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KdV-Burgers equation

The KdV-Burgers equation

Ut + Usex — Uxx + U Uy =0, in IR x (0,+00), (K)

arises in modelling unidirectional propagation of planar waves.
u may represent a displacement of the underlying medium or a velocity.

The solutions of (K) approach zero for t — +oc0. A natural question is about
the rate at which ||u(t)|| approaches zero, for some norm || - ||.

In [Amick, Bona and Shonbek, 1989] it is proved that
lu(, )| 2y < CE 7, t>0,

for initial data up € LY(IR) N H3(IR).
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Damped KdV-Burgers equation a

In [Cavalcanti, Domingos Cavalcanti, Komornik and Rodrigues, 2014] the
damped KdV-Burgers equation is considered

Ue(X, t) + Usx (X, t) — Usx(X, t) + Aou(x, t)
+u(x, t)ux(x,t) =0, inIR x (0,+00),

u(x,0) = up(x), inlR,
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Damped KdV-Burgers equation a

In [Cavalcanti, Domingos Cavalcanti, Komornik and Rodrigues, 2014] the
damped KdV-Burgers equation is considered

Ue(X, t) + Usx (X, t) — Usx(X, t) + Aou(x, t)
+u(x, t)ux(x,t) =0, inIR x (0,+00),

u(x,0) = up(x), inlR,

with \g € L*°(IR), together with its linear version, i.e., without the term u u,.
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Damped KdV-Burgers equation a

In [Cavalcanti, Domingos Cavalcanti, Komornik and Rodrigues, 2014] the
damped KdV-Burgers equation is considered

Ue(X, t) + Usx (X, t) — Usx(X, t) + Aou(x, t)
+u(x, t)ux(x,t) =0, inIR x (0,+00),

u(x,0) = up(x), inlR,
with \g € L*°(IR), together with its linear version, i.e., without the term u u,.
The authors investigated the well-posedness and exponential stability for an

indefinite damping X\o(x), giving exponential decay estimates for |[u(-, t)|2(r) i
Ao satisfies suitable assumptions.
‘E/\jw BROTTHIY -
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KdV-Burgers equations with delay
Here, we deal with the model

Ur(X, t) + U (X, t) — Usx(X, t) + h(x)u(x, t)
FAx)u(x, t —7) + a(u(x, t))ux(x,t) =0, inIR x (0,+00) (P)

u(x,s) = up(x,s), inR x [-7,0],

where 7 > 0 is the time delay, A and h belong to L>°(IR) and satisfy suitable
assumptions,
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KdV-Burgers equations with delay
Here, we deal with the model

Ur(X, t) + U (X, t) — Usx(X, t) + h(x)u(x, t)
FAx)u(x, t —7) + a(u(x, t))ux(x,t) =0, inIR x (0,+00) (P)

u(x,s) = up(x,s), inR x [-7,0],

where 7 > 0 is the time delay, A and h belong to L>°(IR) and satisfy suitable
assumptions,

and its linear version

Up(X, t) + Ussx (X, t) — Usx(x, t)
+hu(x,t) + Au(x,t —7) =0, inIR x (0,400) (L)
u(x,s) = up(x,s), inIR x [-7,0]. @ @ ‘
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Delay effects «

e Delay effects often appear in physical models and practical applications.
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Delay effects a

e Delay effects often appear in physical models and practical applications.

e Time delays can destabilize systems that are, without any time delays,
uniformly asymptotically stable (see [Datko (1988), Datko, Lagnese and Polis
(1986)]).
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Delay effects a

e Delay effects often appear in physical models and practical applications.

e Time delays can destabilize systems that are, without any time delays,
uniformly asymptotically stable (see [Datko (1988), Datko, Lagnese and Polis
(1986)]).

e Nevertheless, appropriate feedback laws may restitute stability properties
(cf. [Nicaise and P., 2006]) as well as appropriate choices of the time delay (cf.
[Gugat, 2010]).
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Delay effects a

e Delay effects often appear in physical models and practical applications.

e Time delays can destabilize systems that are, without any time delays,
uniformly asymptotically stable (see [Datko (1988), Datko, Lagnese and Polis
(1986)]).

e Nevertheless, appropriate feedback laws may restitute stability properties
(cf. [Nicaise and P., 2006]) as well as appropriate choices of the time delay (cf.
[Gugat, 2010]).

