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Introduction

Controllability of one-dimensional wave equations with variable
coefficients :

(a(s)ys)s + b(s)ys + c(s)y — p(s)yee =0 s€(0,1), te (0, T)
y(0,t) =0 te(0,7)
y(1,t) = u(t) te(0,7)
Y(Sao) = yo(s)v yr(svo) = yl(s) se (071)

where T > 0, (y°,y1) € H3(0,1) x L?(0,1) are the initial data and v is
the control.
Function assumptions :

a,p € CH[0,1]), b€ C°([0,1]) and c € L}(0,1)
a(s) > 0 and p(s) > 0 for all s € [0, 1]
c(s) <0 forse|0,1]
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Introduction

Rail road on ballast

(a(s)}/s)s + b(s))/s + C(S)y - P(S)Ytt =0
a longitudinal or flexural rigidity, ¢ ballast seen as a continuous spring, p
mass per unit length of the rail, b friction/damping effect of ballast.
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Introduction

cable car with internal friction

(a(s)}/s)s + b(s))/s + C(S)y - P(s))’tt =0
a constant tension of the cable, b viscous damping in the cable, p linear
density
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Introduction

e [d'Andréa Novel, Coron, 2000], [Wijnand, d'Andréa Novel, Rosier,
2021] Controllability in the context of a flexible cable via
backstepping method, physical constraints, numerical simulation

@ [Anfinsen, Aamo, 2018], [Coron, Vazquez, Krstic, Bastin, 2013]
backstepping method

@ Numerical control : high frequency spurious numerical waves,
various remedies [Glowinski, Li, Lions, 1990], [Ervedoza, Zuazua,
2012], [Castro, Micu, Miinch, 2008], [Miinch, Trélat, 2022]
Inconveniences : delicate choice of parameter, adjoint problem
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Transformation to a finite-time stable system

(a(s)}’S)s + b(s)ys + c(s)y — p(s)yw =0 Zie — )\(x)2zXX =0
y(0,t) =0 ¢ 5 2(0,t) =0
y(1,t) = u(t) 2(1,t) = u(t)

¥(5,0) =y°(s),  ye(s,0) = y'(s) 2(x,0) = 2°(x), z(x,0) = z(x)

1 ze — A(x)z«

YT AR (zt + A(X)ZJ

g

() mee(3 e} e
a(0,t) = —B(0, ), oo
1

S0 =0, 7= w7 K Owle, 1) o
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Transformation to a finite-time stable system

K"(x,&), K"(x,&), K"(x,&) and K¥(x,&) solves a Goursat system on
the triangular domain 7 := {(x,{) : 0 < ¢ < x < 1}

(x) €) K+ XK =0 (x,) €
()KL = MEKE — N(E)K™ — A’f’K"":o (x,€)
AX)KL — MOKE — N(E)K™ — YK =0 (x,€) €
(x) ( )KWH'(&)KWH'& K“=0 (x¢)e

)R + N
(

K" (x,0) = —K*(x,0),
Koo x) = 03
K (xX) = =353
K" (x,0) = —K"¥(x,0)
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Transformation to a finite-time stable system

Proposition ( )

The target system admits a unique solution v € C° ([0, T], L*(0,1))
globally stable in finite time by setting the time tr := fol ﬁdx.
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Finite-time stabilisation of the wave equation
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Finite-time stabilisation of the wave equation

Al 0 -1 0 0o -1
Y= ( o( ) A(x)) Txs = A(x) ( 0 ) wy + N (x) (% 02> w,
(0, t) = =B(0, t), w =y 4 [XL(x, E)7(E, t)dE wi(0, ) = —wa(0, ),
0= walL, £) = W(e)
Proposition ( )

The inverse kernels satisfy the following equalities: ¥(x,&) € T

Lo%(x, &) = LPP(x,€), Y(x,€) € T and L*P(x,€) = LP%(x,¢€)

Proposition ( )

Y, E) € T, Lix, ) = K(x,€) + /5 " K(x,0)L(0,€)do
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Finite-time stabilisation of the wave equation

Proposition ( )

