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Presentation of the model: a rigid body immersed in an incompressible

perfect fluid
§ We consider the motion of a rigid body (or N rigid bodies) immersed in an
incompressible perfect fluid filling a regular domain Ω Ă R2 or R3.

S2ptq

Fptq

S3ptq

S1ptq

Ω

§ Each solid occupies at each instant t ě 0 a closed subset Si ptq Ă Ω, i “ 1, . . . ,N
and the fluid occupies Fptq :“ Ωz YN

i“1 Si ptq.

§ We will work in the absence of collisions:

@i “ 1, . . . ,N, dpSi ptq, BΩq ą 0 and @j ‰ i , dpSi ptq,Sjptqq ą 0.



Fluid equation

§ In Fptq, the fluid satisfies the Euler equation:
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Bt
` pu ¨ ∇qu ` ∇p “ 0, t P r0,T s, x P Fptq,

div u “ 0 t P r0,T s, x P Fptq,

where

§ u “ upt, xq : x P Fptq Ñ R2 or R3 is the fluid velocity,

§ p “ ppt, xq : x P Fptq Ñ R denotes the pressure.



Boundary conditions
§ At the boundaries, the fluid satisfies the no-penetration/slip condition :

u ¨ n “ 0 for x P BΩ,

u ¨ n “ VS,i ¨ n for x P BSi ptq, i “ 1, . . . ,N,

where n is the normal to the boundaries BΩ and BSi ptq, and

VS,i pt, xq “ h1
i ptq ` ϑ1

i ptqpx ´ hi ptqqK p2Dq,

VS,i pt, xq “ h1
i ptq ` Ωi ptq ^ px ´ hi ptqq p3Dq.

is the i-th body’s velocity, where:

§ hi ptq is the position of center of mass associated to Si ptq,

§ ϑ1
i ptq (resp. Ωi ptq) is the angular velocity of Si ptq.

Denoting Ri ptq the linear rotation of the solid with respect to its initial position,

Si ptq “ hi ptq ` Ri ptq pSi p0q ´ hi p0qq.



Dynamics of the solids
§ The dynamics of the solids are driven by the action of the pressure on their
surface:

mi h
2
i ptq “

ż

BSi ptq
p n ds,

Ji ϑ
2
i ptq “

ż

BSi ptq
p px ´ hi ptqqK ¨ n ds p2Dq,

pJi ptqRi q
1ptq “

ż

BSi ptq
p px ´ hi ptqq ^ n ds p3Dq.

where
§ mi ą 0 is the mass of the i-th body,
§ Ji ą 0 (2D) / Ji ptq “ QptqJ0Q˚ptq " 0 (3D) denotes its moment of inertia.

§ Remark. D’Alembert’s paradox does not apply here, because it concerns fluids
which are potential in R2, stationary and constant at infinity. In that case (only),
D’Alembert’s paradox states that the dynamics of a single solid are not influenced
by the fluid.



Vorticity formulation

The system can also be written as

Btω ` pu ¨ ∇qω “ 0 p2Dq { Btω ` pu ¨ ∇qω “ pω ¨ ∇qu p3Dq in Fptq,

and

curl u “ ω in Fptq, div u “ 0 in Fptq,
¿

Γi ptq

u ¨ τ ds “

¿

Γi p0q

u ¨ τ ds “ γi (Kelvin’s law),

u ¨ n “ Vi ,S ¨ n on BSi for i “ 1, . . . ,N,

u ¨ n “ 0 on BΩ,

where Γ1, . . . , Γk is a family of curves attached to the solids and generating the
fondamental group of Fptq.
This is again coupled with the same solid equations.



References for the Cauchy problem (single body)

§ Classical solutions (say at least C1) solutions with finite energy:

§ Ortega-Rosier-Takahashi (2006) in the full plane.

§ Rosier-Rosier (2009) in the full space.

§ Houot-San Martin-Tucsnak (2010) in a bounded domain in Sobolev spaces.