e Our aim here is to furnish sufficient conditions on the coefficients A, h in
order to have well-posedness of the models (P) and (L) and exponential decay
estimates.
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Delay effects a

e Delay effects often appear in physical models and practical applications.

e Time delays can destabilize systems that are, without any time delays,
uniformly asymptotically stable (see [Datko (1988), Datko, Lagnese and Polis
(1986)]).

e Nevertheless, appropriate feedback laws may restitute stability properties
(cf. [Nicaise and P., 2006]) as well as appropriate choices of the time delay (cf.
[Gugat, 2010]).

e Our aim here is to furnish sufficient conditions on the coefficients A, h in
order to have well-posedness of the models (P) and (L) and exponential decay
estimates. We emphasize the fact that the results here obtained cannot be
deduced from the general approaches of [Nicaise and P. (2006, 2015)]. Indeed,
the methods there proposed would require a smallness assumption @; _—
on the L>°— norm of the delay feedback coefficient \.
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Linear model: well-posedness

First, we consider the linear model

Ur(x, t) + U (X, t) — Uxx(X, t)
+h(x)u(x, t) + AM(x)u(x,t —7) =0, inIR x (0,+00) (L)
u(x,s) = up(x,s), in R x [-7,0],

and the undelayed version
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Linear model: well-posedness

First, we consider the linear model

Ur(x, t) + U (X, t) — Uxx(X, t)
+h(x)u(x, t) + AM(x)u(x,t —7) =0, inIR x (0,+00) (L)
u(x,s) = up(x,s), in R x [-7,0],

and the undelayed version

{ up(X, 1) + Uex (X, t) — Usx(X, t) + h(x)u(x,t) =0, inIR x (0,4+00) (U)
u(x,0) = up(x), inlR.
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Linear model: well-posedness

First, we consider the linear model

Ur(x, t) + U (X, t) — Uxx(X, t)
+h(x)u(x, t) + AM(x)u(x,t —7) =0, inIR x (0,+00) (L)
u(x,s) = up(x,s), in R x [-7,0],

and the undelayed version
up(X, 1) + Uex (X, t) — Usx(X, t) + h(x)u(x,t) =0, inIR x (0,4+00) (U)
u(x,0) = up(x), inlR.

It is easy to show the following result:

PROPOSITION

If h € L*°(IR), then the operator A, defined by the formula
Apl = —Uyex + Uxx — huon D(A,) := H3(IR) generates a strongly conU@os
semigroup in the Hilbert space H := L?(IR).
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Linear model: well-posedness a

Now, using an iterative procedure (see e.g. [Nicaise and P., 2015]) and
standard semigroup arguments (see e.g. [Pazy, 1983]), we can prove a
well-posedness result for the linear problem with delay (L).
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Linear model: well-posedness a

Now, using an iterative procedure (see e.g. [Nicaise and P., 2015]) and
standard semigroup arguments (see e.g. [Pazy, 1983]), we can prove a
well-posedness result for the linear problem with delay (L).

PROPOSITION
Assume h, A € L*°(IR) and up € C([—T,0]; H). Then, there exists a unique
solution u € C([0, +00); H) of problem (L).

Proof. First, we argue on the interval [0, 7] . Then problem (L) can be regarded
as an inhomogeneous Cauchy problem of the form

{ ur(t) — Apu(t) = go(t), in(0,7)
u(0) = wp,

where go(t) := —Au(t — 7) = —Aup(t — 7), for t € [0, 7] . This problem a}@jj“tga
unique solution u(-) € C([0,7), H). B
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Linear model: well-posedness

Now, consider t € [r,27]. Thus, problem (L) can be rewritten as

{ ue(t) — Apu(t) = gi(t), in (r,27)
u(r) = u(r-),

with gi(t) = —Au(t — 7). We then deduce the existence of a solution
u(-) € C([0,27], H).
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Linear model: well-posedness

Now, consider t € [r,27]. Thus, problem (L) can be rewritten as

{ ue(t) — Apu(t) = gi(t), in (r,27)
u(r) = u(r-),

with gi(t) = —Au(t — 7). We then deduce the existence of a solution
u(-) € C([0,27], H). By iterating this procedure we get a solution
ue C([0,+00),H). O
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Linear model: well-posedness

