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Two serially connected strings with an intermediate dynamic mass
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Two serially connected strings with an intermediate dynamic mass

plwz]t_alw)]cx(x7t):()7 (—th)XRL 1)
pzwg—azng(x,l) =0, (O,Zz) XR:’,
w!(=£1,1) =0,
w!(0,1) = w?(0, ) =2(1), "
1
oy wh(0,1) — apw2(0,1) +mzy (1) v B _
= b (@ —any), 0.0 -bw (0.0, @ *F = 0 ok
Wy (fz,t) = —d\w; (62, )7 wl (x,t) w2 (x,t)
(w!w})(x,0) = (W07W1)(X)7 €[-4,0],
(W2 le)( ,0) = (WO7 wi )()C)7 € 10,4,]. Two strings with a dynamic interior mass

Defining the dynamic coupling of m at the transmission point x = 0

n(1) := bo(ayw! — opw?)(0,1) 4+ mz ().
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Defining the dynamic coupling of m at the transmission point x = 0
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w!(x,1): the displacement of the ith string.
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Two serially connected strings with an intermediate dynamic mass
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w!(x,1): the displacement of the ith string.
o o;w'(x,1) : the strain field in each string.
e p; and ¢;: the mass density and stiffness constants of the ith string respectively.
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Two serially connected strings with an intermediate dynamic mass
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(W Wt)(x 0)= W07W1)(X)a [ 4, ]7

(W s Wy )(x ) (WO,WI)()C)7 [0 52] Two strings with a dynamic interior mass

Defining the dynamic coupling of m at the transmission point x = 0

n(1) := bo(ayw! — opw?)(0,1) 4+ mz ().

w!(x,1): the displacement of the ith string.
o a;w!(x,1) : the strain field in each string.
e p; and ¢;: the mass density and stiffness constants of the ith string respectively.
e The coupling at x = 0 is characterized by displacement continuity and the shared dynamic variable z(r),
which represents the displacement of an attached mass m > 0.
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Literature and Motivation

@ For a finite vibrating string with zero Dirichlet condition at the left end point, velocity feedback at
the right end point, and no point mass, it is known that the energy decays exponentially.

! E.B. Lee and Y. You. Stabilization of a vibrating string system linked by point masses. In Lecture Notes in Control and Information
Sciences, 1989.

2SA Hansen and E. Zuazua. Exact controllability and stabilization of a vibrating string with an interior point mass. SIAM Journal on
Control and Optimization, 1995.

3W. Littman and S. W. Taylor. Boundary feedback stabilization of a vibrating string with an interior point mass. Springer, 2002
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@ S. Hansen E. Zuazua 1995 2:

— By introducing boundary damping at both extremes x = [, I, the energy of solutions decays
exponentially uniformly. Moreover trajectories converge exponentially to a constant equilibrium
that can be determined in terms of the initial data.
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@ E.B.Leeand Y. You 1989 !: It was established that the presence of interior masses prevents strong
stability when only velocity-type feedback controllers are applied at the joint (x = 0), i.e., when
bo,dy =0,b; #0.

@ S. Hansen E. Zuazua 1995 2:
— By introducing boundary damping at both extremes x = [, I, the energy of solutions decays
exponentially uniformly. Moreover trajectories converge exponentially to a constant equilibrium
that can be determined in terms of the initial data.
— If a single velocity-type feedback controller is introduced at the right boundary (x = ¢,), i.e.,
bo,b1 =0, dy # 0, the system attains strong stability but lacks uniform exponential stability, as the
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@ E.B.Leeand Y. You 1989 !: It was established that the presence of interior masses prevents strong
stability when only velocity-type feedback controllers are applied at the joint (x = 0), i.e., when
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— By introducing boundary damping at both extremes x = [, I, the energy of solutions decays
exponentially uniformly. Moreover trajectories converge exponentially to a constant equilibrium
that can be determined in terms of the initial data.

— If a single velocity-type feedback controller is introduced at the right boundary (x = ¢,), i.e.,
bo,b1 =0, dy # 0, the system attains strong stability but lacks uniform exponential stability, as the
real parts of the eigenvalues cluster near the imaginary axis.

@ W. Littman and S. W. Taylor 2002 3:
They refined the stability analysis where it was shown that the decay rate is polynomial, specifically
of order 1.
t
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A key development in damping mechanisms was the
introduction of the higher-order damping term by > 0, bow,,(x,1).

4OA Morgul, B. Rao, and F. Conrad. On the stabilization of a cable with a tip mass. IEEE Transactions on Automatic Control,
39(10):2140-2145, 1994.

