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Controlled wave equation

Let Q C R™ and divide its boundary in two parts: 9 =T UT;. We
consider the linear (non homogeneous) wave equation

up(t,x) — Au(t,z) =0 t>0, x€Q

u(t,z) = v(t, z) t>0, zeTly (1)
u(t,z) =0 t>0, zely

w(0,7) = u'(z), w(0,2) =ul(x) x €.

Given T > 0 equation (1) is exactly controllable in time T if for each
0
initial data (Zl) € H = L*() x H~1(Q) there exists a function

v e L2((0,T) x Ty), called control, such that the corresponding
solution of (1) verifies

w(T,z) =u(T,z) =0 (x € Q). (2)
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Variational characterization

The function v € L?((0,T) x I'y) is a control which drives to zero the
solution of (1) in time 7" if and only if, the following relation holds

//FO tsa—gots)dsdt
= (L, 9(0)) 1.1 — / ()70, 2)dz, (3)

((u®u1),(¢(0),#4(0))) p

0
for every gl € HE(2) x L?(Q2), where (gf) is the solution of the
t
following adjoint backward problem

(ptt(ta'r)_A(p(tax):O t>0, <R Y)
o(t,z) =0 t>0, ze€d (4)
QD(Tv :L') = <,00($), (pt(Tv :L’) = 301(‘r) z € Q.
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Variational characterization

Relation (3) may be seen as an optimality condition for the critical
points of the functional J : H}(Q) x L?(Q) — R,

1 T
J(soo,sol):§/ /
0 JIg

where ¢ is the solution of (4). We have:

Let (u®,u') € L?(Q) x H=Y(Q) and suppose that
50

gl € Hi(Q2) x L3() is a minimizer of J. If ¢ is the

dsdt — <(UO,U1)  ((0), 9975(0)»13 )
(5)

dyp
E(tﬂ S)

-0
corresponding solution of (4) with initial data <§1) then

To

0
is a control which leads <Zl> to zero in time T'.
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Variational characterization: inverse inequality

The functional J has a unique minimizer in HJ () x L?(Q) if it is
coercive, i.e. there exits a positive constant C' > 0 such that the

following inequality holds
0
dsd,t >C H <\p1)
®

I,

0
for every <gl) € HE(2) x L?(2), where (j) is the solution of (4).

2
d¢

f s
01/

(7)

H}lxL?

t

Methods to prove (7):
m Multipliers
m Carleman inequalities
m Spectral methods: 1-D, n-D (Special Geometries)
We can address (7) or we can go back to the variational equality

and show that it holds for the eigenvectors of the corresponding
differential operator (problem of moments).
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Geometric condition
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Figure: Geometric condition for the control region.

A necessary and sufficient condition is that the region of control must
meet every ray of geometric optics in a nondiffractive point in time 7.

C. Bardos, G. Lebeau, and J. Rauch: Sharp Sufficient Conditions for the
Observation, Control, and Stabilization of Waves from the Boundary, SIAM
J. Cont. Opt., 30 (1992), pp. 1024-1065.
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Particular case: Spectral analysis

Q= (0,a) x (0,b) C R?
MN=TgUl1, To={(a,y)|0<y <bIU{(z,0)|0<x<a}.

= Eigenvalues of the differential operator: (iA%,) (. n)en=xn«,
where
m2  n2
P

— 4+ —.
mn a2 b2

m Eigenfunctions of the differential operator: ((I)?r::,n)(m,n)EN*X N
form an orthonormal basis in H}(Q2) x L*(Q), where

1
wh = vE( T Ysin (M2 sin (M)
- a
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Particular case

The controllability of the wave equation is equivalent to solve the
following moment problem:

/ / Nint sin (”—Z‘y) ol (t, y)dydt
/ / Fnt sin (?) V3 (t,x)dedt =, (8)

+ are, essentially, the Fourier coefficients of the initial data.

where ar

A solution (v!,v?) of the moment problem is constructed by means of

. . it
two biorthogonal sequences to the family (c”‘mn") .
m,n)EN* xN*
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Biorthogonal sequence

Let m € N* be fixed. The sequence (Hili,l)neN* el?*(-2,0)is
(1, m)-biorthogonal to the family (e”‘rinnt) . in L? (—
neN*

77) if
% r
-
/ 01 (e~ Pmatdt = §,,, /
T
-2

2 .