Now, consider t € [r,27]. Thus, problem (L) can be rewritten as

{ ue(t) — Apu(t) = gi(t), in (r,27)
u(r) = u(r),

with gi(t) = —Au(t — 7). We then deduce the existence of a solution

u(-) € C([0,27], H). By iterating this procedure we get a solution
ue C([0,+00), H). O

Before presenting our exponential decay estimate, assuming A € L>(R), we
introduce the following Lyapunov functionals:
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Energy functionals

E(t) = E(u(t)) = ;/Rlﬂ(x, t)dx+;/tt /R])\(x)\uz(x,s)dxds, (E)

and
E(t) - E(t) + COF(t)v (Ecal)

F(e) = /ti /: /R AG)|i2(x, o) dxdords,

and ¢ is a positive constant to be determined later on.

where
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Damping coefficients «

Under the assumption

h(x) > ag for a.e. x € IR, (H1)

for some positive constant «g, we could easily obtain an exponential decay
estimate when the coefficient of the delay term \(x) satisfies

Moo < g -

Indeed, in this case, one could compensate the delay effect with the
undelayed damping term (cf. [Nicaise and P., 2006]).

e
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Damping coefficients «

Under the assumption

h(x) > ag for a.e. x € IR, (H1)

for some positive constant «g, we could easily obtain an exponential decay
estimate when the coefficient of the delay term \(x) satisfies

Moo < g -

Indeed, in this case, one could compensate the delay effect with the
undelayed damping term (cf. [Nicaise and P., 2006]).

However, we will deal here in a more general setting. For the sake of
clearness, we restrict ourselves to the case of h bounded from below by a

positive constant, i.e. assume (H1), but it may be |\(x)| > h(x) in some part of

the domain. Our results can be extended to the case in which the \g _n:@
coefficient of the undelayed feedback h is also indefinite.
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Assumptions
For our arguments, we will need that the functions h and X satisfy suitable
conditions.
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Assumptions
For our arguments, we will need that the functions h and X satisfy suitable

conditions.
Let us denote for 1 < p < +o0,

Besides
h(x) > ap for a.e. x € IR, (H1)

for some positive constant ag, we assume that there exist a constant « and a
function g € LP(R), for 1 < p < oo, such that

IMx)| < a+g(x) forae. xeR, (H2)

with
g — o 1_719
0<a<ay and ||g|p<< 2 ) .
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Stability result for the linear model G

THEOREM [l.Issa & P., 2025]

Assume that A\, h € L>°(IR) and h satisfies (H1). Moreover, assume that there
exist a positive constant « and a function g € LP(R), for some 1 < p < oo, such
that )\ satisfies (H2). Then, there exists a constant ¢ > 0 such that the solution
u of the problem (L) satisfies the exponential decay estimate

E(t) < C(u°, cp)e ()t
for a suitable constant §1(co) > 0, with

C(v°, o) = 2HU°H2+ J2, Ji MG (x, 5)dxds
—|—c0f ffR\)\ x)|u?(x, 0)dxdods.
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Remarks a

e The KdV-Burgers model with time delay has been previously analyzed in
[Komornik & P., 2020] (linear + nonlinear a(u)ux = uuy).
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Remarks a

e The KdV-Burgers model with time delay has been previously analyzed in
[Komornik & P., 2020] (linear + nonlinear a(u)ux = uuy).

e Note that our above conditions significantly improve upon those in
[Komornik & P., 2020]. Indeed, we assume (H2), which is more general than
the key assumption there:

e" +1
2

IAx)| < a+g(x), fora.e.x € R, (CondKP)

where « is a suitable positive constant and g € LP(R) has to satisfy some
conditions. In particular, our assumption is independent of the time delay,
whereas (CondKP), for fixed damping coefficients, can be regarded as a
smallness restriction on the time delay size.
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Stability result for the linear model «

Proof. For the computations we consider ug € H3, then u € H3. We then
extend the result to every solution in H by density.
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Stability result for the linear model

Proof. For the computations we consider ug € H3, then u € H3. We then
extend the result to every solution in H by density.
By differentiating £(t) we obtain

%= / o) us(®) = hue) = (e =)+ 5 [ A0

/)\]u t—T)dX—Co/ /w (x, s)dxds
t—T7

-H:OT/ |A|u?(x, s)dxds,
R
where we used the equation and the fact that, for u € H3,