B. Guo and C.-Z. Xu. On the spectrum-determined growth condition of a vibration cable with a tip mass. IEEE Transactions on
Automatic Control, 45(1):89-93, 2000.
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— Exponential stability was established using Lyapunov function and the energy multiplier method.
— When b; = hﬂ =1, an exact decay rate of % is obtained.
— The case where by # % was left as an open problem

@ B. Guo and C.-Z. Xu 2000 >:
Resolved this open problem, using essential spectral analysis, the authors demonstrated that the
spectrum-determined growth condition always holds under an output feedback control law.
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2020, SCL)
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Two serially connected strings with an intermediate dynamic mass

piwh—ouwl(x,) =0, (x,1) € (—1,0) xR, 3
{ pow2 —apw (1) =0,  (x,1) € (0,62) X R, ®
Wl(ff],t) =0
1(0 1) =w(0,1) = 2(1),
o wy (0 l) 062W2(0 l)+mZn( )
=— by (auwi —pw?), (0,1) —byw}(0,1), 4)
oow?(ly,t) = —le; (€2,1),
(W' wi)(x,0) = (wo,wl)(X), € [~41,0],
(W2, w7)(x,0) = (wg, w) (%), €[0,6].

n(1) := bo(oyw! — apw?)(0,1) +

Connected Strings with Interior mass

mz;(1).
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The system can be rewritten as

piwh —agwl (x,1) = 0, (x,1) € (—£,,0) x R},

pawz — 0wl (x,1) =0, (x,1) € (0,6,) x R,

Wl(féht) :07 5
W (0.0) = 12(0.1) = 2(0), ©
OCowy (ZQ, ): —dlwt (Zz, )

1][( ) (OC]W — 0wy +b1W,)(0 l‘) ZGRI,

with the initial data

n(0) = no,
(wWhw)(x,0) = (wy,w}) (x),  x€[~£,0], (6)
(w2, w)(x,0) = (g, wi)(x), x€[0,6].

e by > 0: the coefficient for higher-order damping, which represents dissipation due to angular
velocity at the interface.

e by > 0: the coefficient for lower-order damping, associated with energy dissipation caused by tip
velocity at the same interface.

e d; > 0: models boundary damping at the free end of the second string (x = ¢»), introducing further
energy dissipation.
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Physical Significance :

o Suspended transmission lines J

e Stockbridge Dampers

In some cases, additional masses are
attached to power lines, such as
Stockbridge dampers, which help
mitigate wind-induced vibrations.

o Insulator strings, particularly in
high-voltage power lines, also act as
localized masses affecting the cable’s
shape and dynamics.

e Under water cables J
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Let (w!,v!

interface contributions, given as follows

(g(t) = Skinetic (t) + gpolemial (l> + Einterface (t)v

where

& Ly 72 P
Okinetic ( =35 j 5L )
i) =3 %[, eGP

12 22 ) )
éapmemial(’) = E Z /( 1yt ajlwi(xv t)l dx,
UGV

1

2 m—+boby |n( )I

(gaimerface ([ )

Connected Strings with Interior mass

,w?,v2 1) be a regular solution of (5). The energy, &), consists of kinetic, potential, and
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Let (w!,v!,w? v2, 1) be a regular solution of (5). The energy, &(r), consists of kinetic, potential, and

interface contributions, given as follows
g(t) = Skinetic (t) + gpolemial (l) + Einterface (t)v

where

1& (%2 . 5
fanac(®) =3 % / ey,
1Wz ]
éapmemial(’) Z/ OCJ|WI X, t)l dx
(=)t

().

éaimerface ([) 2 m +b0b1

The energy dissipation rate is given by
dé& (1) bo

=——|(& —o Or‘
dr M+ bob; ‘( 1w = 02w) (0,1)

mhl
m—+bob

(0 = di W] (L2, 1)

Now, in order to have a unique solution, we choose a proper energy space. Let us first introduce the
following Hilbert space:

Hi(~0,0) = {f € H'(~1,0) : £(0) = 0} .

Now, we define the energy space .7 as follows

A =H} (—£1,0) x L*(—£1,0) x H'(0,£,) x L*(0,,) x C.
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Now, we introduce the functions w,1 =l w,z =12, and we rewrite the system (5) as the following initial
value problem
d

EU([) =dU(1),

U(0) =Ty, Vt>0,
where U= (w!,v!,w?,v2, )7 and Uy = (w(l), w}7 w%, w%,no)T, and the operator

o D () C H — A is given by

o
AN
-
oS =
[
2|8
<
s\)

=

—(A}(0) =A2(0)) — b1v(0)
with the domain

D) = Ue st :whe (HINH?) (=£,,0),w? € H*(0,65),v! € H} (—01,0),v* € H'(0,4,),
ST () = —d v (l), bo(oqwk(0) — apwZ(0)) +mv! (0) = n(z),v! (0) = v2(0)

o By Lumer-Phillips theorem, <7 generates a Cyp-semigroup of contractions (eW )i>0. Therefore, the

solution admits the following representation U(r) = ¢"” Uy, t > 0, which leads to the well-posedness.

