk : L2pRq Ñ PW?
k

where PW?
k “

!

f P L2pRq : supp f̂ Ă r´
?

k,
?

ks
)

.

Theorem: Kovrijkine (2001)
If ω is relatively dense (or thick) i.e. there exist r ą 0 and γ ą 0 such
that

|ωXsx ´ r , x ` r r|
|sx ´ r , x ` r r| ě γ, @x P R

then }πkg}L2pRq À
´

1
γ

¯C
?

kr
}πkg}L2pωq.

Corollary: Egidi-Veselić (2018), Wang-Wang-Zhang-Zhang (2019)
If ω is relatively dense, then the heat equation pE q is null-controllable on
Rd in any time. The converse is also true.
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Heat equation on Ω.

pϕnqnPN ONB formed by Dirichlet eigenfunctions of ´∆ on a regular
bounded domain Ω.
πλ is the orthogonal projection onto Eλ “ spantϕn;λn ď λu.

Theorem: Fattorini-Russell, Lebeau-Robbiano, Fursikov-Imanuvilov
If ω is an open set, the heat equation is null-controllable in any time
T ą 0 on Ω.

Theorem: Jerison-Lebeau
If ω is an open set, then

@f P Eλ, }f }L2pΩq À eC
?
λ}f }L2pωq.

Theorem: Apraiz-Escauriaza-Wang-Zhang ’14
If ω has positive measure, the heat equation is null-controllable in any
time T ą 0 on Ω.

Question: Can we go beyond?
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Observability inequality

}zpT q}2L2pΩq ď CT

ż T

0

ż

ω
|zpt, xq|2dxdt. (observability inequality).

where

pE˚q :

$

’

&

’

%

pBt ´∆qzpt, xq “ 0 t ě 0, x P Ω,
zpt, xq “ 0 t ě 0, x P BΩ,
zp0, xq “ z0pxq x P Ω.
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Modified observability inequality

Let ω be any compact subset.

The good notion of observability is

}zpT q}2L2pΩq ď CT

ż T

0
sup
xPω
|zpt, xq|dt. (observability inequality).

The spectral estimate to prove becomes

@f P Eλ, }f }L2pΩq À eCλa sup
xPω
|f pxq|.

for some a ă 1.
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Set of zero Lebesgue measure

Theorem: Burq-Moyano 23’
There exists 0 ă δ ă 1 such that if dimHpωq ą d ´ 1` δ the heat
equation is observable in any time T ą 0 from ω.

Remark
They proved it for general elliptic operators ´divpApxq∇q with Lipschitz
coefficients.

Theorem: Green, Le Balc’h, Martin, O.
If dimHpωq ą d ´ 1 then the heat equation is observable in any time
T ą 0 from ω. This is sharp.
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Idea of the proof
Step 1: Harmonic lifting.

If f “
řk

n“0 anϕn then

f̃ px , tq “
k
ÿ

n“0
an

sinhp
?
λntq

?
λn

ϕnpxq px , tq P Ωˆ p´1, 1q

is harmonic in px , tq and |∇f̃ px , 0q| “ |f pxq| .
Step 2: Propagation of smallness for gradients of harmonic functions.

Lemma (Malinnikova, 2004)
Let K ĂĂ B1 Ă Rd`1. There exists α P p0, 1q such that for any E ĂĂ B1
contained in a hyperplane and satisfies dimHpEq ą d ´ 1, we have for
every u : B1 Ñ R satisfying ∆u “ 0 in B1,

sup
xPK

|∇upxq| ď C sup
xPE
|∇upxq|α}∇u}1´αL8pB1q

.

We apply it on E “ ω ˆ t0u for f̃ .
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Sharpness

Let ω :“ Nλ “ tx P Ω : ϕλpxq “ 0u be the nodal set of an eigenfunction.

Then dimHpωq “ d ´ 1.
Moreover zpt, xq “ e´λtϕλpxq is the solution of pE˚q with z0 “ ϕλ. But

}zpT q}2L2pΩq ď CT

ż T

0
sup
xPω
|zpt, xq|dt

fails.
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Approximate observability

Definition
pE˚q is approximately observable in time T ą 0 from ω if

zpt, xq “ 0 on r0,T s ˆ ω ùñ zpT q ” 0.

Non-quantitative version of

}zpT q}2L2pΩq ď CT

ż T

0
sup
xPω
|zpt, xq|dt.

Observability ùñ approximate observability.