/ Ul dx = 0. e
R wsg;‘ssaﬁm @
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Stability result for the linear model «

Then, integrating by parts and using the Cauchy-Schwarz inequality, we
deduce

C:;f(t)§—/Ruf(t)dx—/]Rh(x)uz(t)dx+/]R\)\(x)]u2(t)dx

t
. / / NG| 2(x, 5)dxds + o7 / NG| 62, 5)dxds.
t—7 JIR R
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Stability result for the linear model «

Then, integrating by parts and using the Cauchy-Schwarz inequality, we
deduce

de
% )<_/Rug(tt)dx_/Rh(x)UZ(t)dx+/]R\A(x)yf(t)dx

. /t - /]R NG| 2(x, 5)dxds + o7 /]R NG| 62, 5)dxds.

Recalling (H1) and (H2), we obtain

C:jf( t) < —/Ru)z((t)dx — ao/}R wA(t)dx + (1 + coT)a/]Ruz(t)dx

t
+(1+ ) / g(x)i2(x, t)dxdt — co / / IA[12(x, 5)dxds.
t—7 JIR

R
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Stability result for the linear model
Using Holder inequality we then obtain, for g = -2=

p—1’
d&

7 (0 < =llu(®)]2 = (a0 = (1 + cor)e) [u(t) 3

t
(1 + aon) gl lullZ — oo / /]R NG 6 (x, ) dxcs.
t—T1
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Stability result for the linear model
Using Holder inequality we then obtain, for g = -2=

p—1’
% (1) < (DB ~ (a0 — (1 + 7)) (1)
t
+u+wﬂmuw&—m/‘ﬁQMmfmﬂwx
t—T1
Now, observe that

M@_<ﬁ@mwwy—(éfmwmﬁwgé

= 2 =
< ull3 N[ull & = Null3 [lull&.
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Stability result for the linear model
Using Holder inequality we then obtain, for g = —£5,

p
d€
% (1) < ~llx(DIE ~ (a0 — (1 + @r)a)u(t)
t
(1 + aon) gl lullZ — oo / /]R NG 6 (x, ) dxcs.
t—71
Now, observe that

IR = </]R(”(t”2"dX>; -(/ u2(t)(u(t))ﬁdx)‘1’

2 (2 2 2
<l lullse™ = [lull3 [[ull.

t)|I3

Then, we deduce

(1) < (DB ~ (a0 — (1 + @r)a)u(t)

B
Ht+ el L1 ot~ [ [ e sy D=
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Stability result for the linear model
and so, observing that for all v € H(IR),
VI < 2llviizlivlle,

we have

ﬁkw<—wwuw2 (a0 — (1+ cor)a) (1)1

2p—1
+25(1 + co)lg 1l ” hMb—@/ /LM%XS&$
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Stability result for the linear model
and so, observing that for all v € H(IR),

IvVIZ% < 2[vil2llvll,

we have
de ) ,
E(t)<—Hux(t)Hz—(Oéo—(lJFCOT) o) |u(6)|13
2p—1
1251+ an)lglllull,” luxl — o / / A6 (x, s)dxds

Then, by using the Young inequality, we obtain for every fixed § > 0,
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Stability result for the linear model
and so, observing that for all v € H(IR),

IvIIZe < 2vil2llvll2,
we have
9 0) < @B ~ (a0 — (1 + cor)a) |u(e) B
+2b 0+ an)lelolvla” ucld =0 [ [ PG shonas
Then, by using the Young inequality, we obtain for every fixed § > 0,

d&
= —[lux(B)I5 = (a0 — (1 + cor))[[u(t)13
-1y 2 1 1 2p
(s + onlelluly” )™ (921
+ or +

2p

2p—1
e / / IA|u?(x, s)dxds. e T
t—7 JIR
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Stability result for the linear model
Now, let us fix § such that 4627 = 2p. With this choice we obtain

de
%) <
QRS

(a0~ @+ orla = 22 (2) P14 or) P g F T fu(o)

—co/ /|)\\ s)dxds.
t—7

—1
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Stability result for the linear model
Now, let us fix § such that 4627 = 2p. With this choice we obtain

de
— <
QRS

(a0~ @+ orla = 22 (2) P14 or) P g F T fu(o)