September 15 — 17, 2025
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Summary of Stability Cases

Case | di | by | by | Strong Stability Type
1 vV IV X Exp
2 v | X | v | No Condition Pol. type !
3 VX [X o
4 X | v |V
5 X v X a1pr 7& 2m+1 EXp
P10
6 X | X |V Pol. type t !

The proofs of the above cases rely on one of the methods:
@ Energy Multiplier Method.
@ Borichev—Tomilov Theorem.

@ Huang-Priiss Theorem.

8V. Komornik, Exact Controllability and Stabilization: The Multiplier Method, J. Wiley. 1994
9JA. Borichev and Y. Tomilov. Optimal polynomial decay of functions and operator semigroups. Math. Ann., 347(2):455-478, 2010.
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Numerical Experiments 1 & 2

Identical and Varying Wave Propagation Speeds: Effects of the arithmetic
condition (SC)

Group Parameter Experiment 1 Experiment 2
Feedback gains bp=1,b1=1,d1=1
Common
Interior mass m=0.6
Densities p1=3,p=4 p1=3,0p=3
Varying Stiffness coeffs. o = %, o0 = % ag=10=1
Geometry L=2,1=1 L=1,L=1
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Eigenvalue spectra for Experiment 1 (arithmetic condition (SC) violated)

125 125
. %
. 100 100,
. 75 73
. 1
" 50 5
LI = ' L B R b b
10 08, Pox waemmMER 10 08, Q0w whemmeEIUUY 10
. -50 -5
. H
. 75 -7
" 100 -10
. }
-125 125
(a) Case 1 (b) Case 2
.
125
.
.,
. 75
" ‘,' u 50
)
.
04 -0 10 -08

(d) Case 4 (e) Case 5
Eigenvalue spectra for Experiment 1
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Eigenvalue spectra for Experiment 2 (arithmetic condition (SC) satisfied)

. 125 124
- 100 104 10d
75 7!
" e, 50 e, 5
BT 25 ' -“\_ 2
-1.0 -0.8  -06 -0, % -1.0 -08 -06 .f'-'oi '
e -25 R -2
. n " -50 e -5
75 -7
- -100 -10¢
.
. -125 12
(c) Case 3
124
104
7
5
2!

-10Q
-12§

() Case 6

(e) Case 5

(d) Case 4

Eigenvalue spectra for Experiment 1
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C} C}
8 o0.001 8 0.100
@ @
2 g @ Cased:dy=0,by=by=1
> 10 > 0010 -+ Case5:dy=by=0,by=1
2 2
] s o=~ Case 6:dy = by=0,by =1
c e
I i
o 100 5 0001
2 2
N N
® ® Casel:dy=by=1,b,=0 ®
g . E 10
5 107 o Case2:dy=by =1, by=0 ]
z z
= Cased:dy=1,by=by=0
10715 10°°
0 20 40 60 80 0 20 40 60 80
Time (sec) Time (sec)

Normalized energy decay in Experiment 2 (arithmetic condition satisfied), plotted on
a logarithmic scale.

(Cases 1-3, d; = 1): Rapid, exponential decay occurs only in Case 1 (bg = 1); Cases
2-3 endorse the polynomial decay.

(Cases 4-6, d; = 0): The interface pair (by, b ) in Case 4 restores exponential decay;
by alone (Case 5) produces mild decay; by alone (Case 6) remains ineffective.
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Videos - Numerical Experiments

Experiment I:
Unit Lengths
Identical Wave propagation speed

Experiment II:
Unit Lengths
Non-Identical Wave propagation speed

Ibtissam Issa—UnivAQ Connected Strings with Interior mass
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(N+1)—Connected strings by N-masses J
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We consider the following model which consists of (N + 1)— strings:

PiWly — Owhe = 0, (x,1) € x (0,00),j € {1,...N+1},
w!(0,1) =0, 1€ (0,00),
wl (4, 1) =Wt (4,1) =2 (1), 1€ (0,0),j € {1,2,...,N}, @)

agwh(6,1) — oG wi (G, 0) + iy () = g1 (1), 1€ (0,%0),j € {1,2,...,N},

oy 1wl T Oy, 1) = g (1), 1€ (0,00),

where I; = (¢;_1,{;) and with the following initial data: (W, W) (x,0) = (w{),w/.l)(x),x € [¢j—1,4;]. The
control inputs are subsequently chosen in the form of feedback laws as defined below

g1(1) i= b (wh(b,0) = wh(6,0) = Hhwl (6,0), j€{1,2,..,N}

a1 (1) = —dvw (b1, 0).