) OLF (t)e~Pmatdt =0 (n,q € N*)
2
Let n € N* be fixed. The sequence (

0% ) men € L2 (=3, 3) is
(2, n)-biorthogonal to the family (e”‘fmt) in L? (—%, %) if
meN*
T
2

T
[ e b =g, |

" 62T (t)ePmtdt =0 (m,p € NY)
T
2
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If (0,17#)”61\]* is (1, m)-biorthogonal to the family (e”‘:ﬁnt) and

neN*
t) in
meN*
5 5) then a “formal” solution of the moment problem is given
1

L2 (-%
() - (SR ) o

m=1"m

(0% )meN* is (2,n)-biorthogonal to the family (ei)‘in

vh(t) = Nf;,lefnﬂ; < 5 ) (n € N¥)

m> 2L T (9)
B0 = Y aaih (5 1) mew),

n> -m

The control v!(t,y) is in charge of the frequencies (m,n) with m > ¢n
and left untouched the rest of the frequencies. Similarly, The control
v2(t, ) is in charge of the frequencies (m,n) with n > gm and left

untouched the rest of the frequencies. In the end, the entire spectrum
is controlled!

Sorin Micu



Main problems

m the existence of the biorthogonal sequences (A1) and (02%)
to the family (ei’\vinnt)(m’n) in L2 (_Z I)

m evaluation of the norms of (Hli )n and (92i )m

mn mn
This estimates are needed to show the convergence of the series in (9)
and to have a bound of the norms of v} and vZ,.

S. M., L. Teresa, Asymptotic Analysis, 2010

S

1605 Ml 20,7y < C (m e N*, n> Em)’

" a
||9z1in||L2(o,T) <C (neN*, m> En).
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A few comments

m The asymptotic gap is uniform 7, for each family (/\,jfm)neN* and
each m € N.

= At the beginning of the sequence (Af), .- the gap depends of
m, being of order L.

m The gap becomes uniform on m if we consider n > m.
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A few comments

m H.O. Fattorini: Estimates for sequences biorthogonal to certain

exponentials and boundary control of the wave equation, in: New
Trends in Systems Analysis, 1977, 111-124.

m A. Haraux: A generalized internal control for the wave equation in a

rectangle, Journal of Mathematical Analysis and Applications, 153(1)
(1990), 190-216.

T 2
z + _int + |2
. Z amnez mnt dt > Cew™ Z |amn’
~ 2 |neN* neN*
T 2
3 ) .
/ (szmfi"x'i'rl”ft dt > Ce®™ Z !af[nnf +C’ Z ‘afm!Z .
T
~ 2 [neN* n<%m nzgm
b
H971"nin||§12(—%7%) < Ce*™ (TLGN*), ||‘97]7§1Hi2(_§%> <’ (TLZ gm).
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A constructive way to obtain a biorthgonal sequence

m R.E.A.C. Paley and N.Wiener: Fourier Transforms in Complex
Domains, AMS Colloqg. Publ., Vol. 19, Amer. Math. Soc., New York,

1934.
m (UE,) (m.n)en- xn- entire functions.
Hio |UE,(2)| < AeZ !,
H2 > Wi, € L2(R),
U (Mhg) = 0ng Wiy (Amg) = 0
H3p { omnioma mn 4
{ Vonn (Amg) = 0ng Wonn (Amg) =0

Paley—Wiener Theorem

T
T T 3 4
Hrzg:zn L? ( bR 2) such that \I/in(z) = 97:5”( )e—zzt dt.
T
)

Plancherel’s Theorem

.
2

[ leof a= - [ |us,@f
,% R
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Finite differences for the 2-D wave equation

Let J,K € N*, by = 5%, hy = 25 and 25, = (jha, kha),

Ogng—&-l,ngSK—kl,a:%isuniformlybounded,
T} ={(0,khy) |0 <k < K +1}U{(jh1,0)|0<j < J+1},
T = {(a,kh2) [0 <k < K+ 1} U{(jh1,0) |0 <j < T+ 1}

" (t) _ v () =2uie (O Fui k() w0 =2u5k (B)tuge_a (B _ 0

Upr h2 h2
t>0,1<j<J 1<k<K

ujk(t):() te(0,7), (j?k)e:[‘}b

wr k() = v (1) te(0,7), (j,k) T

wj 41 (t) = 02 (1) te(0,7), (j.k) €T

ujr(0) = uly, wy(0)=uj, 1<j<J 1<k<K.