—co/ /|)\\ s)dxds.
t—7

From the assumption (H2), we can deduce that for a sufficiently small ¢, the
following inequalities hold:

—1

0< (14 co7)a < ap,

and

1

=5

ag — (14 co7)a P
lgllp < ( ( )2p> : AL
c(p)(1 + cor)% 1 Disim, Universita delAquila
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Stability result for the linear model

Then,

2p
2p—1

2
a0 — (1+ cor)a - c(p)(1+ cor) @1 g5 * >0,
and so, from previous inequality we obtain

%g(r) < —bo(co)E(t),

with

2p

do(co) = min {2 (ao —(1+ com)ax — c(p)(1 + cor)% ||g||,2,"1> ,2co}
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Stability result for the linear model
Furthermore, we can observe that

E(t) =E(t) + o /t; /st/R\A(x)|u2(x,o)dxdads

< E(t) + or /t i / NG 2(x, ) dxdo

_/ 2(x, t)dx + = 1+2c07)/ /|)\ P (x, o)dxdo

< (14 2co7)E(1).
Thus, we conclude that

SE(0) < 01 (0)

where 61(c) = 15+0(2Cc%)7- Thus, using Gronwall's Lemma and the fact that.

E(t) < &(t), we obtain the exponential decay estimate for E(t) with wk‘\“"“’ﬁ*‘i @
C(UO, CO) _ (C:(O) Disim, UniversitadellAquila




Linear inhomogeneous model G

In order to prove the well-posedness of the nonlinear model (P) we first
consider the corresponding linear inhomogeneous initial value problem

Ur(x, t) + U (X, ) — Usx(X, t) + hu(x, t)
+Au(x,t —7) =f(x,t), inIRx(0,T), (LI

u(x,s) = up(x, s), inR x [-7,0],

forsome T > 0.
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Linear inhomogeneous model G

In order to prove the well-posedness of the nonlinear model (P) we first
consider the corresponding linear inhomogeneous initial value problem

Ur(x, t) + U (X, ) — Usx(X, t) + hu(x, t)
FAu(x,t —7) = f(x,t), inRx(0,T), (LI
u(x,s) = up(x, s), inR x [-7,0],
for some T > 0.

Setting
Ap = =03+ 0% — hl, D(A) = H*(IR),

we can rewrite (LI) in the form

{ ue(x, t) + Au(x, t — 7) = Apu(x, t) + f(x, t), inIR x (0, 7),
U(X7 5) = UO(X7 5)7 in IR x [_T7 0] @m:m @
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Linear inhomogeneous model g

We know that A, generates a strongly continuous semigroup of contractions
in L2(IR) (see [Cavalcanti, Domingos Cavalcanti, Komornik & Rodrigues, 2014]).

Then, for any datum uy € C([—7,0], H) and f € L}(0, T; L?(IR)), problem (LI) has
a unique mild solution v € C([—7, T|; L?(IR)), satisfying the representation
formula
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Linear inhomogeneous model g

We know that A, generates a strongly continuous semigroup of contractions
in L2(IR) (see [Cavalcanti, Domingos Cavalcanti, Komornik & Rodrigues, 2014]).

Then, for any datum uy € C([—7,0], H) and f € L}(0, T; L?(IR)), problem (LI) has

a unique mild solution v € C([—7, T|; L?(IR)), satisfying the representation
formula

u(t) = S(t)uo(0) — /0 S(t—s)\u(s—7)ds

+/0 S(t—s)f(s)ds, tel0,T].
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Linear inhomogeneous model g

We know that A, generates a strongly continuous semigroup of contractions
in L2(IR) (see [Cavalcanti, Domingos Cavalcanti, Komornik & Rodrigues, 2014]).

Then, for any datum uy € C([—7,0], H) and f € L}(0, T; L?(IR)), problem (LI) has
a unique mild solution v € C([—7, T|; L?(IR)), satisfying the representation
formula

u(t) = S(t)uo(0) — /0 S(t—s)\u(s—7)ds

+/0 S(t—s)f(s)ds, tel0,T].