®)

Specifically, g1 (¢) combines a higher-order (slope-velocity) feedback term and a lower-order (velocity)
feedback term at the mass interface, while g>(#) applies a lower-order velocity feedback at the right end.
We introduce an auxiliary dynamic variable 1)/ () by

1(1) = b (W, — oG Wi ) (5, 0) + (1), j € {1,...,N}. ©)

Ibtissam Issa-UnivAQ Connected Strings with Interior mass September 15 — 17, 2025
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Case with Only boundary damping

Here we consider d; # 0, b{) = b’1 =0,Vje{l,...,N}
e Strong Stability without any condition

@ Polynomial Stability of type o

Ibtissam Issa-UnivAQ Connected Strings with Interior mass September 15 — 17, 2025



Cases with Only Two Dampings J
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Case 2.1: b).b3 7é0andb{) =0,j€{3,....,N},b/ =0,je{l,...,N},d| =0.

| wl w2 w3 wh wh wh=1 N W+
|00 -0 00—
h b &} ly I IN-1 In N1
The first two nodes are damped
Stability under the condition:
I —1
22—l [ogp2 ¢Q. (sCl)

I [e5Yd}

If only the damping is changed while keeping the same configuration:

b(l) bg bi b% Strong stability
vV v | X | X

b1
X | X | v |V | H/grdao
VI X | X |V
X | v |v [|X
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The last two nodes are damped

IN—In-1 [Ony1Py |, even
_ ) — F —. SC2
Ing1 —In \ OppN41 7 odd (5C2)

If only the damping is changed while keeping the same configuration:

We get stability under condition

bg’ ! by l711V & bY | Strong stability
v v | X X
IN—Iy_ ON11P,
X XY 1Y ] eV a7 ol
v X X v
X v |V X
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The first and last nodes are damped

We get stability under condition
1 ONy 1Pl |, even
Inpi—In Y oipyyr 7 odd”

(SC3)

If the the first and last nodes are damped:

b(l) bg by bIIV Strong stability
v v X X

I ON+1P1 even
X X v 4 Iny1—In \ aipysy 7 odd
v X X v
X v v X
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zolwleoooo—oo—-

b Iy Iy Ikt In IN+1

Any two consecutive nodes at /; and [ are damped

The system 1s Not Stable

Connected Strings with Interior mass September 15 — 17, 2025
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Hypothesis

Following '°, the stability of the system is closely linked to the arithmetic nature of the ratio ¢ :
e (H1): The ratio g € Q, where ¢ = % with ged(&;,&) = 1, and integers &; odd and &, is (odd or even).

e (H2): The ratio g € R\ Q. Suppose there exists a number 1 (g) > 2, depending on ¢ such that for every

sequence A = (&), & )nen € (N x NN satisfying ¢; < g” < ¢, for some positive constants ¢y, cs,
2, n

there exist a positive constant ¢ (¢,A) and a positive integer N (¢,A), depending on g and the sequence A,

such that ‘q — g;: > C;Z(/q\)) for alln > N (gq,A).
’ 2.n

]OAkil, M., Nicaise, S., Ozer, A.O. et al. Stability Results for Novel Serially-Connected Magnetizable Piezoelectric and Elastic
Smart-System Designs. Appl Math Optim

Tbti UnivAQ
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Polynomial Stability-2 dampings

zolwlooeca—oo—-

Iy 1) I3 Iy Ikt Iy IN+1

-2
Polynomial Stability of type #2#@)-2+2(¥-2) under (H2).
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Polynomial Stability-2 dampings

| Wl W2 W3 " Wh okt NN
“| o 0 09 o —
Iy 1) I3 I Iy Ikt Iy IN+1
)
Polynomial Stability of type #2#@)-2+2(¥-2) under (H2).
W W2 W Wi WE kel W N
lo —9@ 9090 090 90—
Iy 15} I Iy Iy i Iy IN+1
wl w1
lo 0 0 0 0 —O—Q Q—'
b I3 Iy Lkt Iy INt1

-2
Polynomial Stability of type #2¥-2) under (H1).
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Cases with Three Dampings J
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Stability in Case of 3-dampings

| wl w2 w3 wh wh=l gk kL wh N+
lo | —90 9090 000
Iy 173 I Iy lk—1 Iy lk+1 Iy IN+1

