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Mixing and enhanced dissipation by fluid flow

Mixing: disperse one material or field in another medium.
Enhanced dissipation (diffusion): Fasten the natural diffusion of
one material or field in another medium.



PDE description of enhanced dissipation (1): the context

9¢a
ot

(t,x)+av(z)-Vou(t, r)—A¢a(t,x) =0 (t>0,z€e M),

$a(0,2) = f(x) (z € M),

where M is a manifold without boundary, a > 0 and © = o(x) is
free divergence. Then

[6a(t,-)=Pall L2(ary < exp(=AE)|[f = FllL2(m) (a=0,t>0),

where A is the smallest positive eigenvalue of the operator —A,
where A is the Laplace—Beltrami operator on M.

Can we chose ¥ to “significantly” improve this decay rate when
a>>17



PDE description of enhanced dissipation (I): definition

Definition 1

The free divergence vector field © on M is said relaxation
enhancing if for every 7, § > 0 there exists a*(7, d) such that for
any a > a*(7,6) and every f € L*(M), with || f||z2(a) < 1 and
Jay f(z)dz =0, such that

||¢a(7'7')“L2(M) <. (1)



Characterization of relaxation enhancing fields

Theorem 2

A continuous free divergence field v : M — R3 is
relaxation-enhancing if and only if the operator p — ¥ - Vi has no

eigenvectors in the Sobolev space H' (M), other than constant
functions.

Remark 1

Constructing relaxation-enhancing field is far of being obvious,
even if M = T?, see, for instance, Fayad [Fay02].
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An abstract framework

m X is a Hilbert space.
m [': D(I') — X is a strictly positive operator.

m L:D(L) — X symmetric on X, with L € £(D(I'2); X) .

The following two statements are equivalent:

m For every 7, 0 > 0 there exists a(7, ) such that for any
a > a(7,6) and any f with ||f||x =1, the solution ¢, of
¢a = taLog — Tdq, ¢a(0) = [ satisfies ||pq(T)||x < 9.

m The operator L has no eigenvectors lying in D(I‘%).



Main ingredients of the proof in Wei [Wei21])

Theorem 4 (Gearhart-Priiss type)

Let A be an m-dissipative operator in a Hilbert space X and let T
be the contraction semigroup generated by A. Then we have

T
I T¢]l o (x) < exp <—t¢(A) + 5) (t>0),
where (A) = !
sup || (iwl — A) M gx)
w€eR

Second step. Prove, by contradiction, that lim ¢(iaLl —TI') = cc.
a— o0



Basic idea (1)

Instead imposing a prescribed velocity field © at each point of the
fluid, obtaining a velocity field v(t, z) by controlling an
incompressible fluid flow.

Consider the incompressible Euler equations on T?, i.e.,

ov

a(t,1‘)+(U-V)v(t,x)+Vp(t,x) = (Bu(t,"))(x) (t >0,z € T?)
(divo)(t,z) =0 (t >0,z €T?),
v(0,z) =0 (z € T?),

where B € £ (U, L?(T?)) is the control operator.



Basic idea (lI)

Definition 5

The control system is said relaxation enhancing if for every
7, § > 0 there exists u € L%([0,7]; L*(T?) s. t. the solution ¢, of

0y
ot

(t,z)+v(t,x) - Vo (t,x) — Apy(t,z) =0 (t >0,z € T?),

(,01,(0,1‘) = f(ﬂf) (CL’ € TQ)'

satisfies ||y (7, )| L2(r2) < & for all f with || f][z2(r2) < 1 and
ng f(z)dx =0.



First main result

Theorem 6

Let 61 (x) [1] sinxg, Oa(z) = [é] COS 9,

[ ] sin(xy — x2), and O4(z) = 1

. Then the Euler control system with U = R* and

4
Bu = Z u;(t)0;(z)
j=1

is relaxation enhancing.

cos(zy — x2), where



Second main result

Theorem 7

Let w C T? be open and such that T? \ w is simply-connected. Let
B € L(L*(T?)) be defined by Bu = I,u, where I, is the
characteristic function of w. Moreover let

X = {g e L3 (T?) | /g(azl,mg) dz1 = 0 for almost every zo € ']I‘} ,
T

and let Px be the orthogonal projector from L?(T?) onto X. Then
for every T, § > 0 there exists u € L?([0, 7]; L*(T?)) such that

|1 Px pu (7, )| L2(2) < 6,

for every f € L*(T?) with || || 12(r2) < 1.
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T¢ = RY/2774, Jp = [0, T]. Moreover, for every | € N we set
H' .= {90 e H(T4R), /Td o(x)dz = 0} ,
H .= {go e L*(T4R), /d o(x)de = 0} :
T

H = {v e LA(T%4RY) : dive =0, / v(z)de = 0} ,
'ﬂ*d

HF .= HF (T4 RY) .= HF(TYRY) N (k € N).