§ Weaker solutions in 2D (Yudovich or DiPerna-Majda type solutions):

§ G.-Sueur (2012)

§ Wang-Xin (2013)

Remark. As for the Euler equation alone, the complete system can be viewed as an
equation of geodesics on an infinite dimensional Riemannian manifold, in the spirit of
Arnold’s work, see also Ebin-Marsden. (G.-Sueur, 2012)



Cauchy problem (2D, Yudovich-type solutions)

Theorem (Adaptation of G.-Sueur)

Let Si ,0 be smooth, bounded domains in Ω, at positive distance from BΩ and one from
another, with center of mass hi ,0. For any u0 P C0pF0;R2q, ph1

i ,0, ϑ
1
i ,0q P R3N such

that

div u0 “ 0, curl u0 “ ω0 P L8pF0q,

u0 ¨ n “ ph1
i ,0 ` ϑ1

i ,0px ´ hi ,0qKq ¨ n on BSi ,0, u ¨ n “ 0 on BΩ,

there exists a unique maximal solution of the system

phi , ϑi , uq P C2pr0,T˚qq3N ˆ L8pr0,T˚q;LLpFptqqq,

where T˚ P p0,`8s is the first meeting time between two solids or with the outer
boundary BΩ.

Here LLpUq :“
!

f P C0pUq { DC ą 0, @x , y P U, |f pxq´f pyq| ď C |x´y |p1`ln´ |x´y |q

)

.



Cauchy problem (3D, Hölder regularity, one solid, Ω “ R3)

Theorem
Let S0 be a smooth bounded domain in R3 and F0 “ R3zF0. Let u0 P C1,λpF0;R2q,
ph1

0,Ω0q P R6 such that

div u0 “ 0, curl u0 “ ω0 P Cλ
c pF0q,

u0 ¨ n “ ph1
0 ` Ω0 ^ px ´ h0qq ¨ n on BS0, u ¨ n “ 0 on BΩ,

there exists a unique maximal solution of the system

ph1
i ,Ωi , uq P C1pr0,T˚qq6 ˆ Cw pr0,T˚q;C1,λpFptqqq,

where T˚ P p0,`8s is the usual possible blow-up time for the vorticity.



General question

§ Can we characterize whan happens when the solid(s) becomes small?

§ Motivations:

§ Obtain simplified fluid-solid models. This is particularly interesting in the case of many
bodies. . .

§ Give another justification of classical vortex models and obtain new ones.

§ One would like to study control problems associated to a fluid-rigid body system (cf.
for instance G.-Kolumban-Sueur (2019), Dorsz-G. (2023))

§ The problem is originally connected to a paper by Iftimie-Lopes-Nussnzweig Lopes
(2006) on a fixed obstacle in 2D.



2D: The “bodies converging to particles” problem

§ Let us be given Si ,0 smooth, etc., with center of mass hi ,0, and let h1
i ,0, ϑ

1
i ,0, γi ,

ω0 P L8pΩq fixed as above.

§ Question. What can be said for when a part of the solids become small, that is,
how the solution behaves when the initial position of the solids are:

Sε
i ,0 :“ hi ,0 ` εi pSi ,0 ´ hi ,0q,

as ε “ pε1, . . . , εK , εK`1, . . . , εNq goes to p1, . . . , 1, 0, . . . , 0q?

Ω

Sε1

Sε2

Sε3 “ S3

F ε
0



Three regimes for the solids

§ We will be interested in the following three regimes for the solids:

§ Fixed size solids:
mε

i “ m1
i and J ε

i “ J 1
i ,

say for i P Pf .

§ Massive shrinking solids:
mε

i “ m1
i and J ε

i “ ε2i J 1
i ,

say for i P Pm.

§ Massless (“light”) shrinking solids (e.g. fixed density):

mε
i “ εαi

i m1
i and J ε

i “ ε2`αi

i J 1
i ,

for αi ą 0, say for i P Pℓ. Typically, a fixed density means αi “ 2.



A question and three assumptions

§ Question: given all the data above, we can define for all ε P p0, 1sN a solution
phεi , ϑ

ε
i , u

εq to the system.

Does it have a limit as ε Ñ p1, . . . , 1, 0, . . . , 0q, and can one characterize it?

We give an answer on this question with the following assumptions

§ Assumption 1: ω0 P L8
c pΩzthK`1,0, . . . , hN,0uq. Hence for small ε and i ě K ` 1,

dist
`

Supppω0q,Sε
i ,0

˘

ą 0.

§ Assumption 2: for i P Pℓ (solids with mass tending to 0), γi ‰ 0.

§ Assumption 3: the solids are not balls.