The system satisfied by w is sent to the target system with finite-time
stability, by setting the time tp = fol ﬁdx, through backstepping
transformation with the kernels given by the solution of the goursat
problem and by the feedback law

W() = /0 KL, E)wa (£, 1) + K™(1,E)wal€, £)de
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Finite-time stabilisation of the wave equation

-1 0 ’ 0 -1 Zit — AlX ZZxx =
w1(3 Deerir§ )
w1 (0, t) = —w2(0, t), _— z(1,t) = u(t)
wy(1,t) = W(t). 2(x,0) = 2°(x), z(x,0) = z'(x)

VAL t
u(t) == 2( ) / wi (1, 7) + W(r)dT
0
There is a unique solution z := z(x, t) to the system:

+
z = ,/A(@% =f x€(0,1), te(0,T),

— 2 Mg x€(0,1), te(0,T),

ZX_27/\(X)-

2(1,0) = 2°(1) =0,

The solution is explicitly given by the formulas

z(x,t) = /Ot f(1,s)ds + /j g(s, t)ds = /j g(s,0)ds + /Ot f(x, s)ds
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Finite-time stabilisation of the wave equation

Ideas:
L cH: 2(x,0) = [ g(s,0)ds = [z O(s)ds = 2°(x)
z¢(x,0) = f(x,0) = Y5~ (uo(x Y+ 0 (x)) = 2(x)
equation on w :  zy — /\szX =

St+D¢ 2 ( Sx+Dx 1S—D\ _
A (T - A 7) =0

definition of u and z° € H& :

2(1, 1) = 3095200 V3D (14 4wy (1,6)) = V3O (W(e) + wa(L, 1) = ()

e Hé and boundary condition for w :

2(0,t) = 2°(0) — 2°(1) + [y £(0,s)ds = [, (0,5)ds =0
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Finite-time stabilisation of the wave equation

Theorem (L.)

It is assumed that (1)-(1) are satisfied and let T > 0. For (y°,y') € H,
there exists a control u € C* ([0, T]) such that there exists a solution
yec(o, T], Hl(O 1)) nC°([0,1], H*(0, T)) is finite-time stable for

the time tp = fo 30 dx of the wave equation.

Sketch of proof:
convergence in finite time:

z(x,t) = /OX z,(s, t)ds.

Lyapunov stability : If ||(y°, y?)||% is small then by construction,
12(-; t)||H2(0,1) is also small
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Numerical control

For the direct kernels : finite differences [Anfinsen, Aamo, 2018]

)2 2

AR — MEKY ~ 7X(U)(X+€;(f)

A%+ A(§)?
o’(x,€)

(KW(Xv E) - KUV(X - G’(X,&)l/l(x7 5)5 - O'(X,g)UQ(X,ﬁ)))

A)K + A(ﬁ)Kg" ~ (K" (x, &) — K" (x — o' (x, &) (x, €), € — o' (x, §)ué(x,§)))

Theorem (L.)

Under the CFL condition £t||allsc < 1, the scheme for the wave solution z
converges to order one in time and space.
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Numerical control
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Numerical control

-100

200

-300

-400

-500

—600

-700

-800
0.0 05 10 15 2.0 2.5 3.0 21/24



Numerical control

a=-c=1b=0, (y°(x),y*(x)) = (exp(—500(x — 0.2)),0)
[Cindea, Fernandez-Cara, Munch, 2013]

-100

-200

-300

-400

-500

-600

-700

-800
0.0 05 10 15 2.0 2.5 3.0 22/24



Numerical control
[Cindea, Fernandez-Cara, Munch, 2013] a=—c =1, b =0,
(v°(x), y*(x)) = (xTjo,1/21 + (1 = X) L1 /2,11, 10 X L1 /5.1/2))

2.5 u
— y(0,.)
2.0
15 T
1.0
05 — ¥(1)
0.0
0.5
0.0 05 1.0 15 2.0 25 30

] (\
-100
300 4 e Ny
400
—s00{ — ¥(0.)

—600

-700

-800

0.0 05 10 15 2.0 2.5 3.0 23/24



Numerical control

Thanks

Thank you for your attention !
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