Main ingredient for Thm 6: an approx. controllability result

ov

E(t,a:)—k(v-V) v(t,x)+Vp(t, x) Zuj (t>0,2 € T?),
(divo)(t,z) =0 (t >0,z €T?),
v(0,x) = vo(x) (z € T?),

Theorem 8
For every e > 0, v € Whi(Jp; H¥2) N LY (J7; HE43), and R > 0,
there is a control uw € C*°(Jp;R™) such that |||v —

t
where v(0) = 9(0) and |||h|||7,x := sup / h(s)ds
t 0

eJr

X



Second ingredient: a continuous dependence result

(t,z)+v(t,x) Vo, (t,z) — Apy(t,z) =0 (t> 0,2 € T?),

(0, 2) = f(x) (z € T?).

Theorem 9

Let T >0andletk €N, k> 4. Forevery f € H**2 and
vy, vy € O(Jp; HE2) let f, v1, vy be such that

| fllk+2 + ||U1||C(JT;H§+2) + ||,U2||C(JT;H§+2) <R

for some R > 0. Then there exists C := C(R, T, k,d) > 0 such
1/2
that [|v, — @us lcasae) < Clllor = vall |5



Main steps of the proof

Let © € C*°(T?,R?) relaxation-enhancing and let a > 0 be
such that if || f||p2(r2y < 1 and [p, f(z)dz = 0 then

)

10 (7, )l 2(z2) < 3

Use Theorem 8 to obtain a control u € C*°(Jp; R*) such that
v = v(u) satisfies |||v — ad||[7 << 1.

Use Theorem 9 to prove that ||¢,(7)|z2(12) < 0.



The notion of saturating subspace (Agrachev et al)

Consider the system & = Az + N(z) 4+ Bu, with state space X,
with N quadratic. Let £ := Ran B C X be a finite dimensional
subspace. We denote by F(E) the largest vector space F' C X
such that any n; € F' can be represented in the form

p
m=n-Y N() with n,{'... Pk

i=1

We set:

Ey=FE, E;=9%(E;1) forjeN, Eo.=|JE. (2
j=1

Definition 10

The space F is said to be saturating if E, is dense in X.




A toy model of Theorem 8

&+ Az + f(z) = Bu, z(0) = o € R,

1 0 T1T2
B= |0 0|, f(x1,29,23)= ffg_w%
0 1 —T3T2

Here Ran B is saturating in R3.

Theorem 11

Given any 1 € WH2((0,T); R3) and ¢ > 0, there exists a control
u € C*([0,T); R?) such that the corresponding solution x with
xo = 1(0) satisfies

|2(T) = (D) + llx = ¢lllr <e.

Remark 2
The above tracking controllability does not hold for f = 0.




Main ingredient of the proof of Theorem 7

For w C T?, we consider the system

O+ (v-V)o+ Vp =TI, div(v)=0, ov(;0) =y,

Theorem 12

Given T > 0, vo,vr € H?(T?;R?), and a force
h € L%((0,T); H?(T?;R?)), there exists a control

u € C°([0, T); L*(T* R?)) N L®([0, T]; H'(T*; R?))

obeys v(T,-) = vrp.



Second ingredient: using shear flows

Proposition 1

Let the shear flow © be defined by

(x1, 1) = [0‘(832)]

(=)
T
Assume that o € C°(T;R) and suppose that there is no open
subset of T? on which o is constant. Then for every T, § > 0 there
exists a*(7,0) such that for every f € L*(T?), with || f||;2(r2) < 1
we have

|1Px ¢a(T, )| 2(r2) <6,

where Py is the orthogonal projector from L?(T?) onto X.



Main steps of the proof

Apply Theorem 12 to obtain v (%, ) = 0.

Remarking that ¢ is a stationary solution of the Euler
equations, take u = 0 for ¢t > %

Apply Theorem 3 with
D) = HX(TA) N X, D(L)=DT3),
Ig = —PxAg (9 € D(I)),

Lg=i(3-Vyg) (g c D(F%)) .



Executive summary

m We have obtained relaxation enhancing flows by controlling an
incompressible fluid.

m The controls are “localized” either in the frequency or in the
physical space

m The results are limited to flows on T2.



Some open questions

m More general geometries.
m “Full” enhanced dissipation by controls localized in space.

m Taylor-Couette type flows.
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