Convergence result (2D)

Theorem (G.-Sueur, following works with Lacave, Munnier & Sueur)

Under the above assumptions consider for each scale factor ε sufficiently small the
corresponding maximal solution phεi , ϑ

ε
i , u

εq on r0,T εq.
Then the existence times T ε satisfy

T ε ě T ,

for some T ą 0 and as ε Ñ 0`, extending all fields by 0 in the solids, one has up to a
subsequence,

uε ÝÑ u‹ in C0pr0,T s; LqpΩqq for q P r1, 2q,

ωε ÝÑ ω‹ in C0pr0,T s; L8pΩq ´ w‹q,

hεi ÝÑ h‹
i in

#

W 2,8p0,T q weak ´ ‹ for i P Pf Y Pm,

W 1,8p0,T q weak ´ ‹ for i P Pℓ,

ϑεi ÝÑ ϑ‹
i in W 2,8p0,T q weak ´ ‹ for i P Pf ,



Limit system for the fluid
The limit fluid domain is

F‹ptq “ Ωz

K
ď

i“1

S‹
i ptq,

and the limit velocity field u‹ satisfies
$
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div u‹ “ 0 in F‹ptq,

curl u‹ “ ω‹ `
ÿ

iPPℓYPm

γiδh‹
i

in F‹ptq,

u‹ ¨ n “ 0 on BΩ,

u‹ ¨ n “ ph‹1
i ` ϑ‹1

i px ´ h‹
i qKq ¨ n on BS‹

i ptq for i “ 1, . . . ,K ,
ű

BS‹
i p0q

u‹ ¨ τ ds “ γi for i “ 1, . . . ,K ,

with the transport equation for the vorticity:

Btω
‹ ` div pu‹ω‹q “ 0 in r0,T s ˆ Ω.



Limit system for large solids

The solids in the limit satisfy for i P Pf :

mi h
‹
i

2
ptq “

ż

BS‹
i ptq

p‹ n ds,

Ji ϑ
‹
i

2
ptq “

ż

BS‹
i ptq

p‹ px ´ h‹
i ptqqK ¨ n ds,

where the pressure p‹ can be defined in the fluid domain away from the point vortices
by

∇p‹ “ ´pBtu
‹ ´ pu‹ ¨ ∇qu‹q in F‹ptqz

ď

iPPmYPℓ

th‹
i ptqu.



Limit system for shrinking solids

§ Desingularized velocity. For i P Pℓ Y Pm, we introduce the “desingularized
version” ru‹

i of u‹ at h‹
i defined by

ru‹
i pxq “ u‹pxq ´

γi
2π

px ´ hi q
K

|x ´ hi |2
.

§ Light small solids. For i P Pℓ, we obtain in the limit

h‹
i

1
“ ru‹

i ph‹
i q in r0,T s for i P Pℓ,

§ Massive small solids. while for i P Pm, we obtain in the limit

mih
‹
i

2
“ γi

“

h‹
i

1
´ ru‹

i ph‹
i q

‰K
in r0,T s for i P Pm,



Related models 1. The wave/vortex system

§ When Pm Y Pf “ H, this is a version of Marchioro and Pulvirenti’s wave/vortex
system, written as follows in R2:

Bω

Bt
` div

ˆ

K rω ` γδhptqsω

˙

“ 0 in r0,T s ˆ R2,

h1ptq “ K rωpt, ¨qsphptqq,

where K is the usual Biot-Savart operator.

§ It can be obtained as limits of regular solutions of the Euler equation (as some
vorticity concentrates in h0)

§ If h0 R Suppω0, then one has global existence and uniqueness, and
hptq R Suppωptq for all t.

§ References: Marchioro-Pulvirenti, Lacave-Miot, Bjorland, etc.



Related models 2. Kutta-Joukowski lift force

§ The force appearing in the equation of the point in the limit

mh2ptq “ γ
´

h1ptq ´ ru‹phptqq

¯K

,

is similar to the lift force similar to the Kutta-Joukowski force of the irrotational
theory:

γ

v

F

u8

the force applied to the body at speed v , with fluid velocity u8 at infinity and
circulation γ around the body is

F “ γpv ´ u8qK.



Related models 3. Vortex points system

§ The following classical system of ordinary differential equations:

dxi
dt

ptq “

N
ÿ

j“1, j‰i

γj
2π

pxi ptq ´ xjptqqK

|xi ptq ´ xjptq|2
, i “ 1, . . . ,N.

is called the vortex points system.

§ It was originally introduced as a simplified model for the Euler equation
(Helmholtz, Kirchhoff, Kelvin and Poincaré), where the vorticity is concentrated in
a finite number of points.