(10)
Discrete controllability problem: Given 7' > 0 and

0
@1) = (ulp, ujp1<j<s1<k<x € C*5, there exists a control
function v, = (v!,v?) € L? (0,T; C/*X) such that the corresponding

solution (ujk), < < ; 1<p<r Of (10) verifies

ujr(T) = ujy,(T) = 0 1<j<J1<k<K) (11)

Sorin Micu



Numerical Approximations
R. Glowinski and J.L. Lions: Ezact and approzimate controllability for
distributed parameter systems, Acta Numerica, 4 (1995), pp 159-328.

Fig. 4. 2'(21, 5).

X

Fig. . iz, 5

Figure: Initial data
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Numerical Approximations

x;

Fig. 48. Variations of f%(z1,.5) (——) and f2(z1..5) (-+-- ) (k= 1/32) Fig. 49. Variations of f}(z1,.5) (——) and f1(z1..5) (-----") (h = 1/32).

x) x
Fig. 50. Variations of f(z1,.5) ( ) and f9(z,-5) ( ) (h =1/64) Fig. 51. Variations of f'(z1,.5) (——) and f}(1,-5) (-+----) (h = 1/64)
Figure: Approximations of the control with h = ﬁ and &
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Control of the projection of the solution

E. Zuazua, J. Math. Pures et Appl., 1999

m The constants on the boundary observability inequality blow-up
as the mesh-size tends to zero.
This is do to the largest eigenvalues of the corresponding adjoint
system which are very different from the continuous ones
(numerical spurious high eigenfrequencies).

m We recuperate the uniform observability inequality if we consider
only the projections of the solutions over the space generated by
the low frequencies:

Amax{hi, ha} <26, &€ (0,1).

This is equivalent to the uniform controllability of the projection
of the solution over this space.
The aim of this work is to show that we can guarantee the uniform
controllability of the entire solution by filtering the high frequencies of
the initial data only.
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Numerical Simulations

U. Biccari, A. Marica, E. Zuazua: : Propagation of One- and
Two-Dimensional Discrete Waves Under Finite Difference Approximation,
Foundations of Computational Mathematics, 20 (2020), pp. 1401-1438.

Fig. 16 Numerical solutions with initial datum (3.14) and parameters (x0. y0. §0. 70) = (1,0, /2, 7).
The discretization is done on a uniform mesh (left) and on a non-uniform one obtained through the mesh
function g (right). The time horizon is 7 = 10's in both cases (Color figure online)

Fig. 17 Numerical solutions with initial datum (3.14) and parameters (xo. yo. £0. 70) = (0, 0, 7z, 7v). The
discretization is done on a uniform mesh (left) and on a non-uniform one obtained through the mesh function
g (right). The time horizon is 77 = 10 s in both cases (Color figure online)




Spectral analysis

The eigenvalues are given by the family (i\f, (h1,h2))1<m<s, where
1Zn<K

4 mmh 4 nwh
+ _ a2 1 A2 2
An(h1, he) = i\/h% sin ( 5 ) + 7 sin ( 5 ), (12)

and the corresponding eigenvectors are

1
OE, (1, hy) = V2 ( Rl ) ) (sin (mrphy ) sin (n7rhs)) o< pe

12r<K
(13)
Moreover, the vectors (®;, (hi,hs))1<p<, form an orthonormal basis
in C2/K, o
We denote by
Ym(h) = (sin (mﬂph))gng :
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A few comments

Ao, Ry, Rz

Ao, Cha, 2D

m The family (A%, (h1,h2)),<, <, does not have uniform gap with
respect to hy: the last eigenvalues are at distance h;.
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Moment problem for the discrete problem

Given T > 0, system (10) is null-controllable in time T if, and only if,
0
for any initial data ( gl > € C*7K of the form

< g(l) > = Z ain(hl’hQ)(I)T:ELn(hlahQ)a (14)

1<m<J
1<n<K

1
there exists vy, = ( 2}2‘ ) € L? (O,T; CJ+K), such that, for each
h

1<m< J, 1<n<K, we have

/0 (v (£), ¥n(h2)) + (V7 (t), Ym(ha))) Amntdt = &t (hi,he). (15)
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Discrete control

K

Z (t)m(h1) and 6 € (0,1).

J
Let v} (¢ Z ) (ha), vi(t
1+ t
If (6} )IS <k b is (1,m)- blorthogonal to the family (e mn )1<n§K
and (6 mj;) 1<m ; is (2,n)-biorthogonal to the family (e mnt>1gng
in L2 (-%£,1) then a “formal” solution is:

T
ok 02 ( —t) if n<d(J+1)

: m n-mn 2

1
vn(t) = n<m<s(J+1)
0 it n>d(J+1),

T .
Z mnerlri <2 - t) if m< 0(K+ 1)

0,2 —
Um(t) - L m<n<s(K+1)
0 if m>06(K+1).