Proposition
Approximate observability holds from ω iff ω Ć Nλ for any λ.
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In 1-D

Ω “ p0, 1q, ω “ tx0u,

ϕnpxq “ sinpnπxq, λn “ πn2.
ω is an approximate observation set iff x0 R Q.

Theorem: Dolecki, ’73
Let x0 R Q. Let Tx0 “ ´ lim inf logp| sinpnπx0q|q

λn
.

1 If T ą Tx0 the equation is null-controllable in time T .
2 If T ă Tx0 the equation is not null-controllable in time T .

Tx0 is the abscissa of convergence of the Dirichlet series
ř8

n“0
e´λnT

|ϕnpx0q|
.

Remark
However, the spectral estimate obviously never holds on ω “ tx0u. So the
Lebeau-Robbiano method is suboptimal.
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In 1-D

Since | sinpnπx0q| « n infpPN |x0 ´
p
n |, Tx0 is related to the diophantine

approximation of x0.

Examples
If x0 R Q and if there exist two sequences of integers ppkq and pqkq

such that
ˇ

ˇ

ˇ
x0 ´

pk
qk

ˇ

ˇ

ˇ
ď e´Cq2

k then Tx0 “ `8.

If x0 is an irrational algebraic number of degree m ě 2, then Tx0 “ 0.
Moreover the observability constant is of the form eC{T .
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In dimension d ě 2

Observability from finite sets?

Proposition:
If supn multpλnq ą m then any finite set of cardinality ď m is not an
approximate observation set.

On irrational rectangles? No!

Theorem: Avdonin-Ivanov
Let d ě 2. A finite set ω is not an observation set.

Due to Müntz theorem!
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Go back to 1-D

For any set E Ă r0, 1s, define

γkpE q “ sup
txiu

k
i“1ĂE

min
i

ź

j‰i
|xi ´ xj |. (1)

Theorem: Green, Le Balc’h, Martin, O.
If 1

γkpωq
À eCkα for some α ă 2 then the spectral estimate holds for

a “ α
2 ă 1.

Example: ωα “ ti´α : i P Nu, 1
γkpωαq

À eCk logpkq. Moreover ωα is
countable so dimHpωαq “ 0.
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Moreover ωα is
countable so dimHpωαq “ 0.
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Cartesian products

Proposition:
Let ω1 Ă Ω1 and ω2 Ă Ω2.

If specpa, ω1,Ω1q and specpa, ω2,Ω2q hold then
specpa, ω1 ˆ ω2,Ω1 ˆ Ω2q also holds.
If specpa, ω1,Ω1q holds and the observability estimate holds for
pω2,Ω2q with a "good" constant then the observability inequality
holds for pω1 ˆ ω2,Ω1 ˆ Ω2q.

Remark
Cartesian products of observability estimates fail: ω “ tx0u ˆ tx0u is not
an observation subset of r0, 1s2.
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Cartesian products

This allows to create observation sets of zero dimension in every
dimension!

Corollary:
ωα ˆ ωα ˆ ¨ ¨ ¨ ˆ ωα is an observation set on r0, 1sd .
If x0 is algebraic then tx0u ˆ ωα is an observation set on r0, 1s2.

Marcu-Antone Orsoni Joint works with K. Le Balc’h, W. Green, J. Martin.Controllability of the heat equation from very small sets 18 / 20



Cartesian products

This allows to create observation sets of zero dimension in every
dimension!

Corollary:
ωα ˆ ωα ˆ ¨ ¨ ¨ ˆ ωα is an observation set on r0, 1sd .

If x0 is algebraic then tx0u ˆ ωα is an observation set on r0, 1s2.

Marcu-Antone Orsoni Joint works with K. Le Balc’h, W. Green, J. Martin.Controllability of the heat equation from very small sets 18 / 20



Cartesian products

This allows to create observation sets of zero dimension in every
dimension!

Corollary:
ωα ˆ ωα ˆ ¨ ¨ ¨ ˆ ωα is an observation set on r0, 1sd .
If x0 is algebraic then tx0u ˆ ωα is an observation set on r0, 1s2.

Marcu-Antone Orsoni Joint works with K. Le Balc’h, W. Green, J. Martin.Controllability of the heat equation from very small sets 18 / 20



Perspectives

Optimal density condition for the spectral estimate in 1-D?
On the square r0, 1s2, can we control from certain non-vertical lines or
other curves?
Geometric condition related to nodal sets for observability?
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Thank you!
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