Three consecutive damped nodes

@ Three consecutive damped nodes: stability under the condition

l—1 —lev1 [Ok1Prr2 , Mkt2
# == m_1,m €N
byt =l V Prr1Oi—1 " Mgy

@ The presence of at least one undamped node between the three damped nodes leads to instability.
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Polynomial Stability in 3 damping cases

| w! wh+1
lo Q 0 C 0 —Q—O Q—'
| 1) I3 Ik Lkt Iy Nt

The first and the last nodes and any arbitrary node are damped

| wl w2 w3 wh wk kel wV=1 N W+l
lo| d—90 9090 9090 00—

0 173 I Iy Iy Lkt IN-1 Iy IN+1

The last two nodes and one arbitrary node are damped

)
Polynomial stability of type r2V-3) .
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| wl w2 w3 wh wk ke wV=1 N W+l
lo | o—O - 090 90—
I b I3 Iy Iy by IN—1 Iy IN+1

First two nodes and one arbitrary node are damped

-
Polynomial stability of type £2#(@)-2+2(N=3)

| wl w2 w3 wh whk=1 gk Wkl WV N+
lo| —90& 9090 000

I 173 I Iy lk—1 Iy lk+1 Iy IN+1

Any Three consecutive damped nodes

)
Polynomial stability of type £ 2#(@)-2F2max{k-2N-k-1}

Connected Strings with Interior mass September 15 — 17, 2025
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Cases with Four Dampings

J

Ibtissam Issa—UnivAQ Connected Strings with Interior mass September 15 — 17, 2025

31



o 9 - 90 - 0—90—

l b I Lkt Iy Ly IN-1 v I

Four damped nodes arranged in two consecutive pairs.

2
(q;("i:ll )—2+2max{k+1,s—k—2,N—s—1}

Polynomial Stability of type 2

SNl —leer /O 1Pstt
“(qk,kJrl)_ Is—1j. Pk+104+1

under condition (H2), where

Connected Strings with Interior mass September 15 — 17, 2025 32



Example for best decay rate : N =19

Here we need to take
k=6 and s=13

to get the best decay rate in this case.
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k damped nodes Case:
Best Scenario to Achieve polynomial stability with a rate

independent from the number of the undamped nodes

lo

3N4+1
The number of the undamped nodes = %
such that N — 5 is a multiple of 4. Here we have polynomial stability of type

The number of the damped nodes =

£ 2max{ular o)1y 5.6)-HlaN—sN—4N-3)] 2
k)

where 11(q12),14(q4,56)-- -, 1(qn—5N—4N—3) are the ratios that depends on Iy, l5,14,15,1s, ..., Iy_3, the

densities and the stiffness coefficients.

Connected Strings with Interior mass September 15 — 17, 2025
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Exponential Stability

Remarks:

@ The exponential stability is attained only in the case when all the nodes
are damped and satisfaction of condition at (H1) at the node /y.
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Exponential Stability

Remarks:

@ The exponential stability is attained only in the case when all the nodes
are damped and satisfaction of condition at (H1) at the node /y.

@ Violation of (H1) at /[y while all nodes are damped, gives polynomial
stability of type tﬁ.
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Exponential Stability

Remarks:

@ The exponential stability is attained only in the case when all the nodes
are damped and satisfaction of condition at (H1) at the node /y.

@ Violation of (H1) at /[y while all nodes are damped, gives polynomial
stability of type tﬁ.

o If we remove only one damping, other than the one at [y, we get
polynomial stability of type .
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Exponential Stability

Remarks:

@ The exponential stability is attained only in the case when all the nodes
are damped and satisfaction of condition at (H1) at the node /y.

@ Violation of (H1) at /[y while all nodes are damped, gives polynomial
stability of type tﬁ

o If we remove only one damping, other than the one at [y, we get
polynomial stability of type ¢!

o If we remove the damping only at the node /y, then we obtain

polynomial stability of type 170 f/)
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Exponential Stability

Remarks:

The exponential stability is attained only in the case when all the nodes
are damped and satisfaction of condition at (H1) at the node /y.

Violation of (H1) at [y while all nodes are damped, gives polynomial
stability of type tﬁ

If we remove only one damping, other than the one at [, we get
polynomial stability of type ¢!

If we remove the damping only at the node Iy, then we obtain
polynomial stability of type 170 f/>

If we remove only one damping, other than the one at /y, and the
condition (H1) at [y is not satisfied, we get polynomial stability of type

t2ulq) |
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