§ There are rigourous proofs of the limit of the solutions of Euler equations to the
point vortex system (see e.g. Marchioro & Pulvirenti’s book)



Controlled point vortex system

§ We consider the point vortex system:

dxi
dt

ptq “

N
ÿ

j“1, j‰i

γj
2π

pxi ptq ´ xjptqqK

|xi ptq ´ xjptq|2
, i “ 1, . . . ,N,

controlled by one of them.

§ We are led to consider:

dxi
dt

ptq “

N
ÿ

j“1, j‰i

γj
2π

pxi ptq ´ xjptq
K

|xi ptq ´ xjptq|2
`
γc

2π

pxi ptq ´ yptqqK

|xi ptq ´ yptq|2
, i “ 1, . . . ,N,

where we have N point vortices x1, . . . , xN and a control vortex y, whose
trajectory we can choose in order to influence the others.



Main control result

Our result on the control of the point vortex system is the following.

Theorem (Dorsz-G.)

Suppose γc ‰ 0. The point vortex system is exactly controllable in arbitrary time by
means of a single control vortex.

More precisely, given T ą 0, px1,0, . . . , xN,0, y0q P pR2qN`1,
px1f , . . . , xNf , yf q P pR2qN`1, there exists y P C8pr0,T s;R2q satisfying yp0q “ y0,
ypT q “ yf , and such that the corresponding solution of the system is defined in r0,T s

and satisfies
px1pT q, . . . , xNpT qq “ px1,f , . . . , xN,f q.



3D: the solid vortex problem

§ We consider a small tube around a regular simple curve C0 in R3.

§ Given C0 and ε ą 0 we consider indeed

Sε
0 :“

!

x P R3
M

dpx , C0q ď ε
)

.

ÝÑ C0

§ We let γ a curve turning around C0 (once), so that their linking number is 1.



3D: the solid vortex problem

§ The problem is a follows. We fix an initial vorticity ω0 (compactly supported away
from C0), a circulation µ along γ and an initial velocity VS,0 for the solid.

§ Then for each ε ą 0 we have a corresponding initial velocity field for the fluid
(determined as to fulfil the boundary conditions).

§ This initial condition generates a (local in time) solution pV ε
S , u

εq in r0,T ‹
ε q.

§ The question is: can we characterize the system in the limit?

§ Our main result is obtained in the case of a massive filament:

mε “ m and J ε
0 “ J0.



Standard vortex filaments

§ The study of evolution of vortex filaments is a classical (but quite difficult!) topic,
that goes back to Helmoltz (1858).

§ It was formally shown by da Rios (1906) that if one considers a solution whose
vorticity concentrates in a tube along a Jordan curve (in the direction of the
tangent), then, up to a time-rescaling t ÞÑ t{| log ε| where ε is the radius of the
cross-section, then one obtains in the limit a curve which obeys the binormal flow
equation:

Btχ` χx ^ χxx “ 0.

§ Recent rigourous results in the field are Jerrard-Seis (2017),
Dávila-del Pino-Musso-Wei (2024).



Change of reference frame

§ It is a bit easier to state the problem in the solid’s reference frame.

§ Setting

ℓptq :“ RptqT h1ptq,

uSpt, xq :“ ℓptq ` Ωptq ^ x ,

upt, xq :“ RptqT vpt,Rptqx ` hptqq and πpt, xq :“ qpt,Rptqx ` hptqq,

the system becomes

Btu ` pu ´ uSq ¨ ∇u ` Ω ^ u ` ∇π “ 0 and div u “ 0 for x P F0,

u ¨ n “ uS ¨ n for x P BS0,

mℓ1 “

ż

BS0

πn dσ ` mℓ^ Ω,

J0Ω
1 “

ż

BS0

πpx ^ nq dσ ` pJ0Ωq ^ Ω.



Notations

§ We let

p “

ˆ

ℓ
Ω

˙

,

Mg :“

ˆ

m Id 3 0
0 J0

˙

and xΓg , p, py :“ ´

ˆ

mℓ^ Ω
pJ0Ωq ^ Ω

˙

.

§ We introduce the Biot-Savart kernel

KR3rωspxq :“
1

4π

ż

R3

x ´ y

|x ´ y |3
^ ωpyq dy .

and the vortex filament velocity

H˚ :“ KR3

”

τ H1 C0
ı

,

where τ is the unit tangent along C0.



Notations, 2

§ We introduce the (classical) area vector and the (more exotic) volume vector
associated to C0 as follows:

A0 :“
1

2

ż

C0
x ^ τdσpxq P R3 and V0 :“

ż

C0
|x |2τdσpxq P R3.