We need to construct and evaluate the biorthogonal sequences!
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The biorthogonal sequences

Theorem

Letn,0 € (0,1) and T} > w%eo + (14_% V);’;ngl There exist hi, hy > 0
2

and two constants C, p1 > 0 such that, for every hy € (0,h}),

ha € (0,h%) and 1 < m < J, a (1,m)-biorthogonal sequence

(65E) to the family of exponential functions (ei ’\iqt) in
1<g<K

L? (—%, %) can be constructed with the property that for any
sequence of scalars (a;)1<n<x C C the following inequality holds:

1<n<K

2

iali <Cles™™ N jaE? (16)
L2(-3,%3) 1<n<tm
+ > P+ N el
2 m<n<§(K+1) S(K+1)<n<K
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The biorthogonal sequences

Theorem
Letn,8 € (0,1) and Ty > 7%eo + ﬁ%. There exist

1%, h3* > 0 and two constants C, pa > 0 such that for every
h1 € (0,h7*), ha € (0,h3*) and 1 < n < K a (2,n)-biorthogonal

sequence (93,?;)1 <m<J to the family of exponential functions

(ei Apint) ; in L? (—%, %) can be constructed with the property
1<p<

that for any sequence of scalars (a;f)1<m<s C C the following
inequality holds:

2

J

> abei < C |et™n aE> (17)
m=1 L2(7%7%) 1<m<4Zn
LD D A eh oD W

2 p<m<§(J+1) §(J+1)<m<J
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The biorthogonal sequences

In particular we have that

il mmy e (mmsn<suen),  as)

1025 o me 2y <€ (Fn<m<o+1). (19)
iz (—,2) b
Recall that we construct controls with precisely these biorthogonal

terms:

T T ) .
E at 0%t (= —t if n<d(J+1)
HOE o \2
n 2Zn<m<s(J+1)

0 if n>6(J+1),

T
> at gkt < —t> if m<d(K+1)

P B “mnYmn | o
Im(t) - Lm<n<s(K+1)
0 if m>06(K+1).
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The construction of the biorthogonal sequences

m A Weierstrass Product:

Pl’i(z): H Z_/\rjrzlq H Z_)‘%q (1<n<K)
mn Nin — Mg An — Mg -
1<q<K 1<g<K

q#n

oxp (G2 +mhor(@) - (jo] < 7 sin=g)

1
PLE@) <Cq 1 h%sin%hl < |z| < \/hi% sin? m’;hl + hi%)

exp (p2(2)) <|x| > \/hi% sin? mghl =+ hi%) 7

where
4 ., mmh
2 2

p1(x) =4/ — sin —
hi

2 ho 4 ., mrh h2  hZ ., mrmh
¢2(m)_mln<2\/x2—h%sm2 5 +\/:c242—h§sm2 5 -1].
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The construction of the biorthogonal sequences

m The multipliers:

P. Lissy, I. Roventa, Math. Comp., 2019

exp(—¢a(z)  (lal 2 |/ sin® 25 + %)

4 i 2 mmhy 4
C (|m| < \/Ff sin® M + h?)

S. Micu, L. Teresa, Asymptotic Analysis, 2010

" N exp (—%(%f + 7r)<p1(x)) |z| < l sin 72
|Gmn(x_)‘mn)| < A
C || > —sm mEsL
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The construction of the biorthogonal sequences

m The entire function

. _ A:t
B 2) = PAE M — NG = A T )
€E(Z — Amn

m Th. Paley-Wienner = (61.%), = (‘Tfl‘i)n biorthogonal

mn mn
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Uniform boundedness of the sequence of controls

Theorem

Let §,n € (0,1), hY = min{h}, hi*}, hY = min{h}, h3*} and

T = max{Ty,T>}, where (hi, h3,T1) and (hi*, hs*, T5) are given by
Theorem 3 and Theorem 4, respectively. There exists a constant

C > 0 such that for any hy € (0,h9), ha € (0,h3) and each initial data

UO
< Ul ) € C?'K of the form

U° Z
( Ul ) = ain(hl,hQ)(I)in(hlghQ); (20)
1<m<8(J+1)
1Zn<6(K+1)

there exists a control v, € L* (0,T; C7T5) of (10) such that

UO
[vnll 20 7ica+xy < oH( e )