One can show that the mild solution depends continuously on the initial data
and the inhomogeneous term. @:,,‘s.\:srm @
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Linear inhomogeneous model g
PROPOSITION

Let up € C([-7,0], L2(IR)) and f € L}(0, T; L?(IR)), then the solution of problem
(L) satisfies the following estimate:
lu()lcqo, T;2(m)) <
ellMeeT <”U(0)HL2(]R) + 1l o, 72wy + ||)\Hoo/

—T

0

||u(s)|Lz(1R)ds).
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Linear inhomogeneous model a
PROPOSITION

Let up € C([-7,0], L2(IR)) and f € L}(0, T; L?(IR)), then the solution of problem
(L) satisfies the following estimate:

[u(O)l (o, 1:2m)) <
elMlleeT <|U(0)HL2(]R) + 1 fll20, 720wy + ||)‘H°°/

-7

0

||u(s)|Lz(R)ds).

Actually, the solution of (LI) has an additional regularity. Let us introduce the

Banach space
Bt = C([0, T]; L2(IR)) N L3(0, T; HY(IR))

with the norm

uuuuu

-4
.

lullzr = llull o, m;e2wy) + l10xull 20, T:12(R))-
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Linear inhomogeneous model a
PROPOSITION

If up € C([-7,0], L2(IR)) and f € L}(0, T; L>(IR)), then the solution of problem
(LI) belongs to B+ and satisfies the estimate

lullsr < Cr {{[u(0)| 20y + [IFll 10,7 2(m))
+ (IAlloe 72 4+ INIZ2) Hellizg-r 02wy § -

_ /3 2 Moo TN Y2 (1N loot[1Alloo) T
Cr— \g (1 te ) e .

with
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Linear inhomogeneous model a
PROPOSITION

If up € C([-7,0], L2(IR)) and f € L}(0, T; L>(IR)), then the solution of problem
(LI) belongs to B+ and satisfies the estimate

lullsr < Cr {{[u(0)| 20y + [IFll 10,7 2(m))
(H)\Hoon + INIA2) ol ootz }

_ /3 2 Moo TN Y2 (1N loot[1Alloo) T
Cr— \g (1 te ) e .

Moreover, for all t € [0, T] the following identity holds:

2Hu(t)” 2(R) +f0 ||uxH ds+f0 f]R hu?(s) dx ds

with

+ Jo S Au(s = T)u(s) dx ds = 3| u(0) oy + Jo Jiw Fx, $)u(s) d o = Q=
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The nonlinear model: well-posedness a

Now, we consider the nonlinear model (P) and let vy € C([—7,0]; L>(IR)).
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The nonlinear model: well-posedness G

Now, we consider the nonlinear model (P) and let vy € C([—7,0]; L>(IR)).

Then, by a mild solution of (P) we mean a function v € By, T > 0, which
satisfies

u(t) = S(¢)uo(0) —/0 S(t — $)Au(s — ) ds

—/ S(t — s)a(u(s))du(s) ds, te [0, T].
0

By a global mild solution of (P) we mean a function v : [0, +00) — H(IR) whose
restriction to every bounded interval [0, T] is a mild solution of (P).

w BT e
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The nonlinear model: well-posedness G

Now, we consider the nonlinear model (P) and let vy € C([—7,0]; L>(IR)).

Then, by a mild solution of (P) we mean a function v € By, T > 0, which
satisfies

u(t) = S(¢)uo(0) —/0 S(t — $)Au(s — ) ds

—/ S(t — s)a(u(s))du(s) ds, te [0, T].
0

By a global mild solution of (P) we mean a function v : [0, +00) — H(IR) whose
restriction to every bounded interval [0, T] is a mild solution of (P).

We can prove a well-posedness result under appropriate conditions on the
nonlinear term a(u)uy, i.e., on the function a(-).
@s;ssr-ﬁm @
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Preliminary estimates a

[Gallego & Pazoto (2019)]
e Let a € CO(R) be a function satisfying

a€)l < C(1+§7), VEER,

with 0 < r < 2. Then, there exists a positive constant C such that forany T > 0
and u, v € By, we have

r 2—r 1
la(u)vll 10, 7;02(my) < 22CT % ||ull, [[viB, + CT2|[v]5;
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Preliminary estimates a