§ We then define the 6 ˆ 6 skew-symmetric matrix B˚ as follows:

B˚ :“

ˆ

0 ´A0 ^ ¨

A0 ^ ¨ V0 ^ ¨

˙

.

§ Finally, we introduce the following term:

D˚ru, ωs :“

ˆ
ż

R3
rζi , ω, us dx

˙

1ďiď6

,

where

ζi pxq :“

"

ei if i “ 1, 2, 3,
ei´3 ^ x if i “ 4, 5, 6.



Limit system

§ We obtain in the limit the following system:

Btω
˚ `

`

pu˚ ´ u˚
Sq ¨ ∇

˘

ω˚ “
`

ω˚ ¨ ∇
˘

pu˚ ´ u˚
Sq in R3,

u˚ “ µH˚ ` KR3rω˚s,

u˚
Spt, xq :“ ℓ˚ptq ` Ω˚ptq ^ x ,

Mg pp˚q1 ` xΓg , p
˚, p˚y “ µB˚p˚ ` D˚ru˚, ω˚s,

where p˚ :“ pℓ˚,Ω˚q P R3 ˆ R3.



Cauchy problem for the limit system

Proposition (G.-Meyer-Sueur)

Let ω0 in C k,αpR3;R3q, divergence-free and with compact support in R3zC0 and
consider other data as before.
Then there exists T˚ ą 0 and a unique maximal solution pp˚, ω˚q of the system with
p˚ in C1pr0,T˚q;R6q and ω˚ in C0pr0,T˚q;C k,αpR3;R3q ´ w˚q with for any
t P r0,T˚q, distpSupppω˚ptqq, C0q ą 0.



Convergence result (3D)

Theorem (G.-Meyer-Sueur)

Consider C0, m ą 0, J0 symmetric positive definite, µ P R, ph1
0,Ω0q P R6 and ω0 in

C0,αpR3;R3q compactly supported away from C0 fixed. Consider B˚ as introduced
before. Let T˚ the maximal existence time for the limit system and pp˚, ω˚q its
solution.
Let, for each ε ą 0, T ε ą 0 and ppε, uε, ωεq the unique smooth solution of the system.

Then lim infεÑ0 T ε ą T˚ and for all T P p0,T˚q and as ε Ñ 0`,

pε ÝÑ p˚ in W 1,8pr0,T s;R6q ´ w‹,

ωε ÝÑ ω˚ in L8pr0,T s;C1,αpR3zC0q ´ w˚q.



Non convergence in the non-massive case

§ If we suppose that the solid’s density is constant as ε Ñ 0`:

mε “ ε2m and J ε
0 “ ε2J0,

then the convergence fails.

Theorem (G.-Meyer-Sueur)

Let C0 a horizontal circle. There exists a smooth, compactly supported ω0 with
distpSuppω0, C0q ą 0, an initital p0 “ pℓ0, r0q and a T0 ą 0, such that in all solutions
for small ε ą 0, the vorticity does not blow up in r0,T0s and in the ε Œ 0 limit, we
have

pεptq ¨ e3 ě ε´ 1
10 ,

for all t P pε,T0q for all small enough ε. In particular, the body travels a distance

Á ε´ 1
10 in the original frame.



Difficulties

mi h
2
i ptq “

ż

BSi ptq
p n ds,

pJi ptqRi qptq “

ż

BSi ptq
p px ´ hi ptqq ^ n ds.

§ We have to study the pressure in details. It contains in particular acceleration
terms which makes the system quasilinear and the solid equations strongly
coupled.

§ The problem is singular in space since Sε
i shrinks to a curve and the circulation

remains constant.

§ The energy is not bounded as ε Ñ 0 (ù modulated energy estimates is needed).



Some ideas of the proof (case of a single solid)

1. The added mass effect (2D)
§ One introduces Kirchhoff’s potentials Φj “ Φjph, ϑ, xq for j “ 1, 2, 3:

∆Φj “ 0 in F ,
BnΦj “ 0 on BΩ

BnΦj “

"

nj pj “ 1, 2q,

px ´ hptqqK ¨ n pj “ 3q,
on BS.

§ The solid equations become

ˆ

mId 2 0
0 J

˙ ˆ

h2

ϑ2

˙

“

ˆ
ż

F
∇p ¨ ∇Φj dx

˙

j“1,2,3

“ ´

ˆ
ż

F
pBtu ` pu ¨ ∇quq ¨ ∇Φj dx

˙

j“1,2,3



§ One decomposes u as

u “ h1
1∇Φ1 ` h1

2∇Φ2 ` ϑ1∇Φ3
loooooooooooooooomoooooooooooooooon

upot

`utan,

and injects in the equation.