0,—1
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Uniform boundedness of the sequence of controls

Theorem

Let 6,m € (0,1), h9 = min{h}, h*}, h = min{h3, h3*} and

T = max{T,To}, where (hi, h’,T1) and (hi*, h3*,Ts) are given by
Theorem & and Theorem 4, respectively. There exists a constant

C > 0 such that for any hy € (0,hY), hy € (0,h3) and each initial data

0
( gl ) € C*K given by (14) where the Fourier coefficients verify

Z( n R )|a (h1,h2)|” < C, (22)

1<m<J
1Zn<K

there exists a control v, € L* (0,T; C7+K) of (10) such that

||Uh||L2(0,T;CJ+K) <C. (23)
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About the filtration

Let us consider the discretization by points of the initial data

uO
( ul ) € H?(0,1) N HE(0,1) x H}(0,1):

U u(jh)1<j<n
= = 24
( Ul ) ( ul(]h)lgjgN ) ( )
For i € {0,1} and some 7 > 0, let U(t) be the solution of the system

(25)

(UY () + hLyUit) =0  (t € (0,7))
Ui0) = U,

where Lj, is the finite differences discrete Laplace operator.

We can use instead of ( U(l) ) the initial data < g’(’)(T) ) , which

v Uy(T)
verifies the conditions from the previous theorem. Indeed, the new
data have almost the same low modes as the initial ones, but the high
modes have negative exponential weights.
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Numerical experiments

/ :

Figure: Approximations of the position with three values of h € {1, 55, 55
without filtration.
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Numerical experiments

/ .
nA\,VW/ \,W

Figure: Approximations of the position with three values of h € {1, 55, 55
without filtration.

Figure: Approximations of the position with three values of h € {Tlav é, é}
with filtration § = %
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Numerical experiments

h 1/16 | 1/32 | 1/64 1/128 1/256
without f. 40 97 517 | Non-convergence | Non-convergence
with f. 36 53 136 12 10

Table: Number of iterations needed for convergence, for different values of
h, for the Numerical experiment.

h 1716 | 1/32 | 1/64 1/128 1/256
without f. | 8.1003 | 8.1753 | 8.5012 | Non-convergence | Non-convergence
with f. 8.1025 | 8.0955 | 8.0923 8.0920 8.0921

Table: The L?—norm of the control, for different values of h, for the
Numerical experiment.
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Other remedies for high frequency pathologies

m Tychonoff regularization
R. Glowinski, C. H. Li, and J.-L. Lions: A numerical approach to
the exact boundary controllability of the wave equation (I).
Dirichlet controls: Description of the numerical methods. Japan

J. Appl. Math., 7 (1990), 1-76.

m Two-grid algorithm
R. Glowinski and C. H. Li Glowinski: On the numerical
implementation of the Hilbert uniqueness method for the exact
boundary controllability of the wave equation, C. R. Acad. Sci.
Paris Sr. T Math., 311 (1990), 135-142.
E. Zuazua, L. Ignat: Convergence of a two-grid algorithm for the
control of the wave equation, Journal of the European

Mathematical Society 11 (2009), 351-391.

m Mixed finite elements
C. Castro, S. M., A Munch: Numerical approzimation of the
boundary control for the wave equation with mized finite elements
in a square, IMA Journal of Numerical Analysis 28 (2008),
186-214.
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Space-time finite elements

N. Cindea, A. Miinch: A mized formulation for the direct
approzimation of the control of minimal -norm for linear type
wave equations, Calcolo 52 (3) (2015), 245-288.

E. Burman, A. Feizmohammadi, A. Miinch, L. Oksanen:
Spacetime finite element methods for control problems subject to
the wave equation, ESAIM: Control, Optimisation and Calculus
of Variations 29 (2023).

Huygens’ Principle

C. Rosier, L. Rosier: Numerical control of the wave equation and
Huygens’ Principle, MATH. REPORTS 24(74), 1-2 (2022),
319338.

Russell’s Method

N. Cindea, S Micu, M Tucsnak: An approximation method for
exact controls of vibrating systems, SICON 49 (3) (2011),
1283-1305.

HANDBOOK OF NUMERICAL ANALYSIS, VOLUME 24,

NUMERICAL CONTROL: PART A, B, Ed. E. Trélat and E.
Zuazua, North-Holland, 2023.
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