[Gallego & Pazoto (2019)]
e Let a € CO(R) be a function satisfying

a€)l < C(1+§7), VEER,

with 0 < r < 2. Then, there exists a positive constant C such that forany T > 0
and u, v € By, we have

r 2—r 1
la(u)vll 10, 7;02(my) < 22CT % ||ull, [[viB, + CT2|[v]5;

e Let a € C}(R) is a function satisfying

a(€) < C(1+1¢") and [d()I<C(A+[EY), VEER,
e
with 1 < r < 2, then W @
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Preliminary estimates a

the map M : Bt — L0, T; L2(R)) defined by Mu := a(u)uy is locally Lipschitz
continuous and we have,
[Mu = Mvl|10,7;02(r))
1 L 42—r r r— r 1
< (V2T |ulls, +2: 724 (Jluls, + lulls, IvIE" + IvIE, ) + T#) x
XHU—VHBT, VuveBr.
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Preliminary estimates a

the map M : Bt — L0, T; L2(R)) defined by Mu := a(u)uy is locally Lipschitz
continuous and we have,
[Mu = Mvl|10,7;02(r))
1 z —r r r— r 1
< (V2T |ulls, +2: 724 (Jluls, + lulls, IvIE" + IvIE, ) + T#) x
><||u—VHBT, YuveDBrT.

Under the above assumptions on the nonlinearity a(v) and assumptions
(H1)-(H2) on the feedback coefficients we are able to prove well-posedness and
stability for our problem (P).

,/\1
e -
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The nonlinear model: local well-posedness

THEOREM [I. Issa & P., 2025]
Let a € C}(R) be a function satisfying
(I < CA+g7) and [F(I<C(1+[e7h), VEER,

with 1 < r < 2. Let h, A € L>°(R) and up € C([—-7,0]; L?(R)). Then, the problem
(P) has a unique mild solution on [0, T) for some T > 0. Moreovetr,
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The nonlinear model: local well-posedness

THEOREM [I. Issa & P., 2025]
Let a € C}(R) be a function satisfying
(I < CA+g7) and [F(I<C(1+[e7h), VEER,

with 1 < r < 2. Let h, A € L>°(R) and up € C([—-7,0]; L?(R)). Then, the problem
(P) has a unique mild solution on [0, T) for some T > 0. Moreovetr,

\|2+2/ Hux szs—i—2// 2(x, s)dxds

M(X)u(x,s — T)u(x, s)dxds = ||ug|l3, Vtelo,T).
o Jr

Proof. Banach fixed point Theorem and multiplier identities.
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The nonlinear model: global well-posedness a

In order to prove that the solution is global we need to show that its norm
remains bounded in the existence time interval.
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The nonlinear model: global well-posedness a

In order to prove that the solution is global we need to show that its norm
remains bounded in the existence time interval.

For this purpose, we consider the functional £(-) previously defined. By
differentiating, with similar computations as before, assuming (H1) and (H2),

we obtain
d&é

E(t) <0.

W @
| BRSO e
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The nonlinear model: global well-posedness a

In order to prove that the solution is global we need to show that its norm
remains bounded in the existence time interval.

For this purpose, we consider the functional £(-) previously defined. By
differentiating, with similar computations as before, assuming (H1) and (H2),

we obtain
d&é

E(t) <0.

This ensures that |[u(t)||2(r) remains bounded for t € [0, T].

,/\1
e -
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The nonlinear model: global well-posedness a

In order to prove that the solution is global we need to show that its norm
remains bounded in the existence time interval.

For this purpose, we consider the functional £(-) previously defined. By
differentiating, with similar computations as before, assuming (H1) and (H2),
we obtain

d&
<0.
S (=0

This ensures that |[u(t)||2(r) remains bounded for t € [0, T].
From previous identity

]2-1-2/ llux(s ||2ds+2// 2(x, s)dxds

/ A(x)u(x,s — T)u(x, s)dxds = ||uo||3, Vtelo,T),

o Jr -
_ @;

we then deduce that ||u||z, remains bounded for t € [0, T]. D, Universic delfAqu



The nonlinear model: stability «

Therefore, the local solution v obtained with the point fix argument can be
extended on [—7, +0c) under the assumptions (H1) and (H2) on the damping
coefficients h, \.