§ We obtain:
ˆ

mId 2 0
0 J

˙ ˆ

h2

ϑ2

˙

“ ´

ˆ
ż

F
∇Φj ¨ ∇Φk

˙

j,k“1,2,3

ˆ

h2

ϑ2

˙

` terms with shape-derivatives of Kirchhoff’s potentials

` lower-order terms (in time).



§ Hence we get

M
ˆ

h2

ϑ2

˙

“ lower-order terms,

where

M :“

ˆ

mId 2 0
0 J

˙

`

ˆ
ż

Fptq
∇Φi ¨ ∇Φj dx

˙

i ,j“1,2,3
loooooooooooooooooomoooooooooooooooooon

“:Maph,ϑq

.

§ The matrix Ma is a matrix of added inertia, expressing how the fluid opposes the
movement of the solid. It is positive, and even positive definite when S0 is not a
disk, as a Gram matrix of independent functions.



2. Treat the space singularity

§ One defines the circulation vector field Hε in RdzS as the solution of

divHε “ 0 in RdzS,
curl Hε “ 0 in RdzS,
∇Hε Ñ 0 at infinity,
ż

BΓεptq
Hε ¨ τ ds “ 1,

where Γεptq generates the fondamental group of RdzSεptq. One observes that
Hε “ Op1{εq.

§ One decomposes uε in
uε “ γHε ` ureg .

and injects in the equation.



§ The most singular terms in the right-hand side are

´γ

ż

Fε

BtH
ε ¨ ∇Φj dx and ´

1

2
γ2

ż

Fε

∇|Hε|2 ¨ ∇Φj dx

§ One uses the relations

BtH
ε ` ∇pvS ¨ ∇K

pψq “ 0 and

ż

BS
|Hε|2Ki ds “ 0,

which allow to get rid of the most singular terms.

§ However there remains linear terms in Hε which still give too a strong
contribution (think of light solids).



§ One would like to perform an energy estimate in which these terms give only a
mild strong contribution (we will say that they are either weakly nonlinear or
gyroscopic).

§ This is connected to Berkowitz and Gardner’s analysis of a light charged particle
in a strong electromagnetic field.

§ The idea to consider a modulated variable

p̃ “ ph1, ϑ1q ´ modulationpε, q, p, uεq,

where
q “ ph, ϑq and p “ ph1, ϑ1q,

which makes the equation more suited to (modulated) energy estimates. This
requires to give a normal form to the equation.



A very simple example of modulated energy estimate

§ Consider a light 2D charged particle in a steady electromagnetic field (B is
orthogonal to the plane of study, E is in it):

εh2 “ E phq ` bphqh1K.

§ A direct energy estimate (multiplying by h1) does not work.

§ Set p̃ :“ h1 ´
EphqK

bphq
. You get

εp̃1 “ bphqp̃K ´ εph1 ¨ ∇q

ˆ

E phqK

bphq

˙

.

§ Here multiplying by p̃ (and using Gronwall’s inequality) gives you uniform
estimates on p̃ and allows you to find a limit equation!



3. About the the normal form

§ One decomposes
uεpt, xq “ upot ` γ∇K

pψ ` uext ,

§ One injects in the equation and develops in powers of ε the Kirchhoff potentials
and the Biot-Savart operator.

(One also need some information concerning their shape-derivatives.)

§ The exterior field uext is the natural source of the modulation.

§ Then one has to analyze precisely the various terms arising in the equation. . .

§ The same normal form will be used to pass to the limit.



4. Expansions of the potentials

Ω

Sε1

Sε2

Sε3 “ S3

F ε
0

Fluid state in Ωz YN
i“1 Sε

i ptq

“ Fluid state as if BΩ and Sε
1 , . . . ,Sε

N were invisible

one to another

` Correction as if Sε
i ptq

` Correction(Correction) as if BΩ and Si were invisible

one to another

` ...

Additional difficulty when there are solids of fixed-size. . .



Circulation stream function in the 3D case

An important argument in the 3D case is that in each section orthogonal to the center
curve, the circulation vector field Hε can be well approximated by its 2D counterpart

Hεpxq »
1

2π

px ´ hqK

|x ´ h|2
on the section passing through h P C0.

ÝÑ C0



Thank you for your attention!