THEOREM [I. Issa & P., 2025]

Let h, A € L°(R) and ug € C([—T,0]; L2(R)) such that h satisfies (H1) and A
satisfies (H2). Let a € C1(R) be a function satisfying
a(€) < C(L+¢)") and |d(€) < C(L+E7h), VEER,

with 1 < r < 2. Then, the model (P) is exponentially stable. In particular, the
solution v satisfies the following estimation

E(t) < C(u cp)e 1@t
for a suitable constant 41 (¢) and

C(uo CO) 2”“0“2 2 f fR |)‘ ’U X, S)dXdS @Eiﬁi'\iﬁfﬁ @,
+cof f fR\)\ x)|u?(x, 0)dxdods.
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The nonlinear model: stability a

e The proof is obtained analogously to the one of the linear case, by using the
Lyapunov functional £(-).
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The nonlinear model: stability a

e The proof is obtained analogously to the one of the linear case, by using the
Lyapunov functional £(-).

e If hand X are constant with |A| < h, then the preceding theorem ensures the

exponential stability, according to the feedback strategy introduced in [Nicaise
and P., 2006] for wave equations.

The same remark applies if A\, h € L>°(IR) with h satisfying (H1), and ||\« < ao.

.
i) -
\ DELLAQ ==
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Sign-changing undelayed damping @
We can also consider a broader framework for the damping coefficient,
permitting it to change sign.
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Sign-changing undelayed damping @
We can also consider a broader framework for the damping coefficient,
permitting it to change sign.

First, we assume that there exist a positive constant ap > 0 and a function
g1 € LP(R) for 1 < p < oo, such that

h(x) > ap — gi(x) fora.e xeR,
where the function g; satisfies

Qg 1=
leill, < () |
c(p)

with ¢(p) defined as above, i.e.,
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Sign-changing undelayed damping g
We can also consider a broader framework for the damping coefficient,
permitting it to change sign.
First, we assume that there exist a positive constant ap > 0 and a function
g1 € LP(R) for 1 < p < oo, such that
h(x) > ap — g1(x) fora.e xeR,

where the function g; satisfies
1

™ ( a0 )
gillp < | /= ,
P~ \c(p)

with ¢(p) defined as above, i.e.,

c(p) = (1~ 21,3) (i) =3

Moreover, we assume that the function X satisfies the following

‘,/\1‘ bnrem: -
IMX)| < a+g(x) forae. xeR, & @
Disim, Universita dell’Aquila

for some constant a and some function g € LP(R) such that



Sign-changing undelayed damping

IMx)| < a+g(x) forae. xeR,

for some constant e and some function g € LP(R) such that

17
g — 2p
0<a<a and ||g+g1p<( 0 ) :
c(p)
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Sign-changing undelayed damping

M) < a+g(x) forae. xeR,

for some constant o« and some function g € LP(R) such that

1—2L
g — 2p

0<a<a and Hg+g1p<< 0 > :
c(p)

e Also in this case, we can obtain exponential stability without any restrictions
on the time delay size.

e In both cases, some explicit values of the decay rates in terms of the
problem’s parameters can be obtained.
@Ex‘:‘i‘ﬁ-\iﬁ @
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Further extensions and recent results «

Possible extensions:

e Time variable time delay, in particular with 7(t) just continuous (ongoing
work with I. Issa);

Disim, Universita dell’Aquila



Further extensions and recent results «

Possible extensions:

e Time variable time delay, in particular with 7(t) just continuous (ongoing
work with I. Issa);

e More general nonlinearities a(u)uy;
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Further extensions and recent results «

Possible extensions:

e Time variable time delay, in particular with 7(t) just continuous (ongoing
work with I. Issa);

e More general nonlinearities a(u)uy;

e Time delay in the nonlinear term a(u(t — 7))ux(t) or simply u(t — 7)ux(t) (cf.
[W. Liu, 2002] for Burgers equation, small time delays).

w BT e
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Further extensions and recent results a

Possible extensions:

e Time variable time delay, in particular with 7(t) just continuous (ongoing
work with I. Issa);

e More general nonlinearities a(u)uy;

e Time delay in the nonlinear term a(u(t — 7))ux(t) or simply u(t — 7)ux(t) (cf.
[W. Liu, 2002] for Burgers equation, small time delays).

Some recent results:

e Stabilization for higher-order dispersive systems [Capistrano-Filho, Gallego &
Komornik, 2023];

e Boundary stabilization of delayed KdV-B in bounded domain (stochastic
delay impulsive in [Liang, Xue & Wu, 2025], nonlinear boundary control in

[Cheng, Wu, Wu & Guo, 2025]). @;ﬁ.‘::\g :M
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Thank you for your attention!



